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P R E F A C E  

This work is d e v o t e d  to the s c i e n c e  a n d  art of the mathemat ica l  

de sc r ip t i on  of d y n a m i c s  found  in var ious  t echn ica l  p r o c e s s e s  a n d  sys tems 

with spa t ia l ly  l u m p e d  a n d  d i s t r ibu ted  pa ramete r s .  The  r e a d e r  will find 
bas ic  a n d  i n d i s p e n s a b l e  k n o w l e d g e  here ,  a n d  master  the t e c h n i q u e s  a n d  

sec re t s  for d e v i s i n g  a d y n a m i c  mathemat ica l  model  making  u s e  of the 

fundamenta l  laws of nature ,  the laws of c o n s e r v a t i o n  of mass.  e n e r g y  a n d  

momentum. But this is the book ' s  l esser  part ,  it is not mere ly  d e s i g n e d  to 

p r o v i d e  insight into the g e n e r a l  a n d  s p e c i a l  a s p e c t s  of the mathemat ica l  

mode l ing  of thermal, mechan i ca l ,  hydrau l ic ,  pneuma t i c  a n d  chemica l  

d y n a m i c  systems.  Other goa l s  a n d  p u r p o s e s  a lso  mot iva ted  the vo lume 

you  are  holding.  

Firstly. to show the rea l  re la t ionships  b e t w e e n  the p r o c e s s  va r iab les ,  

phys i ca l  a n d  geomet r i ca l  p roper t i e s  a n d  the s tructure,  coef f ic ien ts  a n d  

pa rame te r s  of mathemat ica l  models ,  i.e. to show the c o n n e c t i o n s  b e t w e e n  

the phys i ca l  world a n d  abs t r ac t  c o n c e p t s  of e i g e n v a l u e s ,  po les  a n d  zeros  

of s t a t e - s p a c e  models  a n d  their L a p l a c e  r e p r e se n t a t i o n s  in the s-domain.  

S e c o n d l y ,  to p r e sen t  how i n d i s p e n s a b l e  assumpt ions  in the mode l ing  

p r o c e s s  a re  m a p p e d  onto  a mathemat ica l  s t ructure  a n d  the pa rame te r s  of 

such  d y n a m i c  ( and  static) models .  

Thirdly,  to show c o n n e c t i o n s ,  similarities a n d  d i f f e rences  b e t w e e n  

d y n a m i c  models  of l umped  a n d  d i s t r ibu ted  systems,  with par t icu lar  

a t tent ion to the ques t ion  of d i sc re t iza t ion  (i.e. model  r educ t ion )  a n d  its 

c o n s e q u e n c e s  in the world of both  mode l  s t ructure  a n d  pa ramete r s ,  a n d  in 

the r ep r e sen t a t i on  of real  d y n a m i c  proper t ies .  The limitations of ana ly t i ca l  

tools a re  p o i n t e d  out in e v e n  the most e l e m e n t a r y  a n d  simplest  d i s t r ibu ted  

systems.  



IV 

To real ize these tasks it is possible  (even  necessa ry  and  useful) to 

ana lyze  the dynamics of physical ly  complete ly  different p rocesses  using 

the same unified p rocedu re  and method. From this stem two important 

characteris t ics  of the book as a whole - a consistent app roach  to the 

dynamics  of different systems using the concep t s  of dynamic  variables  

(accumula ted  variable,  effort, flow and  genera l  acce lera t ion)  and dynamic 

coefficients (of capac i ty ,  res is tance and  inertia), and s ta te - space  

representat ion of all the ob ta ined  lumped models. The latter feature could 

be  of particular use for control system analysts and  designers .  

The book is d iv ided  into thzee chapte rs  (followed by  an Appendix  with 

a presentat ion of the bas ic  mathematical tools used  in the book). 

The introductory chapter  outlines the overall  concep t  of the whole 

book, It defines the basic  ideas,  gives a process  classification, defines the 

focal dynamic problem and  introduces the basic  concep t s  of dynamic 

variables  and coefficients in different technical  systems. The rest of the 

book is then d iv ided  accord ing  to d e p e n d e n c e  of system parameters upon 

the spatial coordinate .  

Chapter 2 considers  p rocesses  with lumped parameters.  The process  of 

mass storage,  fluid flow, heat  transfer and  mechanica l  p rocesses  of rigid 

body  motion are then thoroughly examined.  It is pointed to their basic and  

common dynamic  propert ies  (named here  as proportional,  integral and  

derivative).  The s econd  part of this chapter  leads to distributed systems 

and  is d e v o t e d  to the modeling of complex  systems of a higher order.  The 

last example  of this chap te r  deals  with the problem of the discretization of 

partial differential equat ions (PDE) and  presents  an introduction to Chapter 

3 which considers  the quest ion of dynamic  models of distributed systems. 

Following the common prac t ice  in mathematical physics,  this third and 

last chapter  is d iv ided  into three sections. The first one  deals  with mass 

and  ene rgy  transportation systems which are  de sc r ibed  by  hyperbol ic  PDE 

of the 1st order. The s e c o n d  sect ion is d e v o t e d  to systems with 

equalizat ion,  which are d e s c r i b e d  by  parabol ic  PDE, while the last one  

dea ls  with systems with peziodic  state changes (descxibed by  hypezbol ic  

PDE of the 2rid order). This chapter  provides  a complete ly  analyt ical  (and 

just partly numerical) study of all the important aspec ts  of the dynamics of 

distributed systems with particular emphasis  on connect ions  and 

comparisons with lumped systems. The last two sections have  a 

monographical  character ,  but are written in quite a r e adab l e  way. 



V 

C o n c e r n i n g  the nota t ion,  it must b e  sa id  that  it was  at t imes v e r y  

difficult ( imposs ib le ,  in fact)  to a v o i d  u s ing  the  s a m e  notat ion,  s y m b o l s  

a n d  s u b s c r i p t s  for p h y s i c a l l y  different  v a r i a b l e s .  This resul ts  from the fact  

that this b o o k  con ta in s  m a n y  v a r i a b l e s  a n d  coef f i c i en t s  from different  

t e c h n i c a l  d i s c i p I i n e s  wh ich  d e v e l o p e d  independently of e a c h  o ther  a n d  

h a v e  their own  s e p a r a t e  t e rmino logy  a n d  symbols .  So it was.  for the 

p resen t ,  i m p o s s i b l e  to b e  c o m p l e t e l y  cons i s t en t  in this r e g a r d .  Finally,  it 

must b e  sa id  that  in S e r b o C r o a t i a n  this b o o k  is c a l l e d  ' P roce s s  D y n a m i c s "  

a n d  some  of the  c o m m e n t s  in the  in t roduc t ion  refer  to this title c o n n e c t e d  

with a c o u r s e  of the  s a m e  n a m e  h e l d  at the  Facu l ty  of M e c h a n i c a l  

E n g i n e e r i n g  a n d  Naval  Archi tec ture .  Univers i ty  of Z a g r e b ,  par t  of the 

u n d e r g r a d u a t e  a n d  p o s t g r a d u a t e  curr iculum.  

The  b o o k  was  written for sc ient i s t s ,  p r a c t i s i n g  e n g i n e e r s  a n d  s tuden t s  

i n t e r e s t ed  in the ana l y s i s  of s y s t e m  d y n a m i c s .  E x p e r i e n c e  h a s  shown  that  

the v o l u m e  is of s p e c i a l  v a l u e  to a n a l y s t s  a n d  d e s i g n e r s  of cont ro l  

sy s t ems  in m a n y  d i sc ip l ines  of e n g i n e e r i n g .  The  first two c h a p t e r s  c a n  b e  

of g r e a t  u s e  as  a t e x t b o o k  for sub j ec t s  from the f ie ld of d y n a m i c s  a n d  

control  sy s t ems  in un ive r s i ty  u n d e r g r a d u a t e  c o u r s e s ,  while  the  third 

c h a p t e r  is i n t e n d e d  for more  d e t a i l e d  g r a d u a t e  s tudy .  H a v i n g  this in mind, 

e v e r y  s ec t ion  of the  b o o k  e n d s  in m a n y  s o l v e d  numer i ca l  e x a m p l e s .  This 

c a n  b e  of g r e a t  u s e  in the  c o n t i n u i n g  e d u c a t i o n  a n d  h o m e - s t u d y  of all 

those  who  a r e  c o n c e r n e d  with this f a s t - d e v e l o p i n g  field. 

Finally,  it must b e  s a id  that  no b o o k  ge t s  its final form th rough  the 

efforts of its author  a lone .  The re  a re  a l w a y s  m a n y  o thers  d e s e r v i n g  c red i t  

for st imuIation,  inspira t ion,  s u p p o r t  a n d  he Ip  a n d  without w h o s e  efforts 

books  wou ld  not r e a c h  their r e a d e r s .  In the  c a s e  of this b o o k  I wish to 

e x t e n d  my most  hear t fe l t  g r a t i t u d e  to Professor  Tugomir  ~urina,  Univers i ty  

of Z a g r e b .  for his u n e n d i n g  s uppo r t  d u r i n g  r e s e a r c h  in this field, a n d  to 

Professor  Petar V. Kokotovid.  Univers i ty  of Illinois. for s u p p o r t  in the 

p romot ion  of the Engl ish  ed i t ion  of this book .  The  e x t e n s i v e  a n d  

s u c c e s s f u l  work on  the  Engl ish  t rans la t ion was  p e r f o r m e d  b y  Ms. Nikolina 

Jovanov id .  whom I a l so  thank.  To Ms. Ellen El ias-Bursad.  M. A., thanks  for 

her work on the l a n g u a g e  ed i t i ng  of the  Engl ish  text.  The  merits for 

we l l -d rawn f igures  a n d  pa t i en t  t y p i n g  b e l o n g  to Zvonko  G r g e k  a n d  

D r a g i c a  ~poljar .  r e s p e c t i v e l y ,  as  d o  my thanks .  Finally.  after  e v e r y b o d y  

e l se  h a d  f in i shed  their work,  the e x a c t i n g  job of se t t ing  the who le  text  on  

a p e r s o n a l  c o m p u t e r  a n d  ed i t i ng  was  p e r f o r m e d  b y  Dorde  Tasevsk i ,  M.Sc., 

for which  the  writer of t h e s e  l ines is s i n c e r e l y  thankful.  
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Naturally, the list of institutions, co l l eagues  and friends who contr ibuted 

to the writing of this book is much longer than the always limited s p a c e  

allotted to such prefaces  allows. I wil! warmly and s incere ly  thank all of 

them in person. Thus this foreword ends.  

Let the book begin.  

Zagreb.  June 1988. The Author 
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CHAPTER 
O N E  

I N T R O D U C T I O N  

t . l  BASIC CONCEPTS. NOMENCLATURE AND CLASSIFICATION 

Until r ecen t ly ,  d y n a m i c s  (from the  Greek  word  d y n a m i s  - force ,  power )  

was  a c l e a i l y  d e f i n e d  t e c h n i c a l  d i s c ip l i ne  a n d  s c i e n c e ,  a n d  the  m e a n i n g  

of the  word  d i d  not d e m a n d  s p e c i a l  e x p l a n a t i o n .  It w a s  the  n a m e  of a 

s c i e n c e  which  formed a par t  of the wider  c o n c e p t  of m e c h a n i c s  a n d  

s t ud i ed  the  spa t i a l  motion of a pa r t i c l e  or a r ig id  b o d y  d u e  to force .  The  

founda t ions  of d y n a m i c s  w e r e  Newton 's  laws.  wh ich  h a v e  s i n c e  the y e a r s  

of their  e s t a b l i s h m e n t  a l so  b e e n  a p p l i e d  ou t s ide  the f ie ld of c l a s s i c a l  

m e c h a n i c s ,  a n d  in t ime u s e d  more a n d  more  in the s t udy  of motion of 

c o n t i n u a  (e las t i ca l ly  a n d  p l a s t i c a l l y  d e f o r m a b l e  b o d i e s ,  l iquids  a n d  g a s e s ) ,  

which  c o n t r i b u t e d  to the  d e v e l o p m e n t  of fluid d y n a m i c s ,  g a s  d y n a m i c s  or 

a e r o d y n a m i c s ,  a n d  the  theory  of e las t ic i ty .  Differential  e q u a t i o n s ,  o rd ina ry  

a n d  par t ia l ,  w e r e  a n d  still a r e  the  c h a r a c t e r i s t i c  m a t h e m a t i c a l  tool u s e d  to 

d e s c r i b e  the  p r o c e s s  of motion.  In time, the f ie ld of d i sc ip l ines ,  in which  

different ia l  e q u a t i o n s  a p p e a r  in m a t h e m a t i c a l  r e p r e s e n t a t i o n s ,  e x p a n d e d .  

This most ly  o c c u r e d  in p r o b l e m s  of contro l  in va r ious  t e c h n i c a l  a n d  

n o n t e c h n i c a l  p r o c e s s e s  - m e c h a n i c a l ,  e l ec t r i ca l ,  hea t ,  flow, c h e m i c a l .  

p h y s i c a l ,  b io log ica l ,  s o c i o l o g i c a l  a n d  the  like. As the  f ield of d e s c r i b e d  

a n d  a n a l y z e d  p r o c e s s e s  g rew.  a l r e a d y  ex i s t ing  terms w e r e  kept .  bu t  their 

m e a n i n g  c h a n g e d  a n d  b e c a m e  more  g e n e r a l i z e d .  T o d a y  c o o r d i n a t e s  a r e  

not on ly  the  g e o m e t r i c a l ,  s pa t i a l  c o o r d i n a t e s  d e s c r i b i n g  the  pos i t i on  of a 

par t ic le ,  but  all  the  ind ica to r s  of the  p r o c e s s  u n d e r  o b s e r v a t i o n  

( t empera tu re .  p r e s s u r e ,  concen t r a t i on ,  s p e e d ) .  Moreover ,  w h e n  we s a y  

motion,  we  no l onge r  m e a n  on ly  d i s p l a c e m e n t  or a c h a n g e  of the  r ig id  
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b o d y ' s  spa t i a l  c o o r d i n a t e s ,  but  a n y  t ime c h a n g e  in c o o r d i n a t e s  de f in ing  

the  s ta te  of the a n a l y z e d  p r o c e s s .  

In short,  a more  e x t e n d e d  def in i t ion m a y  b e  g i v e n  b y  which  d y n a m i c s  

is the s c i e n c e  which  d e a l s  with time c h a n g e s  (var ia t ions)  of s tate,  or 

which  s tud ies  the  c h a n g e s  of s ta te  with time. Its main  f ea tu re  is that  t ime t 

is o n e  of. or the  only.  i n d e p e n d e n t  v a r i a b l e  in the m a t h e m a t i c a l  mode l  

that d e s c r i b e s  s u c h  c h a n g e s .  If time t is the on ly  i n d e p e n d e n t  v a r i a b l e  

the d y n a m i c s  will b e  d e s c r i b e d  b y  o rd i na r y  different ia l  e q u a t i o n s  (ODE). If 

the i n d e p e n d e n t  v a r i a b l e s  i n c l u d e  spa t i a l  or some  other  c o o r d i n a t e s  (for 

e x a m p l e ,  a g e  in s o c i o l o g i c a l  p r o c e s s e s )  b e s i d e s  time. the d y n a m i c s  will 

b e  d e s c r i b e d  b y  par t ia l  d i f ferent ia l  e q u a t i o n s  (PDE). 

The  s u b j e c t  of this b o o k  is m a t h e m a t i c a l  m o d e l i n g  a n d  ana lys i s  of 

p r o c e s s  d y n a m i c s .  He re  we  c o n s i d e r  a p r o c e s s  (from the Latin p r o c e s s u s  - 

p r o g r e s s i n g ,  g rowing)  to b e  an  a rb i t ra ry  qua l i t a t ive  a n d  quan t i t a t i ve  

c h a n g e  in time. i.e. a t ime c h a n g e ,  r e s h a p i n g  or t ransformat ion  in qua l i ty  

a n d  quant i ty .  The  word  d y n a m i c s  in the  term impl ies  that  our interest  l ies 

in the  t ime prof i le  of t h e s e  c h a n g e s ,  their m a t h e m a t i c a l  d e s c r i p t i o n  a n d  

the  ana lys i s  of the o b t a i n e d  model .  

The  word  c h a n g e  must b e  c o n s i d e r e d  in its most  g e n e r a l i z e d  m e a n i n g ,  

it c a n  m e a n  c h a n g e s  in the shaft  d i a m e t e r  du r ing  l a the  manufac tu r ing .  

t e m p e r a t u r e  a n d  p r e s s u r e  c h a n g e s  at the  exi t  of a s t e a m  g e n e r a t o r .  

dens i ty  c h a n g e s  in a c h e m i c a l  r eac to r ,  a n  a i r p l a n e ' s  c h a n g e s  in a l t i tude.  

or c h a n g e s  in the  s h a p e  of p lants ,  c h a n g e s  in h u m a n  re la t ions  a n d  so on. 

This short  list a l so  shows  s o m e t h i n g  e lse .  E a c h  of t h e s e  p r o c e s s e s  t akes  

p l a c e  in s o m e  s p a c e ,  e l ement ,  ob jec t ,  p r o c e s s  unit  or p lant .  Thus it is not 

u n u s u a l  that  t he re  a r e  m a n y  b o o k s  with di f ferent  n a m e s  that  treat,  for 

i n s t ance ,  the d y n a m i c s  of ob jec t s ,  the  d y n a m i c s  of sys tems ,  or e v e n  more  

spec i f i ca l ly ,  the d y n a m i c s  of c h e m i c a l  r eac to r  or e n e r g y  p lants .  Their  

n a m e s  i n c l u d e  small  t e rminolog ica l ,  but  a l so  c o n c e p t u a l ,  d i f f e r e n c e s  a n d  

t raps ,  a n d  we wou ld  not ge t  far in an  effort to s o l v e  them. Here .  a n d  for 

now.  this is not our p u r p o s e .  In c o n n e c t i o n  with the n a m e  of this book .  the  

fo l lowing must b e  sa id .  It was  not r e a c h e d  b y  c h a n c e .  Moreover .  it was  

p u r p o s e l y  c h o s e n  to s t u d y  the  d y n a m i c s  of s p e c i f i c  a n d  different  

p r o c e s s e s  with a un i f ied  a p p r o a c h ,  m e t h o d  a n d  c o n c e p t u a l  tools.  In 

t e c h n i c a l  d e v i c e s  in which  on ly  o n e  p r o c e s s  t akes  p l a c e  it is co r r ec t  to 

e q u a l i z e d  the  term of ob j ec t  d y n a m i c s  with the term of p r o c e s s  d y n a m i c s .  

O n e  of the s imples t  e x a m p l e s  w h e r e  this is fulfilled is a l iquid  s t o r a g e  
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tank. in which  on ly  the process of s tor ing  ( a c c u m u l a t i n g )  a mass of fluid 

t akes  p l a c e .  An i nd ica to r  of the  s ta te  in that  ob j ec t  is h e a d  H, a n d  the  

u s e  of the term d y n a m i c s  of the  l iquid s t o r a g e  tank or d y n a m i c s  of the  

p r o c e s s  of l iquid  s t o r a g e  wilI not c a u s e  ser ious  m i s u n d e r s t a n d i n g .  

This is not . the c a s e  in more  c o m p l e x  t e c h n i c a l  ob j ec t s  in which  

s e v e r a l  d i f ferent  p r o c e s s e s  t ake  p l a c e  s imu l t aneous ly  with u sua l ly  unl ike  

d y n a m i c  cha rac t e r i s t i c s .  Thus it would ,  for e x a m p l e ,  b e  more  c o r r e c t  to 

u s e  the term d y n a m i c s  of (hea t  a n d / o r  of flow) p r o c e s s e s  in a s t e a m  

g e n e r a t o r  i n s t e a d  of on ly  the  d y n a m i c s  of  a s t e a m  g e n e r a t o r ,  wh ich  is. 

inc iden ta l ly ,  more  usua l .  In this lat ter  c a s e  the  impre s s ion  m a y  b e  g a i n e d  

that on ly  o n e  p r o c e s s  t akes  p l a c e  in the  s t e a m  g e n e r a t o r  w h o s e  d y n a m i c s  

we  wish to e x a m i n e ,  whi le  there  is in fact  a whole  s p e c t r u m  of 

d y n a m i c a l l y  different  p h e n o m e n a ,  from the s lower  p r o c e s s e s  of hea t  

t ransfer  on  s u p e r h e a t e r  s u r f a c e s  to the rap id ,  h i g h - f r e q u e n c y  p h e n o m e n a  

of h y d r a u l i c  s h o c k s  in e v a p o r a t o r  p i p e s .  (The c o n c e p t s  of s l o w n e s s  a n d  

s p e e d  a r e  of r e l a t ive  c h a r a c t e r ,  a n d  what  we  h e r e  ca l l  fast  p r o c e s s e s  of 

hyd rau l i c  shocks  wou ld  ce r t a in ly  not b e  fast  in c o m p a r i s o n  with m a n y  

m e c h a n i c a l  osc i l l a to ry  p r o c e s s e s  a n d  e s p e c i a l l y  with p r o c e s s e s  in 

e l ec t r i ca l  circuits .)  

T a b l e  1.1-1 

PROCESS CLASSIFICATION 

according to into 

A mutual  d e p e n d e n c e  
of variables 

B 

l inear  

p a r a m e t e r  c h a n g e  t ime invar ian t  
with time 

C dependence on 
spatial coordinate 

D processing of material 
or energy 

E randomness of 
variables 

F state variable 
c h a n g e  with t/me 

lumped 

flow 

deterministic 

static 

non l inea r  

t ime va r i an t  

distributed 

cha rge  discrete 

stochastic 

dynam/c 
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The a b o v e  definit ion of a p r o c e s s  is obv ious ly  somewha t  wider  than 

this book  cou ld  be  e x p e c t e d  to cover ,  a n d  it would  b e  of u se  to narrow it 

d o w n  to the field that will b e  the sub jec t  of s tudy  here.  Furthermore,  a 

c lass i f ica t ion of p r o c e s s e s  a c c o r d i n g  to some  of .their s ignif icant  

charac te r i s t i cs  c a n  b e  a g o o d  in t roduct ion into fields that are  to b e  

i nves t iga t ed  in the c o m i n g  chap te r s .  Bes ides  b e i n g  electr ical ,  mechan ica l .  

heat.  hydrau l ic ,  pneumat ic ,  chemica l  a n d  so on, e a c h  of these  p r o c e s s e s  

c a n  be  s u b j e c t e d  to a c lass i f ica t ion like the one  in Tab le  1.14. 

What e a c h  of these  terms inc ludes  will b e  briefly d e s c r i b e d  in the 

fol lowing lines: 

A 

Linear p r o c e s s e s  are  all p r o c e s s e s  in which the re la t ionships  b e t w e e n  

p r o c e s s  va r i ab les  of input u, s tate  x a n d  output  y c a n  b e  d e s c r i b e d  b y  

linear mathemat ica l  e x p r e s s i o n  of the fol lowing t y p e  

y = alu ÷a 2, x' = alx + a2u + a3. x' = atu I + a2u 2 ÷ u 3 + u4 (l/-l) 

(On the c o n c e p t s  of input, s tate  a n d  output  s ee  in the Appendix . )  

Coefficients al a re  cons tants ,  a n d  var iab les  x. x'. y a n d  u a re  time 

var iant  funct ions a n d  could ,  c o n s e q u e n t l y ,  b e  written x(t), x'(t), y(t) a n d  

u(t). If the d e p e n d e n c e  b e t w e e n  p r o c e s s  va r i ab les  are  as  follows 

y = alux, X' ~ X ~ X' -'-d-- ' x = . = u sin x , (1.1-2) 

or c a n  b e  r e p r e s e n t e d  b y  some other  nonl inear  equa t ions ,  such  

p r o c e s s e s  will b e  c a l l e d  nonl inear .  
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F i g .  I . | - I  The pr inc ip le  of supe rpos i t ion  

In p r a c t i c e  most p r o c e s s e s  are  of a nonl inear  cha rac te r ,  a n d  in order  

to facil i tate ana lys is  their desc r ip t ion  is v e r y  often t rans la ted  into linear 

form. This will be  o n e  of the n o t i c e a b l e  charac te r i s t i c s  of this book.  One  

of the key  linear proper t ies  (the o n e  which  has  m a d e  l inear models  the 

most des i rab le )  is that the pr inc ip le  of superpos i t ion  is a p p l i c a b l e .  This 

pr inc ip le  c a n  b e  e x p r e s s e d  in words  as  follows: 

if input uj r e s p o n d s  in Yl a n d  input u2 in Yz . 

then input ul + uz will r e s p o n d  in yl , Y2 • 

This c a n  also be  r e p r e s e n t e d  graphical ly~ those  to whom it seems an  

obv ious  a n d  e v e r  p resen t  p r o p e r t y  might c h e c k  whether  it holds  true for 

the "simple" nonl inear  funct ion y = u z. 

B 

An essent ia l  p rope r ty  of time invariant  p r o c e s s e s  is that c h a n g e s  in 

output  va r i ab le  y do  not d e p e n d  on the moment in which  the input 
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funct ion u was g i v e n  or. in other  words,  the r e s p o n s e  of the p r o c e s s  is 

i n d e p e n d e n t  of the moment in which  the d i s t u r b a n c e  b e t w e e n  time var iant  

a n d  t ime i n v a d a n t  processes .  

Time 
invoriont 
process 

Time 
voriont 
process 

i" V 
I 
I 
I 
I 
I 

t I 

I 
I 
I 
i 
I 
I 
I 

i 

]Fig.  1.1-2 An illustration of time var iant  a n d  time invariant  p r o c e s s e s  

It shou ld  be  born  in mind that. v i e w e d  through a l onge r  pe r iod  of time. 

most p r o c e s s e s  show proper t ies  of time variabi l i ty i.e. p r o c e s s e s  h a v e  the 

t e n d e n c y  to c h a n g e  their d y n a m i c  proper t ies .  The r eason  for this are  the 

wear ing ,  a g e i n g ,  sedimenta t ion,  b r e a k d o w n ,  a n d  so on. of d e v i c e s  a n d  

equ ipmen t  in which  such  p r o c e s s e s  take p l ace .  (A popu l a r  e x a m p l e  from 

e v e r y d a y  life a re  c h a n g e s  in the d y n a m i c  proper t ies  of cars .  which a re  as 

a rule more a n d  more s lugg i sh  from yea r  to year.)  For the n e e d s  of 

control ,  s u c h  slow c h a n g e s  c a n  be  n e g l e c t e d  a n d  most p r o c e s s e s  c a n  b e  

c o n s i d e r e d  time invariant .  A typ ica l  e x a m p l e  of a time var iant  p r o c e s s  is 

the flight of a rocket,  which  burns  up  fuel a n d  suffers g r ea t  weight  loss as  

it flies. This loss of mass is no longer  negl ig ib le ,  a n d  must be  taken into 

a c c o u n t  in a mathemat ica l  descr ip t ion .  Consequen t ly .  the model  of a 

rocket  f lying in a straight line is 

d(Mw) 
= F Ct) , Cl.l-3) 

dt  
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dw d M  . F(t). M(t) ~ + w(t) 01-4) 

where F is the thrust. M the rocket ' s  mass. w the s p e e d  of flight. The time 

variant  coeff ic ients  M(t) a n d  w(t) a re  typ ica l  of time var iant  p r o c e s s e s .  

C 

Figure  l.l-3, shows some simple e x a m p l e s  of the d i f fe rences  b e t w e e n  

p r o c e s s e s  that a re  l umped  or d is t r ibuted in s p a c e .  

I 
- t  x=x(t) 

x z = x  z = x  z ~ f tz )  x I ~ x2 ~ x~ 

x = x t t , z )  

~. r ideal 

_----- ~ -  o j - -. ~o~.' . ' , .  " - - "  h o a ' i ~ 7 °  o 

r i g .  1.1-3 An illustration of l umped  a n d  d is t r ibu ted  p r o c e s s e s  

We will treat this point  in more  detai l  Icier. At p resen t  we  will on ly  

briefly s a y  that all the e x a m p l e s  in which  c h a n g e s  in the p r o c e s s  

var iab les  are  i n d e p e n d e n t  of spat ia l  c o o r d i n a t e s  are  c o n s i d e r e d  to b e  

p r o c e s s e s  with l u m p e d  pa ramete r s  or p r o c e s s e s  l umped  in s p a c e .  Where 

this is not  so. i.e. where  some  of the va r i ab les  a re  net  the same  at the 

same moment  in the whole  p r o c e s s  volume,  the p r o c e s s  is spa t ia l ly  

distr ibuted.  
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In flow p r o c e s s e s  mass  a n d / o r  e n e r g y  flow th rough  p r o c e s s  units in 

con t inuous  cur ren t s  (hea t  e x c h a n g e r s ,  flow c h e m i c a l  reac tors ,  rol l ing mills. 

s t e a m  gene ra to r s ) .  In c h a r g e  p r o c e s s e s ,  on the  con t ra ry ,  flow is i n t e r rup ted  

a n d  s u c h  p r o c e s s e s  u sua l ly  h a v e  th ree  s t a g e s  - c h a r g i n g  p r o c e s s  units,  

the p r o c e s s  itself, a n d  d i s c h a r g i n g  p r o c e s s  units ( c h a r g e d  c h e m i c a l  

r eac to r s ,  hea t  p r o c e s s i n g  of metal ,  ro ta t ional  f u rnace s  in the  c e m e n t  

industry) .  In d i s c r e t e  par t  manufac tu r ing ,  the o b j e c t s  that  a r e  to b e  

p r o c e s s e d  a p p e a r  in a d i s c o n t i n u o u s  p e r i o d  of t ime ( t he se  a re  the majori ty 

of m a n u f a c t u r i n g  p r o c e s s e s  in the me ta l -work ing  a n d  similar indus t r ies ,  e .g .  

wood.  p las t ic  a n d  g l a s s  working) .  

E 

Determinis t ic  p r o c e s s e s  a r e  p r o c e s s e s  in which  for a g i v e n  se t  of input  

v a r i a b l e s  the re  is a c o m p l e t e l y  d e t e r m i n e d  set  of ou tput  v a r i a b l e s .  The  

re la t ionsh ip  b e t w e e n  input  a n d  ou tpu t  n e e d  not  b e  un ique ,  but  it is 

e s sen t i a l  for it to b e  d e t e r m i n e d .  In their s ta t ic  s ta tes  s u c h  p r o c e s s e s  a r e  

d e s c r i b e d  b y  a l g e b r a / c  or e l l ipt ic  PDE. a n d  their d y n a m i c s  a r e  d e s c r i b e d  

b y  ODE a n d / o r  PDE or in tegra l  e q u a t i o n s .  In s t o c h a s t i c  p r o c e s s e s ,  on the  

con t ra ry ,  the i n f luence  of r a n d o m  factors  is so  s t rong  that r e la t ionsh ips  

b e t w e e n  p r o c e s s  v a r i a b l e s  c a n  on ly  b e  e x p r e s s e d  b y  p r o b a b i l i t y  laws.  

This d iv i s ion  refers  more  to m a t h e m a t i c a l  m o d e l s  than  to the  rea l  

p r o c e s s e s  they  d e s c r i b e ,  b e c a u s e  no rea l  p r o c e s s  c a n  a v o i d  r a n d o m  

in f luences  (noises ,  d i s t u r b a n c e s ,  b r e a k d o w n ) .  The  d e c i s i o n  on  whe the r  a 

p r o c e s s  is to b e  c o n s i d e r e d  de te rmin is t i c  or not d e p e n d s  on how m u c h  

in f luence  s u c h  r a n d o m  factors  h a v e  on  the  w a y  the p r o c e s s  d e v e l o p s  a n d  

on the b e h a v i o r  of v a r i a b l e s  of interest .  F igure  1.1-4. shows  t yp i ca l  p r o c e s s  

v a r i a b l e  c h a n g e s  in de te rmin is t i c  a n d  s t o c h a s t i c  p r o c e s s e s .  
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Y l unperiodic 

D e t e r m i n i s t i c  p r o c e s s  
7 

Stochastic process 

F i g .  1.1-4 Typica l  p r o c e s s  va r i ab le  c h a n g e s  

F 

It has  a l r e a d y  b e e n  sa id  that p r o c e s s e s  in which  at least  o n e  p r o c e s s  

var iab le  c h a n g e s  with time are  c o n s i d e r e d  dynamic .  Thus all p r o c e s s e s  

where  there  is no time c h a n g e  of state are  static. In the mathemat ica l  

s ense  this means  that the time der iva t ives  of all p r o c e s s  va r i ab le s  equa l  

zero. As a rule, a p r o c e s s  that is a l r e a d y  in a static reg ime will con t inue  

to d e v e l o p  under  s ta t ionary  cond i t ions  if all the input va r i ab les  are  time 

invariant, b e c a u s e  the pr inc ip le  of causa l i ty  d e m a n d s  a time c h a n g e  in 

the input to result in time c h a n g e s  in internal a n d  output  p r o c e s s  

var iab les  also. There  are, of course ,  excep t i ons .  One  of them is the c a s e  

where  p r o c e s s  has  seve ra l  inputs a n d  where  c h a n g e s  in input  va r i ab les  

c a n  o c c u r  in o p p o s i t e  d i rec t ions  c o n c e r n i n g  their in f luence  on internal 

and  output  p r o c e s s  var iab les ,  as a result of which  those  va r i ab les  remain 

u n c h a n g e d .  

In mode rn  t echn ica l  p rac t i ce ,  the static p roper t i es  of d e v i c e s  a n d  

objects  in which  spec i f i c  p r o c e s s e s  o c c u r  a re  usua l ly  shown in the form 

of tables ,  cha rac te r i s t i c s  d iagrams ,  nomograms  or in some  other  g r a p h i c a l  

manner  ( see  for e x a m p l e  Figs. 2.2-l.2 a n d  2.2-1.3 for the cen t r i fuga l  pump 

and  regu la t ion  valve) .  Such  illustrations are  o b t a i n e d  as the solut ion of 

one  or of a sys tem of a l g e b r a i c  equa t ions  or el l ipt ical  PDE, which  

d e s c r i b e  the relat ions b e t w e e n  p r o c e s s  va r i ab les  a n d  a re  of g r ea t  u se  in 

d e s i g n i n g  c o m p l e x  plants .  However ,  s u c h  illustrations do  not p r o v i d e  
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answers  a b o u t  the d y n a m i c  proper t ies  of p r o c e s s e s  that o c c u r  ins ide  s u c h  

d e v i c e s .  We will now g i v e  a ve ry  simple, a n d  u n d e r  cer ta in  cond i t ions  

(which is truly of little impor tance)  linear, e x a m p l e  to illustrate the 

d i f fe rence  b e t w e e n  a s ta t ical ly  a n d  a dynamica l l y  formulated p rob lem or 

task. similar to the t y p e  e n c o u n t e r e d  in t echn ica l  p rac t ice .  

m c'~'i [ Heat exchanger" 
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]Fig. 1.1-5 Diagram of charac te r i s t i c s  of a hea t  e x c h a n g e r  

Figure  1.1-5. shows a hea t  e x c h a n g e r  w h o s e  inner  structure,  flow 

veloci ty ,  coeff ic ient  of hea t  transfer, number  of p ipes ,  d imens ions  a n d  the 

like do  not interest us now. So. the equa t ion  re la t ing  output  fluid 

tempera ture  e0. input fluid t empera tu re  el a n d  the hea t  flow Q that is 

b rough t  to the e x c h a n g e r  or taken from it c a n  b e  written 

mc %0 = mc el~: O 0~-5) 

or  

eo= el ~ O (IJ-~) 

If flow rate m a n d  spec i f ic  hea t  c a re  constant ,  (1.I-0) c a n  b e  eas i ly  

r e s o l v e d  a n d  p r e s e n t e d  in the form of a d i ag ram of charac te r i s t i cs .  For 

m = 1 k g / s  a n d  c =I J/kgK. this d i a g r a m  is a g r a p h i c a l  r ep resen ta t ion  of 

the funct ional  d e p e n d e n c e  ~)0 = 8( el , Q). 

For a g i v e n  Q ~ 10 J/s a n d  el = 20 °C. the d i ag ram of charac te r i s t i c s  

g ives  one  a n d  only  one  point  1 for which e0 = 30 °C. which is a solut ion 

to the static p rob lem of the hea t  e x c h a n g e r .  If input  t empera ture  3j 

remain~ cons tan t  a n d  the hea t  flow inc rea se s  to O = 30 J/s. point  2 
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de t e rmines  the  t e m p e r a t u r e  ~)0 = 50 °C, which  a g a i n  s o l v e s  the s ta t ic  

p rob lem.  Similarly, an  i n c r e a s e  of oi to 30 °C, k e e p i n g  Q cons t an t ,  

d e t e r m i n e s  s0 - 40  °C as  point  3. 

F o r m u | a t e d  d y n a m i c a l l y ,  the p r o b l e m  is as  follows: how long  will the 

p r o c e s s  take,  will the t e m p e r a t u r e  i n c r e a s e  b e  fast or s low from 30 °C to 

50 °C. a n d  what  will b e  the form of this c h a n g e .  The  d i a g r a m  of 

cha r ac t e r i s t i c s  d o e s  not a n s w e r  this ques t ion ,  a n d  a n y w a y  there  is a n  

infinite n u m b e r  of s u c h  answers .  This is b e c a u s e  the  time r e s p o n s e  ~)0 

d e p e n d s  on  the way  in wh ich  hea t  flow Q c h a n g e s  from I0 to 30 J/s as  

time p a s s e s ,  a n d  the re  is an  infinite n u m b e r  of ways  in which  this c a n  

take  p l a c e .  F igure  1.1-6 shows  on ly  th ree  of all the p o s s i b l e  w a y s  in which  

hea t  flow Q c a n  c h a n g e  with time. It a l so  shows  three  p o s s i b l e  r e s p o n s e s  

to s u c h  c h a n g e s  in hea t ing .  The  solut ion to the d y n a m i c  p r o b l e m  invo lve s  

de te rmin ing  (ana ly t i ca l ly ,  g r a p h i c a l l y  or b y  numer ica l  s imulat ion)  a 

t i m e - d e p e n d e n t  funct ion of r e s p o n s e  ~)0(t) for a g i v e n  Q(t). This, h o w e v e r ,  

c a n n o t  b e  d o n e  with the  he lp  of the m a t h e m a t i c a l  mode l  (1.1-6) s i n c e  it 

r e p r o d u c e s  on ly  the s ta t ics  of the e x c h a n g e r .  To s o l v e  the  d y n a m i c  

p r o b l e m  a m a t h e m a t i c a l  mode l  of d y n a m i c s ,  or a d y n a m i c  m a t h e m a t i c a l  

model  must b e  formula ted .  The  p a g e s  of this b o o k  a re  c o n c e r n e d  with 

p r o b l e m s  of o b t a i n i n g  d y n a m i c  m a t h e m a t i c a l  mode l s .  

Qt 
30-~-  I 1 / f  f . . . . .  
J / I 2 /  / 

"t 

50 - - -  
oc 

0 J , - .L--""  ..-"" 

t 

F i g .  I . I - 6  Output  t e m p e r a t u r e  r e s p o n s e s  

Finally,  we  will g i v e  a s u r v e y  (Tab le  1.1-2) of the  re la t ions  b e t w e e n  the 

spa t i a l  a n d  t ime p r o p e r t i e s  of p r o c e s s e s  a n d  their c o r r e s p o n d i n g  

ma thema t i ca l  no ta t ion  a n d  r e p r e s e n t a t i o n .  

This e n d s  the  short  c l a s s i f i ca t ion  of p r o c e s s e s  a c c o r d i n g  to their 

n o t i c e a b l e  p rope r t i e s .  Of cou r se ,  a c l a s s i f i ca t ion  c o u l d  a l so  b e  c a r r i e d  out  

in s o m e  o ther  w a y  or a c c o r d i n g  to different  cr i ter ia .  Let that r emain  for 

narrower ,  more  s p e c i a l i z e d  works.  H e r e  we  must  ment ion  that we  will 
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a n a l y z e ,  in the  fo l lowing c h a p t e r s ,  e x c l u s i v e l y  the  d y n a m i c s  of bo th  l inear  

a n d  non l inear ,  t ime invar ian t ,  l u m p e d  a n d  d i s t r ibu ted ,  con t inuous ,  

de te rmin is t i c  p r o c e s s e s .  Stat ic  ( s ta t ionary)  s t a t e s  will b e  of in teres t  on ly  

i n a s m u c h  as  t hey  a r e  n e c e s s a r y  for s p e c i f i c  p u r p o s e s  (for e x a m p l e ,  in 

l inear iza t ion) .  

The  solut ion  of d y n a m i c  p r o b l e m s  has  b e e n  g a i n i n g  i n c r e a s i n g l y  in 

i m p o r t a n c e ,  wh ich  h a s  m a d e  ins ight  into the d y n a m i c  p r o p e r t i e s  of 

p r o c e s s e s  a n  u n a v o i d a b l e  a n d  n e c e s s a r y  pa r t  of e n g i n e e r i n g  a n d  

sc ient i f ic  p r a c t i c e .  When we  s a y  this. we  do  not m e a n  e m p i r i c a l  

k n o w l e d g e  of d y n a m i c s  in the  s e n s e  of a c q u a i n t a n c e  with the fac t s  a n d  

p h e n o m e n a  that  t ake  p l a c e  ins ide  p lan t s  in u n s t a t i o n a r y  cond i t i ons  

( a l t hough  this is usefu l  a n d  d e s i r a b l e ) .  What we  a re  re fe r r ing  to a r e  e x a c t  

m a t h e m a t i c a l  e x p r e s s i o n s ,  e q u a t i o n s  a n d  s y s t e m s  of e q u a t i o n s ,  in short.  

m a t h e m a t i c a l  mode l s  d e s c r i b i n g  the d y n a m i c s  w e  a r e  i n t e r e s t e d  in. In this 

last  s e n t e n c e ,  as  i n d e e d  on  the  p r e c e d i n g  p a g e s  a lso .  we  u s e d  the  

c o n c e p t  of a m a t h e m a t i c a l  m o d e l  s e v e r a l  t imes. This te rm will a l so  b e  met  

on  the  fo l lowing p a g e s .  It is, therefore ,  n e c e s s a r y  to s a y  s e v e r a l  words  on  

the  p r o b l e m  of the  mode l ,  the  w a y  in which  it is built,  the  forms it c o m e s  

in. its p rope r t i e s ,  a n d  so on. 

T a b l e  1 . 1 - 2  

PROCESS MODELS WITH 

LUMPED PARAMETERS DISTRIBUTED PARAMETERS 

~f(x. y. z) = f(x. y. z) 

T 

I 

M 

E 

1 

STATICS 

DYNAMICS 

a l g e b r i c  e q u a t i o n  

r e p r e s e n t a t i o n s ,  

t ab l e s  

nomograms 

c h a r a c t e r i s t i c s  

- s y t e m  of l s t -order  ODE 

- 1 ODE of n-th o rder  

s e v e r a l  ODE v a r y i n g  

o rde r  

- o n e d i m e n s i o n a i  

ODE 

- mul t id imens iona l  

e l ip t ic  PDE 

h y p e r b o l i c  

PDE 

p a r a b o l i c  

~. SPACE 
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In e n g i n e e r i n g  a mode l  is c o n s i d e r e d  to b e  a material  or an  i d e a l i z e d  

(symbolic)  ob jec t  which  substi tutes or r epresen t s  ano ther  exis t ing  or 

imaginary  ob jec t  of interest. The b a s i c  cond i t ion  that e v e r y  model  must 

fuIfil is that conc lu s ions  abou t  the proper t ies  of the original  c a n  b e  d rawn  

from the b e h a v i o r  of the model .  

On the p a g e s  of this b o o k  we a re  g o i n g  to treat only  one  s u b g r o u p  of 

all the poss ib l e  g r o u p s  of symbol ic  models  the mathemat ica l  model ,  

about  which  the fol lowing c a n  be  said:  

If the relat ions b e t w e e n  p r o c e s s  va r i ab les  a n d  the geomet r i ca l  a n d  

p h y s i c a l  proper t ies  of the s p a c e  in which  a p r o c e s s  d e v e l o p s  c a n  

be  m a p p e d  onto  a mathemat ica l  structure, then s u c h  a 

r epresen ta t ion  is c a l l e d  a mathemat ica l  model .  A model  c a n  also b e  

sa id  to r ep resen t  a s y m b o l i z e d  h y p o t h e s e s  a b o u t  the w a y  in which  

the p r o c e s s  u n d e r  inves t iga t ion  will d e v e l o p ,  a n d  its ana lys i s  

(examinat ion  a n d  solution] g ives  answers  a b o u t  the b e h a v i o r  of the 

real  p rocess .  

The model  c a n  b e  o b t a i n e d  in two ways :  theore t ica l ly  (also c a l l e d  

deduc t i ve ly ,  ana ly t ica l ly ,  b a s e d  on the first, natural,  pr inc ip le)  or 

exper imenta l ly  (prac t ica l ly ,  empirical ly) .  The first p r o c e d u r e  is c a l l e d  

model ing a n d  the s e c o n d  i d e n t i f i c a t i o n ,  a n d  he re  are  their shortest  

definitions.. 

Modeling is the p r o c e s s  of mode l  bu i ld ing  us ing  theore t ica l  

means,  i.e. the fundamenta l  natural  laws of the c o n s e r v a t i o n  of mass. 

e n e r g y  a n d  momentum. I d e n t i f i c a t i o n  is an  exper imen ta l  p r o c e s s  

of mode l  building us ing  the m e a s u r e d  va lues  of input a n d  output  

va r i ab les  of the real  p r o c e s s  a n d  its model .  The error b e t w e e n  

p r o c e s s  a n d  mode l  r e s p o n s e  shou ld  b e  minimised b y  pa ramete r  or 

s t ructure c h a n g e .  

The p a g e s  of this b o o k  will show a n d  treat only  the theore t ica l  me thod  

of formulating a mathemat ica l  model ,  but  we will neve r the l e s s  p resen t  

some b a s i c  features ,  a d v a n t a g e s  a n d  shor tcomings  of the p r o c e s s  of 

mode l ing  (M) a n d  the p r o c e s s  of ident i f icat ion (|).  

In M, model  s t ructure results d i rec t ly  from natural  laws a n d  pos s ib ly  

from some n e c e s s a r y  n e g l e c t i o n  in the p r o c e d u r e  of mode l  bu i ld ing  

In | ,  s t ructure must be  p r e d i c t e d  in a d v a n c e .  M r e p r o d u c e s  the 
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relat ions b e t w e e n  input,  ou tput  a n d  internal p r o c e s s  va r i ab les  while 

I usua l ly  results in a "b lack  box"  t y p e  of model ,  i.e. a mode l  that 

r e p r o d u c e s  only  the relat ions b e t w e e n  input  a n d  output .  In M, 

model  pa ramete r s  a re  d i rec t ly  l inked with p h y s i c a l  va lues  a n d  

proper t ies  a n d  in I, the pa ramete r s  are  pure  numbers ,  u n c o n n e c t e d  

with p h y s i c a l  va lues .  A model  built by  M c a n  be  u s e d  for many  

ope ra t i ng  reg imes  of the same p r o c e s s  a n d  also for r e l a t ed  

p r o c e s s e s  a b o u t w h o s e  p r o c e s s  va r i ab les  little is often known.  | .  on  

the cont rary ,  g ives  a mode l  on ly  for the spec i f i c  o p e r a t i n g  reg ime 

for which  measuremen t s  were  ca r r i ed  out  a n d  for that par t icular  

reg ime the desc r ip t ion  is re l iable .  In M. a mode l  c a n  b e  formulated  

for a p r o c e s s  that has  not yet  b e e n  r ea l i zed  in p r a c t i c e  a n d  is still 

in d e s i g n  s tage .  Moreover ,  which  is sometimes of par t icular  

impor tance ,  it is poss ib l e  to bui ld  a mode l  to examine  the d y n a m i c s  

o f . b r e a k d o w n  p r o c e s s e s  in p lants  (malfunction of e lec t r ica l  pumps ,  

loss of coo l i ng  medium in nuc l ea r  reactors ,  burns  in the wall of 

a c h e m i c a l  reac tor  a n d  the like). The  ! p r o c e d u r e  c a n  only  b e  

a p p l i e d  to exis t ing objects ,  a n d  it is not c o n v e n i e n t  to simulate 

e m e r g e n c y  cond i t ions  on an  ob jec t  with the p u r p o s e  of c a r r y i n g  out 

ident i f icat ional  measurement .  To make  u se  of M. all the  b a s i c  

internal p r o c e s s e s  must b e  known a n d  mathemat ica l ly  d e s c r i b a b l e .  

This is not  a d e m a n d  for | .  Finally, o n c e  a p rog ram p a c k a g e  for I 

is prepaKed, it c a n  qu ick ly  a n d  eas i ly  b e  a p p l i e d  to ob ta in  models  

for var ious  p r o c e s s e s .  In the c a s e  of M, the p r o c e d u r e  must b e  

s ta r ted  from the ve ry  b e g i n n i n g  e v e r y  time a n d  takes  up  much  more 

time. In p rac t i ce ,  however ,  bo th  these  me thods  ve ry  often 

c o m p l e m e n t  e a c h  other.  

Similarly as  in p r o c e s s  c lass i f icat ion,  a c c o r d i n g  to the p roper t i es  of the 

p r o c e s s  unde r  invest igat ion,  mode l s  c a n  b e  ei ther  l inear or nonl inear ,  time 

var iant  or invariant ,  con t inuous  or d iscre te ,  s t ab le  or uns tab le ,  to d e s c r i b e  

sys tem d y n a m i c s  with l u m p e d  ( then they  a re  in the form of ODE) or with 

d is t r ibuted  pa ramete r s  (PDE). 

However  it is important  to rea l ize  that a p r o c e s s  or an  ob jec t  c a n  h a v e  

more than one dynamic model. A hierarchy of models in fact 

exists, from those that are dynamically the simplest, of the O-th order 

(which describe only stationary states but which can be very 

complicated), to very complex dynamic models of a high. and if the 

process is described by PDE, of infinitely high order. Many factors 

influence a model's degree of complexity, the most important being its 
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final o b j e c t i v e  a n d  the  t e c h n i c a l - e c o n o m i c  a n d  h u m a n  limitations in the  

p r o c e d u r e s  of its formulat ion a n d  solut ion.  This b o o k  will show how to 

ob ta in  d y n a m i c  m o d e l s  for "pure  a n d  s imple"  p r o c e s s e s  that  t ake  p l a c e  in 

ob jec t s  with a s imple  g e o m e t r y ,  which  will m a k e  the p r o c e d u r e  of  mode l  

bu i ld ing  s o m e w h a t  shor te r  a n d  more  c o n d e n s e d  than  the o n e  that  

g e n e r a l l y  ho lds  for m o d e l  bu i ld ing .  This g e n e r a l  p r o c e d u r e  can .  in 

pr inc ip le ,  b e  d i v i d e d  into a s e q u e n c e  of s t a g e s  as d e l i n e a t e d  be low:  

I .  P r o b l e m  d e f i n i t i o n ,  in which  the ob j ec t i ve ,  g o a l s  a n d  

p u r p o s e s  of the  mode l  a r e  d e f i n e d  c o n s i d e r i n g  different  cons t ra in t s  

a c c u r a c y ,  s implici ty ,  human,  e c o n o m i c a l  a n d  c o m p u t a t i o n a l  

cons t ra in t s .  

2 .  P r o c e s s  o r  o b j e c t  a n a l y s i s ,  with the  p u r p o s e  of d e t e r m i n i n g  

b o u n d a r i e s ,  s e p a r a t i n g  the p r o c e s s  from its env i ronmen t ,  de f in ing  

input,  ou tpu t  a n d  in ternal  s t a te  v a r i a b l e s ,  d i v i d i n g  the  p r o c e s s  or 

o b j e c t  into s impler  a n d  e l e m e n t a r y  s u b p r o c e s s a s  or par t s .  

3. A s s e m b l y  o f  c o n s e r v a t i o n  e q u a t i o n s  for mass  (M) amd/or  

e n e r g y  (E) a n d / o r  m om en t um  (Ira). wh ich  h a v e  the  fo l lowing g e n e r a l  

form: 

flow ra te  (M, E. Im)l - flow ra te  (M, E, Im)o i 

i p r o d u c e d  flow ra te  (M, E. Im)v d(M, E, I m) 
a b s o r b e d  = dt v 

(1.1-7) 

S u b s c r i p t  V shows  this e q u a t i o n  to b e  va l i d  for a s p e c i f i c  a n d  

c o n s t a n t  v o l u m e  within which  the  a c c u m u l a t e d  M a n d / o r  E a n d / o r  

Im a r e  c o n s i d e r e d  e q u a l  a n d  h o m o g e n e o u s l y  d i s t r ibu ted .  In a 

l u m p e d  p a r a m e t e r  p r o c e s s  this is the  who le  p r o c e s s  vo lume.  In 

spa t i a l l y  d i s t r ibu ted  p r o c e s s e s  the  a s s u m p t i o n  of e q u a l i t y  ho lds  for 

an  infinitesimally small  pa r t  of the  v o l u m e  dV. The  third m e m b e r  on  

the  left s i de  of e q u a t i o n  (1.l-T) has  a v e r y  g e n e r a l i z e d  m e a n i n g  a n d  

r e p r e s e n t s ,  in the e q u a t i o n  for e n e r g y  c o n s e r v a t i o n  for e x a m p l e ,  the  

work i n c o m i n g  or o u t g o i n g  from the p r o c e s s  vo lume .  This work is 

then  d i v i d e d  into the work of the  p r e s s u r e  fo rce  a n d  s o - c a l l e d  

m e c h a n i c a l  labor .  If the  con t ro l l ed  v o l u m e  c h a n g e s ,  a m e m b e r  

d e s c r i b i n g  this c h a n g e  must a l so  b e  a d d e d  to (1.1-7). 
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4. A s s e m b l y  o f  p h y s i c a l - c h e m i c a l  e q u a t i o n s  o f  s t a t e  

re la t ing  p r o c e s s  v a r i a b l e s  ( idea l  gas ,  Bernoul ly  equa t ion ,  H o o k e ' s  

law). A s l e m b l y  o f  p h e n o m e n o l o g i © a l  e q u a t i o n s  d e s c r i b i n g  

p h e n o m e n a  Cheat t ransfer ,  F ick ' s  I aw of diffusion, Arrhenius '  l aw of 

c h e m i c a l  r e a c t i o n s  a n d  so  on). 

5. S o l u t i o n  a n d  i n v e s t i g a t i o n  of  t h e  m a t h e m a t i c a l  
m o d e l .  Analyt ica l  so lu t ion  (which  is r a r e ly  p o s s i b l e )  or s imula t ion  

on c o m p u t e r s .  Nonl inear  m o d e l s  a r e  e i ther  s imu la t ed  d i rec t ly ,  or 

they  a r e  first l i n e a r i z e d  a n d  then  l inear  a n a l y s i s  is p e r f o r m e d  

(moda l  ana lys i s ,  s tabi l i ty ,  sensi t iv i ty ,  control labi l i ty) .  As a rule 

d i sc re t i za t ion  is u s e d  to r e d u c e  PDE to a s y s t e m  of ODE. 

6. T e s t i n g  a n d  v e r i f y i n g  o b t a i n e d  resul ts  a n d  c o m p a r i n g  them 

with those  that  w e r e  intui t ively e x p e c t e d .  D i s c o v e r i n g  

i n c o n s i s t e n c i e s  a n d  u n e x p e c t e d  mode l  b e h a v i o r  (for e x a m p l e ,  if 

h e a t i n g  w e r e  to result  in a d e c r e a s i n g  fluid t empe ra tu r e ,  or the 

like). 

7 .  V a l i d a U o n  of  t h e  m o d e l  - e x p e r i m e n t s  a r e  c o n d u c t e d  with 

bo th  the  mode l  a n d  the m o d e l e d  p r o c e s s  to e s t a b l i s h  that  the 

mode l  p r ed i c t s  a c t u a l  p r o c e s s  r e s p o n s e s  to a sa t i s f ac to ry  d e g r e e .  If 

it is imposs ib l e  to e x p e r i m e n t  on the who le  ob jec t ,  its i nd iv idua l  

pa r t s  must b e  t e s t ed .  If n e c e s s a r y ,  after  the  resul ts  h a v e  b e e n  

c o m p a r e d ,  a s s u m p t i o n s  u s e d  to bu i ld  the mode l ,  its s t ruc ture  a n d  

p a r a m e t e r s ,  a r e  c h a n g e d .  

8 .  A p p l y i n g  t h e  m o d e l  in a c c o r d a n c e  with the  p u r p o s e  it was  

built  for. 

Models  in this b o o k  will a s  a rule b e  r e p r e s e n t e d  b y  a s y s t e m  of 

different ia l  a n d  a l g e b r a i c  e q u a t i o n s .  T h e  a im of the  b o o k  is to show the 

m a n n e r s  a n d  m e t h o d s  of bu i l d i ng  a m a t h e m a t i c a l  mode l  of the  d y n a m i c s  

of a p r o c e s s ,  the  ana l y s i s  of s u c h  mode l s ,  a n d  the  re la t ions  b e t w e e n  the 

rea l  p h y s i c a l  c h a r a c t e r i s t i c s  of a p r o c e s s  a n d  fo rmal ized  m a t h e m a t i c a l  

p a r a m e t e r s .  

The  fol lowing c h a p t e r s ,  h o w e v e r ,  will. in most  c a s e s  not show the 

p r o c e d u r e s  for so lv ing  pa r t i cu la r  d i f ferent ia l  e q u a t i o n s  or their  a n a l y t i c a l  

a n d  g r a p h i c a l  solut ions.  The  r e a d e r  is r e f e r r ed  to the last  p a g e s  of this 
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book ,  to the A p p e n d i x  which  con ta in s  t ab l e  with di f ferent ia l  e q u a t i o n s ,  

t ransfer  funct ions  ( the re la t ion  b e t w e e n  L a p l a c e  t ransformat ions  of ou tpu t  

a n d  input) ,  t rans ient  func t ions  ( r e s p o n s e .  or c h a n g e  of output ,  in the  c a s e  

of a unit s t e p  c h a n g e  of input),  a n d  the  ze ros  a n d  p o l e s  of b a s i c  d y n a m i c  

b e h a v i o r  - p ropor t iona l ,  in tegra l  a n d  de r iva t i ve .  In the  fo l lowing c h a p t e r s  

we will c l a s s i fy  a n d  refer  to t he se  t yp i ca l  a n d  c o m m o n  d y n a m i c  p r o p e r t i e s  

of va r ious  p r o c e s s e s ,  which  will s o o n  show the n e e d  a n d  a d v a n t a g e  of 

f r equen t  r e f e r e n c e  to that t ab le .  

The  p a g e s  of the  A p p e n d i x  a l so  con ta in  a b a s i c  s u r v e y  of re la t ions  

b e t w e e n  dif ferent ia l  e q u a t i o n s  a n d  no ta t ion  in the form of matrix e q u a t i o n s  

of s t a t e  s p a c e ,  a s ec t i on  on  p r o b l e m s  of l inear iza t ion ,  a n d  p a g e s  with the 

b a s i c  m a t h e m a t i c a l  t ransformat ions  for funct ions  that  a r e  met  more  of ten in 

this book .  It is b e l i e v e d  that all this m a y  b e  of g r e a t  u s e  to a r e a d e r  

c o m i n g  into c o n t a c t  with t h e s e  p r o b l e m s  for the  first time. or after  a l ong  

p e r i o d  of time. Therefore ,  b e f o r e  turning to the  fo l lowing c h a p t e r ,  it would  

b e  of u s e  to look th rough  the  p a g e s  of the  A p p e n d i x  a n d  r e n e w  old or 

g a i n  n e w  information,  a n d  ge t  a c q u a i n t e d  with the  b a s i c  c o n c e p t s  a n d  

symbo l s  that will b e  u s e d  t h roughou t  this book .  

1.2 DYNAMIC VARIABLES AND COEFFICIENTS 

An ana ly s i s  of the d y n a m i c s  of va r ious  p r o c e s s e s  r e v e a l s  in all of them 

the e x i s t e n c e  a n d  p r e s e n c e  of c o m m o n  d y n a m i c  v a r i a b l e s  a n d  coe f f i c i en t s  

( admi t t ed ly  u n d e r  still d i f ferent  n a m e s  a n d  c o m p l e t e l y  unl ike  from the 

a s p e c t  of d imens ion) .  On the  p a g e s  of this b o o k  they  will b e  c a l l e d  a n d  

n o t e d  d o w n  as  follows: 

- dynamic variables 

accumulated (stored) variable AV 

flow F 

effort (potential) E 

dynamic coemcients 

coefficient of c a p a c i t y -  capac i t ance  C 

coefficient of resistance - r e s i s t ance  R 

coefficient of inertia - iner tance . /nduc tance  I 
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In most c a s e s  these  terms a n d  notat ion will m e a n  the usua l  va r i ab les  

a n d  coeff ic ients ,  but  some  situations will d e m a n d  that the r eade r  a c c e p t s  

p rev ious ly  unusua l  t e rminology  a n d  c o n c e p t s .  This effort will, however ,  b e  

r e w a r d e d  by  many  benefi ts  a n d  a d v a n t a g e s ,  which  was  why  we insis ted 

on s e a r c h i n g  for a n d  r e c o g n i z i n g  common  proper t ies  a n d  in t roduc ing  the 

men t ioned  va r i ab les  a n d  coeff ic ients .  The main reward  is the possibi l i ty  of 

p e r c e i v i n g  d y n a m i c s  integral ly,  as a s c i e n c e  t reat ing c h a n g e s  of s tate  

with time. The common  proper t i e s  of d y n a m i c  p r o c e s s e s  will manifest 

themse lves  in the equ iva l en t  forms of their mathemat ica l  models ,  a n d  in 

r e s p o n s e s  that will show s e l e c t e d  output  va r i ab les  for unit step,  or some  

other,  c h a n g e s  of ce r ta in  input  var iab les .  A c c o r d i n g  to s u c h  r e s p o n s e s  we 

will c lass i fy  them into typ ica l  propor t ional ,  integral  a n d  de r iva t ive  

proper t ies ,  which  are  g i v e n  in the last table  of the Append ix .  

Before g iv ing  a tabular  su rvey  of the mean ing  of d y n a m i c  va r i ab les  

a n d  coeff ic ients ,  we must s ay  someth ing  a b o u t  their b a s i c  charac te r i s t i cs .  

As a rule a n d  a c c o r d i n g  to the c h a r a c t e r  of the p r o c e s s  unde r  

obse rva t ion ,  an  a c c u m u l a t e d  v a r i a b l e  will b e  the mass a n d / o r  the e n e r g y  

a n d / o r  the momentum (the momentum in a p r o c e s s  with inertial proper t ies)  

that exist  within the s p a c e  the p r o c e s s  is d e v e l o p i n g  in. (Although this 

book  will a n a l y s e  p r o c e s s e s  o c c u r r i n g  within a s p a c e  of r igid a n d  time 

invariant  geomet ry ,  all the d i scuss ions  a n d  models  that follow c a n  b e  

r e p e a t e d  a n d  pe r fo rmed  u n d e r  cond i t ions  of c h a n g e  in the control  volume.  

In s u c h  situations, w h e n  the equa t i ons  of c o n s e r v a t i o n  are  b e i n g  

formulated,  it is n e c e s s a r y  to i nc lude  members  - which  d o  not exist he re  - 

that a lso d e s c r i b e  those  c h a n g e s  in the p r o c e s s  s p a c e  volume.) 

It will be shown that time changes of accumulated variables are the 

result of unbalance in mass and/or energy and/or momentum flow. and 

that changes of effort variables result from changes of accumulated 

variables directly and simultaneously. The flows themselves are either 

externally imposed variables, and thus independent of the processes 

taking place in the process space, or they are variables that depend 

directly on effort variables. It will be easy to check in the following 

chapters the scenario of causal relations and links between specific 

variables described here. particularly in examples where the graphical 

representations of variable interrelations are given in the form of block 

diagrams (see for example Figs. 2.1-3.3. 2.1-2.7. 2.3-2). 
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In this b o o k  we will a lways  try to show mathemat ica l  models  in the 

form of matrix equa t ions  of state s p a c e .  In the c a s e  of noninert ia l  

p r o c e s s e s  it is. therefore,  c o n v e n i e n t  to se lec t  s tate  va r i ab le s  x so that 

they  a re  a c c e s s i b l e ,  m e a s u r a b l e  p r o c e s s  var iab les .  As a rule, an  

a c c u m u l a t e d  va r i ab le  is not an  eas i ly  a n d  d i rec t ly  m e a s u r a b l e  var iable ,  

but  e a c h  of its c h a n g e s  is s imul taneous ly  re f l ec ted  in the eas i ly  

measurab le"  va r i ab les  of effort. In such  noninert ial  p r o c e s s e s  (I=O) we  

c o n s e q u e n t l y  se lec t  effort va r i ab les  (p ressure  P, h e a d  H. c o n c e n t r a t i o n  c, 

tension u, t empera tu re  e a n d  the like} as  the va r i ab les  of s tate  x. In 

inertial p r o c e s s e s  (flow, m e c h a n i c a l  a n d  electrical} there  is dual i ty  in 

se l ec t ing  dynamic  va r iab les ,  as Tab le  1.2-1 shows,  of wh ich  more will b e  

sa id  in detai l  in Sec t ion  2.4. 

Bes ides  the three men t ioned  d y n a m i c  va r i ab les  which are  p resen t  a n d  

n o t i c e a b l e  in all the p r o c e s s e s ,  it is also n e c e s s a r y  to in t roduce  into a 

p roce s s  with inertial p roper t i es  the d y n a m | c  w a r | a b l e  o |  

a c c e l e r a t i o n  A. This va r i ab le  is re la ted  to the va r i ab le  of flow F in the 

fol lowing manner :  

or 

dF  (12-I). A = --~-- , 

t 
F = J'A dt (12-2) 

0 

In its c l a ss ica l  m e a n i n g  the d y n a m i c  va r i ab le  of a c c e l e r a t i o n  A 

or ig inates  from mechan i c s ,  whe re  it is written a a n d  d e f i n e d  b y  a = dw/d t .  

In a n a l o g y  with this, in other  p r o c e s s e s  the name  of a c c e l e r a t i o n  has  

b e e n  g i v e n  to the time g rad i en t  of flow F. 

The c o n c e p t s  of coeff ic ient  of c a p a c i t y  C, r e s i s t ance  R a n d  ine r t ance  I 

or ig inate  from e lec t ro t echn ics ,  but  they  c a n  also b e  shown  to b e  p resen t  

in other d isc ip l ines .  In all the i nves t i ga t ed  p r o c e s s e s  these  d y n a m i c  

coeff ic ients  will b e  de f ined  as follows 

C = A_.._VV a c c u m u l a t e d  va r i ab le  (1.2-3) 
E effort 

R = E effort (1.2-4} 
F flow 

E E effort effort 
I . . . .  (l.2-S) 

dF A gradient of flow acceleration 
dt 
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T h e  a b o v e  e q u a t i o n s  a r e  t r u e  w h e n  the r e l a t i o n s  b e t w e e n  

d y n a m i c  v a r i a b l e s  AV, F a n d  E a re  l i n e a r .  In p r o c e s s e s  in which  this is 

not so, i.e. w h e n  the  re la t ions  b e t w e e n  AV, F a n d  E a re  nonl inear ,  C, R 

a n d  I will, in a s p e c i f i c  o p e r a t i n g  reg ime,  b e  c a l c u l a t e d  from the quo t ien t s  

of small  c h a n g e s  of d y n a m i c  v a r i a b l e s  a r o u n d  that  o p e r a t i n g  reg ime.  

E x p r e s s e d  m a l h e m a t l c a l l y ,  i n  n o n l i n e a r  p r o c e s s e s  the  fol lowing 

is true 

C = ~dAV (1.2-6) 
dE 

dE (1.2-7)' R =  ~ , 

dE dE {1.2-0) I ~ il - -  
d ( - ~ - )  dA 

The  e q u a t i o n s  (1.2-3) - (1.2-5) c a n  a l so  b e  fo rmula ted  as  follows. 

The  coef f i c ien t  of c a p a c i t y  C e q u a l s  the  c h a n g e  in the  a c c u m u l a t e d  

v a r i a b l e  r e q u i r e d  to m a k e  a unit c h a n g e  in po ten t ia l .  

The  coef f i c ien t  of r e s i s t a n c e  R e q u a l s  the c h a n g e  in po ten t i a l  

r e q u i r e d  to m a k e  a unit c h a n g e  in flow. 

The  coef f ic ien t  of iner t ia  I e q u a l s  the  c h a n g e  in po ten t i a l  r e q u i r e d  

to m a k e  a unit  c h a n g e  in a c c e l e r a t i o n .  

£ 

P 

AV 

F i g .  1 .2- I  S q u a r e  of s t a te  or d y n a m i c  s q u a r e  
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Every th ing  that has  b e e n  sa id  so  fa, shows that the relat ions b e t w e e n  

d y n a m i c  va r i ab les  a n d  coeff ic ients  are  comple t e ly  de te rmined .  This c a n  

also b e  r e p r e s e n t e d  g r a p h i c a l l y  (to make them eas ie r  to remember ,  but  not 

only for that reason)  in what  is c a l l ed  he re  the s q u a r e  o f  s t a t e  or 

d y n a m i c  s q u a r e ,  a n d  is shown in Figure  1.2-1. 

Dynamic  va r i ab les  AV. F. E a n d  A are  a s s i g n e d  to the co rne r s  of the 

dynamic  square ,  a n d  the d y n a m i c  coeff ic ients  I a n d  C to its u p p e r  s ides.  

The ver t ical  d i a g o n a l  has  the coeff ic ient  R. a n d  the bot tom two s ides  

show the relat ions b e t w e e n  va r i ab le s  A. F a n d  AV. 

The ad jec t ive  d y n a m i c  has  not b e e n  u s e d  so m a n y  times in this 

c h a p t e r  b y  c h a n c e .  The r ea son  is that all d y n a m i c  va r i ab les  are  as  a rule 

time variant  functions a n d  they shou ld  ac tua l ly  b e  written AV(t), F(t). Eft] 

a n d  Aft). Of course ,  theore t ica l ly  those  va r i ab les  c a n  b e  time invariant .  

cons tant ,  in some p rocess .  But then the p rob lem is no longer  d y n a m i c  in 

c h a r a c t e r  a n d  falls ou t s ide  this book ' s  field of interest.  In e v e r y d a y  

e n g i n e e r i n g  p r a c t i c e  the des ign ,  ca l cu la t ion  a n d  cons t ruc t ion  of var ious  

d e v i c e s ,  p r o c e s s  units a n d  plants  is in pr inc ip le  b a s e d  on  the assumpt ion  

that those  d y n a m i c  va r i ab les  are  truly invariant.  But s ince  it is obv ious  

that in most c a s e s  this is not fulfilled ( and  e s p e c i a l l y  where  

q u a l i t y - d e m a n d s  for the f inished p r o d u c t  are  high),  a var ie ty  of 

measurement - regu la t ion-au tomat ion  e q u i p m e n t  is a d d e d  a n d  built into s u c h  

objec ts  with the p u r p o s e  of p r e s e r v i n g  the es t imated  o p e r a t i n g  cond i t ions  

u s e d  in ca lcu la t ions  in c a s e s  of a lways  p resen t  d i s t u r b a n c e s  or noises .  

These  a re  the names  for dev ia t ions  from ca l cu l a t ed ,  nominal  va lues .  

After l inear izat ion has  b e e n  ca r r i ed  out in nonl inear  p r o c e s s e s .  

d y n a m i c  coeff ic ients  C. R a n d  I are  cons t an t  va lues  a n d  d e p e n d  on  the 

ope ra t i ng  point  in which  that l inear izat ion was ca r r i ed  out. 

Finally. we must take  a look at Tab le  1.2-1 which  shows  d y n a m i c  

var iab les  a n d  coeff ic ients  for a g rea t  many  different p r o c e s s e s ,  a n d  the 

units u s e d  to e x p r e s s  them. The va lues  shown here  are  results, a n d  they  

or ig ina te  from all the fol lowing p a g e s  of this book.  This t ab le  has  many  

interest ing points,  but  o n e  of the things it is useful  for no t ic ing  is the 

a n a l o g y  of different p h y s i c a l  var iab les .  Thus. for example ,  the 

a c c u m u l a t e d  mass of g a s  in a tank is a n a l o g o u s  to the amount  of hea t  

e n e r g y  in the walls of a h e a t e d  p ipe ,  to the d i s p l a c e m e n t  of a r igid b o d y  

a l o n g  its pa th  of motion, or to the momentum of a par t ic le  of l iquid a l o n g  
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a streamline. 

We b e l i e v e  that r e f e r ences  to Tab le  1.2-1 will b e  f requent  as the 

c h a p t e r s  of this b o o k  a re  read.  In that c a s e  we  must turn the r eade r ' s  

at tention to ins t ances  w h e n  relat ions b e t w e e n  d y n a m i c  va r i ab le s  a re  

nonl inear  a n d  when  numer ica l  coeff ic ients  a p p e a r  as  the result of 

l inear izat ion (which is, for example ,  often the c a s e  with the coeff ic ient  of 

res is tance) .  Also, the va r i ab les  a n d  the coeff ic ients  we s e l e c t e d  he re  a re  

not the un iversa l ly  a n d  only  pos s ib l e  ones .  For example ,  in the first 

column,  AV c o u l d  also h a v e  b e e n  the volume the fluid takes up  in the 

tank. a n d  the flow c o u l d  h a v e  b e e n  the vo lume flow ins t ead  of the mass 

flow. Then  C would  also ch .ange  a n d  wou ld  equa l  a r e a  A. It is similar in 

the c a s e  of R a n d  I. 

If .the p r e c e d i n g  a n d  all the fol lowing p a g e s  he lp  a n d  e n a b l e  the 

r eade r  to r e c o g n i z e  a n d  u n d e r s t a n d  the d y n a m i c  proper t i es  of the p r o c e s s  

a n d  the object ,  then this b o o k  will h a v e  fulfilled its p u r p o s e .  If. therefore.  

the r e a d e r  i s  e n a b l e d  to~ 

- r e c o g n i z e  the same  d y n a m i c  proper t i es  in var ious  p r o c e s s e s ,  

- learn  to formulate equa t ions  of c o n s e r v a t i o n  and ,  what  is of 

spec i a l  impor tance ,  d e v e l o p  his skill in s e l ec t i ng  p h e n o m e n a  to 

n e g l e c t  ( p h e n o m e n a  that a re  of less impor t ance  for the task be fo re  

him), 

- fo resee  the c o n s e q u e n c e s  of assumpt ions ,  a n d  rea l ize  how they  

will b e  t ransformed into the s tructure a n d  the pa ramete r  va lues  of 

the mathemat ica l  model ,  

- r e c o g n i z e  the (usual ly  present )  nonl inear  c h a r a c t e r  of the p roces s ,  

a n d  in c o n n e c t i o n  with that a c c e p t  the a d v a n t a g e s  a n d  benefi ts .  

but  a lso the shor tcomings  a n d  limitations, of p r o c e d u r e s  of 

l inearizat ion.  

- c o m p r e h e n d  relat ions b e t w e e n  spat ia l ly  d is t r ibuted  p r o c e s s e s  a n d  

those  that are  lumped,  i.e. if he  learn methods  for r e d u c i n g  models  

or the ways  a n d  p r o c e d u r e s  for t ransforming PDE into sys tems of 

ODE, to r e ta in  the k n o w l e d g e  a n d  a c lea r  fee l ing for what  he  loses 

a n d  what  he  ga ins  in d y n a m i c s  analys is .  
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relate  the mean ings  of coeff ic ients  a n d  the pa ramete r s  of the 

mathemat ica l  model  or, to be  more p rec i se ,  the e i g e n v a l u e s ,  vec tors ,  

poles ,  zeros  a n d  other mathemat ica l  cha rac te r i s t i c s  with the i'eal 

geomet r i ca l  a n d  p h y s i c a l  pa ramete r s  of the p r o c e s s  unde r  

observa t ion .  

- a c c e p t  a n d  ge t  c lose ly  a c q u a i n t e d  with the c o n c e p t s  of d y n a m i c  

var iab les  a n d  coeff ic ients ,  time cons tants ,  natural  f r equenc ie s ,  

propor t ional ,  integral  a n d  de r iva t ive  d y n a m i c  proper t ies ,  inertial a n d  

noninert ial  p r o c e s s e s ,  a n d  pe r iod i c  a n d  u n p e r i o d i c  p r o c e s s e s ,  the 

effort that has  g o n e  into the writing of these  lines will b e  justified. 

On the following pages an analysis of spatially lumped processes 

begins with the simplest example of the liquid tank. Gradually. turning the 

pages of the book. more complex processes will be analyzed, and that 

i n d u c t i v e  p a t h  - f r o m  t h e  s i m p l e  t o  t h e  m o r e  c o m p l e x  a n d  

f r o m  t h e  s p e c i f i c  t o  t h e  g e n e r a l  - we will try to p r e s e r v e  within 

e a c h  chapter ,  a n d  in the b o o k  as a whole.  
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CHAPTER 
T W O  

L U M P E D  P R O C E S S E S  

L u m p e d  p r o c e s s e s  are  all p r o c e s s e s  in which the spat ial  d e p e n d e n c e  

of the var iab les  under  cons ide ra t i on  c a n  be  n e g l e c t e d ,  i.e. in which a 

c h a n g e  in those  va r i ab les  is c o n s i d e r e d  e q u a l  a n d  s imul taneous  

throughout  the volume for which  the laws of c o n s e I v a t i o n  h a v e  b e e n  

es tabl i shed.  It is obvious ,  however ,  that clue to the finite s p e e d  at which  

d i s t u ibances  a n d  va r i ab le  c h a n g e s  p r o p a g a t e ,  all p r o c e s s e s  are in fact 

dis tr ibuted in s p a c e .  In the ana lys i s  of e v e r y  individual  p r o c e s s  ( and  in 

es tabl i sh ing  differential equa t ions  d e s c r i b i n g  its dynamics )  we must, thus. 

ques t ion how cor rec t  an ana lys i s  is if it n e g l e c t s  this spat ia l  d e p e n d e n c e .  

B e c a u s e  of the g rea t  divers i ty  a n d  multitude of comple t e ly  different 

d e v i c e s  a n d  plants,  it is imposs ible  to g i v e  a g e n e r a l  cri terion val id  in all 

c a se s  to tell us  when  l umped  paramete r s  are  a co r rec t  subst i tut ion for the 

p r o c e s s e s  occu r r i ng  in such  objects .  Never theless ,  the following definit ion 

is sufficiently wide  a n d  imprecise  to serve  as a g u i d e  in most c a se s ,  

Every process ,  in which  a c h a n g e  in the s tate  va r i ab le  unde r  

cons ide ra t ion  for an o rde r -o f -magn i tude  takes longer  than it takes for the 

d i s tu rbance  of that state va r i ab le  to p r o p a g a t e  th roughout  the whole  

p rocess  volume,  c a n  be  c o n s i d e r e d  a p r o c e s s  with lumped  var iables .  

On the foilowing p a g e s  we will show how to build a mathemat ica l  

model  for the d y n a m i c s  of phys i ca l ly  different p r o c e s s e s .  We will show 

that the mathemat ica l  forms are  similar and  that the p r o c e s s e s  themselves .  

in spite of d i f fe rences  b e t w e e n  them, all show the same  or similar d y n a m i c  
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proper t ies .  What will be  fulfilled without excep t ion ,  however ,  is that all the 

models  will be  in the form of o rd ina ry  differential equa t ions  (ODE) a n d  this 

form of p r e sen t i ng  d y n a m i c  b e h a v i o r  is one  of the key  charac te r i s t i c s  of 

all l umped  p r o c e s s e s .  

At the ve ry  b e g i n n i n g  we must stress the following. Most t echn ica l  

p r o c e s s e s  are  nonl inear  a n d  d e s c r i b e d  in the form of nonl inear  ODE. The 

direct  c o n s e q u e n c e  of nonl inear i ty  on the d y n a m i c s  of the p r o c e s s  is that 

its d y n a m i c  proper t i es  c h a n g e  d e p e n d i n g  on the o p e l a t i n g  point  (on the 

condi t ions  under  which  the p r o c e s s  is d e v e l o p i n g ) .  In this book,  however ,  

we will a lways  try to l inear ize  the differential equa t i ons  a n d  then transform 

such  l inear ized  e q u a t i o n s  into matrix notat ion in the form of s t a t e - s p a c e  

equa t ions  or transfer functions.  This narrows clown the field of va lues  

c o v e r e d  by  the results ( such  models  a I e  val id  only  for spec i f ic  o p e r a t i n g  

points), but we ga in  ve ry  much from the possibi l i ty of a p p l y i n g  the 

powerful  mathemat ica l  tools d e v e l o p e d  for l inear systems.  In the fol lowing 

e x a m p l e s  we will point  out the c h a n g e s  in d y n a m i c  proper t i es  resul t ing 

from the nonl inear i ty  of the p roces s ,  a n d  also show in which  field of 

va lues  the input va r i ab le s  a n d  st~Lte va r i ab les  c a n  c h a n g e ,  for the 

l inear ized  models  to still be  sufficientlLy c lo se  to the real  p rocess .  

From the a s p e c t  of p r o c e s s  linearity a n d  the symbols  we will use  in 

this book.  the following must b e  said. In all the c a s e s  when  the differential 

equa t ions  o b t a i n e d  a re  l i n e a r ,  they  c a n  also be  c o n s i d e r e d  e q u a t i o n s  
of  t h e  d e v i a t i o n  of  s t a t e ,  i n p u t  a n d  o u t p u t  v a r i a b l e s  from some 

initial s t e a d y  state. When we de r ive  transfer functions,  if we set the initial 

condi t ions  e q u a l  to zero,  this means  that the initial va I i ab l e  dev ia t ions  

from the s t e a d y  state  e q u a l  zero.  The transfe,  funct ions  a n d  matrix 

equa t i ons  of s ta te  o b t a i n e d  in this w a y  a re  val id  bo th  for abso lu te  va lues  

of va r i ab le  c h a n g e  from the initial s tate  e q u a l  to zero,  a n d  also for 

va r i ab le  dev ia t ion  c h a n g e s  from the initial s t e a d y  state. In these  or iginal ly  

linear c a s e s  we will. therefore,  not e s p e c i a l l y  e m p h a s i z e  this l inearity by  

in t roduc ing  the dev ia t ion  symbol  b e s i d e  the va r i ab le  symbol  (foi example ,  

we will not write Am, AH, AP ..... but  just m, H, P . . . . .  ). 
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A. BASIC PROCESSES 

2.1 MASS STORAGE 

Plants often con ta in  liquid, g a s  a n d  s team tanks in which the l iquid 

level  or h e a d  H. or the g a s  (steam) p re s su re  P, a re  of e v e r y d a y  interest.  

The t e c h n o l o g i c a l  r e a sons  for k e e p i n g  these  va lues  cons t an t  differ. 

Sometimes a cons tan t  H is r equ i r ed  to k e e p  the l iquid mass f ixed for the 

m a i n t e n a n c e  of a reac t ion  taking p l a c e  in the tank, another  time this 

insures cons tan t  l iquid s u p p l y  unde r  f ixed p ressu re  into other parts of the 

plant. Sometimes the tank d e c r e a s e s  vibrat ions  of the l iquid mass in p ipes  

( d e c r e a s i n g  water -hammer  effects) or, like in s team g e n e r a t o r  drums, 

insures the s u p p l y  of the l iquid p h a s e  into e v a p o r a t i n g  a n d  the s team 

p h a s e  into s upe rhea t e r  sec t ions .  It is similar in the c a s e  of g a s  (steam) 

tanks in which  a cons tan t  p r e s su re  P insures the accumula t i on  of a cer ta in  

mass of g a s  (steam) or its un in te r rup ted  s u p p l y  to other parts  of the plant. 

Al though l iquids a n d  g a s e s  are  med ia  with essent ia l ly  different 

proper t ies ,  it will be  shown  that the d y n a m i c s  of their s t o r age  in tanks is 

similar, a n d  that the p h y s i c a l  m e a n i n g  of the l iquid level  H is equ iva l en t  

to the m e a n i n g  of p ressu re  P. Both va r i ab les  show the amount  of mass, 

l iquid or gas ,  s to red  in the tank. Thus the mathemat ica l  models  for bo th  

med ia  will b e  o b t a i n e d  b y  formulating only  one  e q u a t i o n  f o r  t h e  
c o n s e r v a t i o n  o f  m a s s .  

2.1-I LIQUID STORAGE TANKS 

E x a m p l e  1 Control led inflow a n d  outflow of l iquid 

Consider  the tank in Figure  2.1-1.1. into a n d  out of which  con t ro l l ed  

amounts  of l iquid are  p u m p e d ,  ml ,~ ml (H). me ~ me(H). Der ive  a model  to 

d e s c r i b e  the d y n a m i c s  of the c h a n g e  in l iquid level  H. The tank is 
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cylindrical. A = const. The compressibility of liquid is neglected. 
p = const. 

Fig. 2.1-1.1 Tank with controlled flow mi a n d  m, 

The equation for the conservation of liquid mass in the tank is 

dM m i -  m, = - = 
dt 

(2.1-1.1) 

This is a n  ordinary linear DE of first order with constant coefficients. 

(In these, a n d  in many following, equations w e  will not stress every 
time that the variables H. mi a n d  m, are time functions H(t). mdt) a n d  
m,(t). Since the whole book treats dynamic processes this is always 
implied, a n d  to make notation simpler this time-variability will not b e  
specially noted.) 

In the s teady state. a n d  that is the state where there is no  change  in 
head  H, it must be valid that dff/dt=~. which from (2.1-1.2) yields 

Since H does  not influence the mass of liquid flowing through the tank 
(the functions mi(t) a n d  m,(t) are arbitrary a n d  externally imposed), the 
tank shows only properties of mass storage, a n d  the measure for that 
accumulation is expressed in capacity constant C 
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A more d e t a i l e d  e x p l a n a t i o n  of the c o n c e p t  of c a p a c i t y  cons tan t  C is 

g iven  in Chapter  2.1-2 in the equa t ions  (2.1-2.39) - (2.1-2.44). 

The tank thus shows "pure" integral  behav io r .  If e q u a t i o n  (2.1-1.3) was 

not satisfied, the l iquid level  H would  c o n v e r g e  towards  a theore t ica l ly  

infinite va lue  (m I > me) or to zero  (me > m0 • 

All p r o c e s s e s  in which  the s to red  va lue  (mass, e n e r g y ,  momentum) d o e s  

not in f luence  inflow a n d  outflow (mass. e n e r g y  a n d  momentum flow) from 

the a c c u m u l a t i o n - p r o c e s s  vo lume show these  integral  proper t ies .  

It is not difficult to transform Equat ion  (2.1-1.2) into a matrix DE of s tate  

s p a c e  

= ( 2 . 1 - 1 . 5 )  
Ap A~) me 

X ° = A X 4 ,  B U  

Since  only  one  mass - s to rage  tank is present ,  the sys tem matrix A is of 

first order .  As (2.1-1.5) shows,  it is a lso a null matrix b e c a u s e  the l iquid 

level  H has no f e e d b a c k  ac t ion  on ml a n d  me a n d  thus also, a c c o r d i n g  to 

(2.1-1.1). on  the rate  of its own c h a n g e .  The e i g e n v a l u e  of matrix A is ze ro  

), = 0 . ( 2 . 1 - 1 . 6 )  

In propor t iona l  sys tems of the first order  a n d  sys tems with integral  

proper t ies  the e i g e n v a l u e s  of sys tem matrix A h a v e  dist inct  p h y s i c a l  

mean ings  ( see  also Equat ion (2.1-1.2S). Their d imens ion  is s -I , a n d  they are  

re la ted  with the time cons t an t  T in the fol lowing manner  

-1 
T = -- (2.1-1.7) 

We know that the time cons tan t  T is a measu re  for the rate of c h a n g e  

in the va r i ab les  o b s e r v e d  after a unit s t ep  d i s t u r b a n c e  u(t) = 1 for t > O. 

In p ropor t iona l  sys tems the r e s p o n s e  r e a c h e s  a b o u t  95Z of its new  s t e a d y  

state a l r e a d y  after 3 T. For the tank with con t ro l l ed  ml and  me. Equat ions  

(2,1-1.0) a n d  (2.1-1.7) y ie ld  an  infinitely l a rge  cons tan t  T. Therefore.  if 

Equat ion (2.1-1.3) is not sat isf ied l iquid level  H will r e a c h  its new s t e a d y  

state after an  infinite pe r iod  of time, or, in other words,  the l iquid level  H 

will not r e a c h  a new s t e a d y  state in a finite pe r iod  of time. This proper ty ,  
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that an  e i g e n v a l u e  lies in the origin of the s -plane ,  c h a r a c t e r i z e s  integral  

processes. 

In the fol lowing e x a m p l e  we wilI show that this tank showing  integral  

b e h a v i o r  is in fact  a b o u n d a r y  c a s e  of a tank of propor t iona l  cha rac te r ,  in 

which a finite c h a n g e  in l iquid level  H d o e s  not inf luence  the amount  

flowing out of the tank me, It will b e  shown that in this b o u n d a r y  c a s e  the 

res i s t ance  to outflow R b e c o m e s  infinitely great .  

Example 2 Free  outflow of l iquid 

Formulate an  equa t ion  d e s c r i b i n g  u n s t e a d y  c h a n g e s  in water level  H 

for the tank in Figure  2.1-1.2. Inflow is con t ro l led  by  a p u m p  a n d  outflow is 

free, through a control  va lve .  All the assumpt ions  from the p r e c e d i n g  

e x a m p l e  are  fulfilled here  also. e x c e p t  that me is no longer  an  imposed  

function, but d e p e n d s  on H. 

C) 1 mi(t) 

/ 
A Ao(t) 

L me(t} 

]Fig. 2.1-1.2 Tank with outflow th rough  a control  v a l v e  

The equa t ion  for the c o n s e r v a t i o n  of mass is the same  as (2.1-1.1) 

dH 
mj- me = Ao~ (2.1-I.9) 

In the t echn ica l l y  most usual  c a s e  of turbulent  flow through pipes ,  

orifices, va lves  and  fittings, we c a n  a p p l y  the quadra t i c  r e s i s t ance  law. 

A c c o r d i n g  to this law, p res su re  d rop  is propor t iona l  to the s q u a r e  of flow. 

For outflow through a regula t ion  va lve ,  this law is usual ly  shown in the 

following form 

me ~ Kv Ao p ~ (2.1-1.10) 



me 
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The  cons tan t  Kv is g i v e n  for e v e r y  v a l v e  b y  its manufac turer ,  a n d  A o is 

the va lve ' s  va r y ing  c ros s - sec t iona l  a rea .  For a spec i f i c  l iquid (p is known), 

Equat ion (2.1-1.10) c a n  b e  shown in the form of funct ional  d e p e n d e n c e  

me = mo(Ao,H) (2.1-1.11) 

Substi tut ion of (2.l-l.lO) into (2.14.9) y ie lds  

dH KvAo021/~-H = mi (2.1-H2) A p--~--- + 

Equat ion (2.1-I.12) is a nonl inear  ODE. Its nonl inear i ty  is the result  of 

flow through  the v a l v e  a n d  is not i n c l u d e d  only  in ~ but  also in the 

p roduc t  A o l/-~. 

The s t e a d y  s ta te  is d e t e r m i n e d  by  

ml = me = K v X o O ~ - ] ~  (2.1-1.13) 

To l inear ize  (2.1-1.12) we will d i f fe len t ia te  it an d  r e p l a c e  infinitesimally 

small d e v i a t i c n s  df b y  finite dev ia t ions  Af. The nonl inear  re la t ions  a re  

shown in (2.1-1.10), w h o s e  different ia t ion y ie lds  

dine = ,~Ao ~,-,o + OH ~'"  (2.1-1.14) 

The va lues  of the part ial  de r iva t i ve s  shou ld  b e  taken  in the s t e a d y  

state in which l inear iza t ion  is per formed.  Equat ion  (2.1-i.13) y ie lds  

(2.1-1.15) 

Referring to (2.1-1.15), after di f ferent ia t ion (2.1-1.13) y ie lds  

omo = m e  = KA . (2.1-1.16) 
8Ao Xo 

a~ o - -  I 
OH = - ~ - -  = R  

(2.1-1.17) 

(2.1-I.18) 
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If we  m a k e  u s e  of t h e s e  last  e x p r e s s i o n s ,  e q u a t i o n  (2.1-1.12) ge t s  this 

l i nea r i zed  form for v a r i a b l e  d e v i a t i o n  f r o m  t h e  s t e a d y  s t a t e  

dAH 
+ -~--AH= Am i ~ A A  0 Ap daY-- (2.1-l.IQ) 

C l 
R 

The resistance R is defined as the ratio of effort change to flow 

change. In view of (2.1-I.17). we can write 

d[~ 2~ 
- - -  -- - (2.1-i.2o) 

R dmo mo 

Cons ide r ing  the a l r e a d y  i n t r o d u c e d  c a p a c i t a n c e  C, (2.1-1.19) c a n  b e  

written 

TdAH + AH = R A m j -  RKAAAo (2.1-1.21) 

The  cons t an t  T has  the  d i m e n s i o n  of time a n d  is thus c a l l e d  the  t i m e  

c o n s t a n t .  Its ana l y s i s  l e a d s  to in te res t ing  c o n c l u s i o n s  

T = CR = 2 A~,p ~ = 2 '-~--"~ = 2To [ s ]  ( 2 . I - 1 . 2 2 )  
me me 

The time c o n s t a n t  To is rea l ly  the  ratio of the  total mass  s to red  in the 

tank in the s t e a d y  s ta te  to the  mass  flow th rough  the  tank 

To ; ~ = s to red  ( a c c u m u l a t e d )  mass  (2.1-1.23) 
me mass  flow ra te  

In the form of s t a te  s p a c e  matr ix  e q u a t i o n s ,  (2.1-1.21) b e c o m e s  

t Hj. f- -lE H] • f l 
k ~ A o J  

(2.1-1.~.4) 

X' = A X ' ~ B U  

The  e i g e n v a l u e  of the  s y s t e m  matrix A is 

d e t e r m i n a n t  IA-xll--O, w h e n c e  
o b t a i n e d  b y  so lv ing  the 

1 
X = -  T (2.1-1.25) 
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Equat ion (2.1-1.25) confirms the a l r e a d y  men t ioned  relat ion b e t w e e n  the 

e i g e n v a l u e  a n d  the time cons tan t  in (2.1-1.7). Here it would  be  useful to 

remember  a n d  point  out that the p r e c e d i n g  example ,  in which the p r o c e s s  

of mass s to rage  was integral ,  is real ly a b o u n d a r y  c a s e  of this example .  

From (2.1-1.20) we c a n  therefore,  write 

d ~  (2.1-1.26) dmo = R 

The d e m a n d  for mo not to be  a funct ion of H real ly means  that 

c h a n g e s  of l iquid level  dH will not result in c h a n g e s  of flow too. i.e. 

dmo=O. This is pos s ib l e  only  if the res i s tance ,  as  de f ined  in (2.1-1.20). is 

infinite. From T = CR it then follows that the time cons tan t  T is infinite, and  

the e i g e n v a l u e  of the sys tem matrix A is zero,  

If H is a con t ro l l ed  var iab le ,  i.e. a va r i ab le  of interest, the output  

equa t ion  is 

[ Am, ] (2.1-1.2"1") 
[AH] = [13 [AH] + [O O] LAAoJ 

Y = C X + D U  

The matrix D is a null matrix, b e c a u s e  there  is no direct  in f luence  of 

the input va r i ab les  on l iquid level  H. 

The c h o i c e  of sets of state or output  va r i ab les  is not un ique  a n d  in 

order  to show that let us now cons ide r  an  example  where  we c a n  va ry  

the se lec t ion  of output  var iables ,  resul t ing in c h a n g e s  of the output  

equat ion .  Let the output  flow Amo be  the con t ro l l ed  (output)  var iable ,  The 

(2.1-1.14). (2.1-I.16) a n d  (2.1-1.1"[) y ie ld  

[,,,,]. [o r"", [ A h o J  (2.1-1.28) 

Y - - C X + D U  

If there is no outflow control  va lve  that c a n  inf luence  the l iquid level  

H through  c h a n g e s  of its outflow c ros s - sec t ion  Ao, then we must put  aAo=O 

in all the p r e c e d i n g  equa t ions .  Consequen t ly ,  matr ices  B a n d  D a n d  

vec tor  U c h a n g e  their d imens ion  - the matrices lose their last co lumns  a n d  

the vec to r  U the last line. 
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If the L a p l a c e  transformation is a p p l i e d  to (2.1-1.21). us ing  (2.1-1.29) we 

c a n  show the d y n a m i c  relat ions b e t w e e n  spec i f i c  va r i ab le s  with the h e lp  

of b lock  d iagrams .  

I AH(s)+ R AMi(s)- KAR aAo(s) 
All(s) = - Ts -~s Ts " (2.1-1.29) 

F i g .  2.1-1.3 Block d i ag ram for a l iquid s to rage  tank 

To c o n c l u d e ,  o n e  of the bas ic  p rope r t i e s  of p r o c e s s e s  that show 

propor t iona l  b e h a v i o r  (which is con t ra ry  to the p roper t i e s  we met in 

p r o c e s s e s  with in tegra l  behav io r )  is that the va r i ab le s  s to red  in them 

(mass. e n e r g y ,  momentum) show f e e d b a c k  ac t ion  propor t iona l  to 

themse lves  on the flows (M. E. I m )  en te r ing  or l e av in g  the vo lume 

o b s e r v e d .  

Example 3 The  tank u n d e r  p r e s su re  

We will a n a l y z e  the d y n a m i c  b e h a v i o r  of l iquid leve l  H for the l iquid 

s to rage  tank shown in F igure  2.1-1.4. which  is in c o n t a c t  with other  parts  of 

the plant  a n d  which  has  cons tan t  p r e s su re  Pin in the air s p a c e .  All the 

other  assumpt ions  from the former e x a m p l e  a re  fulfilled he re  also. 
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F i g .  2 .1.1.4 Closed  tank under  cons tan t  p re s su re  Pin 

The law for the c o n s e r v a t i o n  of mass is the same as in the p r e c e d i n g  

examples ,  i.e. like in equa t i ons  (2.1-1.1) a n d  (2.1-1.9). Differences  a p p e a r  in 

the equa t ion  for outflow 

/ 
= K v A o p ~ /  2gH • v._~__ SP = P i n  " P o u t  ( 2 . 1 - 1 . 3 0 )  m o  

V p 

If we in t roduce  the he igh t  of l iquid Hp as an  equ iva l en t  of the 

p ressu re  ~P 

~P = 2grip (2.1-1.31) p 

equa t ion  (2.1-1.30) b e c o m e s  

mo = K v A o p l / 2 g ( H  ÷ Hp) (2.1-1.32) 

In p rac t i ce ,  two b o u n d a r y  c a s e s  are  poss ib le :  

a) Very high p ressu re  Pin, i.e. Hp >> H 

Since  the in f luence  of H on the amount  mo c a n  be  n e g l e c t e d .  Equat ion  

(2.1-1.32) now b e c o m e s  

mo = KvAop 2~--Hp (2.1-1.33) 

Since  m o is no  longe r  a funct ion of H, i.e. of the mass s tored  in the 

tank. we c a n  e x p e c t  the tank to h a v e  integral  p roper t i es  in this c a s e  also. 

Truly, (2.1-1.9) a n d  (2.1-1.33) y ie ld  

dH 
Ap~T- = mi- KoAo Ko = Kvp~p (2.1-1.34) 
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K0 is cons tan t  b e c a u s e  Pin is kept  cons tan t  in the air s p a c e .  Equat ion 

(2.1-1.34) is a n a l o g o u s  to (2.1-1.2), e x c e p t  that the s e c o n d  term on the fight- 

h a n d  s ide  has  c h a n g e d  its a p p e a r a n c e  slightly. The tank will show 

integral  proper t ies  a n d  will retain them as long  as initial assumpt ion  Ho >> 

H is fulfilled. 

b) Pressure  SP is of the same order  of m a g n i t u d e  as l iquid level  H, i.e. 

aP = 2pgH. 

In this c a s e  all equa t i ons  in Example  2 hold,  e x c e p t  that H ° must b e  

inser ted  in all the exp re s s ions  unde r  s q u a r e  toots in s t ead  of H. a n d  in the 

linear model  aH" must be  inser ted  e v e r y w h e r e  ins tead  of AH , 

H" = H + H p ,  (2.1-1.35) 

AH" = AH (2.1-1.36) 

Now the tank b e h a v e s  as a p ropor t iona l  sys tem of the first order  a n d  

its d y n a m i c s  is d e s c r i b e d  b y  Equat ion  (2.1-1.21), i.e. by  (2.1-1.24) a n d  

(2.1-1.27), e x c e p t  that in this c a s e  r e s i s t ance  R a n d ' t h e  time cons tan t  T will 

be  larger  b e c a u s e  H* is larger  that H. 

In all the p r e c e d i n g  e x a m p l e s  the tank was cy l indr ica l  and  p l a c e d  

p e r p e n d i c u l a r l y  on its ba se ,  so that the c ross - sec t iona l  a r e a  A did  not 

c h a n g e  with c h a n g e s  in h e a d  H. Very often tanks are sphe r i ca l  or con ica l ,  

or cy l indr ica l  but  p l a c e d  hor izonta l ly  (tanker trucks). In such  c a s e s  the 

assumpt ion  A = const ,  is no longer  fulfilled and  the tank 's  c ross - sec t iona l  

a r ea  d e p e n d s  on the l iquid level,  A = A(H). The a p p r o a c h  to ana lys i s  and  

the methods  remain the same,  e x c e p t  that nonl inear  forms of funct ional  

d e p e n d e n c e  on liquid level  now a p p e a r  in equa t ions  for s tored  mass. 

Example 4 Tank with va r i ab le  c ros s - sec t iona l  a r e a  

Consider  the hor izonta l ly  p l a c e d  cylindrical tank in Figure  2.1-1.5, for 

which  an  equa t ion  d e s c r i b i n g  u n s t e a d y  c h a n g e s  in l iquid level  H must b e  

formulated. If the tank is filled with kerosine up  to the top a n d  the 
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c o m p l e t e l y  o p e n  v a l v e  (Kv = O.b) h a s  the  c r o s s - s e c t i o n  Ao = O.01 m 2 . f ind  

the t ime n e c e s s a r y  for all  the  k e r o s i n e  to flow ou t  D = 2R = 2,b m, L = 12 

m. 

r = ~ (2.1-1.37) 

milt) 

F i g .  2 .1 -1 .6  Horizontal cylindrical tank. A = A(H) 

The equation for mass conservation is in the usual form 

dM 
mi - m o  = d t  (2 .1 -1 .38)  

If t he  l i q u i d  l e v e l  c h a n g e s  b y  dH, the  a m o u n t  of s t o r e d  m a s s  dM is 

dM = LA(H)p = Lp2rdH , (2.1-1.3Q) 

dM = 2Lpy/-~2R-H) dH . (2.1-1.40) 

If we  subst i tu te d M  from (2.1-l.40) into (2.1-].38) and  a p p l y  Equat ion  

(2.1-I.10) for rag. we get  

2 L p ~  dH + KvAop 2~--/-H-- = m, (2.1-l.41) 

at(H) 

This is a nonhomogeneous nonlineal ODE. Nonlinearity is contained in 

the square root and in the product a1(H)dH/dt. 
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F o r . t h e  s e c o n d  p a r t  of t h e  p r o b l e m  w e  must  s u b s t i t u t e  m~ = 0 in to  

E q u a t i o n  (2.1-1.41) a n d  t i a n s f o r m  it in to  a form s u i t a b l e  for i n t e g r a t i o n  a f te r  

w h i c h  w e  g e t  

D 
t 4LD~D-- Id,-- [2L  

o JI%Ao 2 ~  3AoI~ 2~ 
O 

t = 2520 s -- 42 min 

Note  tha t  t h e  s a m e  a m o u n t  of  t ime  w o u l d  b e  n e e d e d  for t h e  ou t f low of  

w a t e r ,  a l c o h o l  or  a n y  o t h e r  s imi la r  l i q u i d ,  b e c a u s e  l i q u i d  d e n s i t y  ~, d o e s  

no t  a p p e a r  in t h e  f ina l  e x p r e s s i o n s .  

w - x a m p l e  S T a n k  with  v a r i a b l e  c r o s s - s e c t i o n a l  a r e a  

C o n s i d e r  t h e  t ank  s h a p e d  l i k e  a t r u n c a t e d  c o n e  a n d  c o m p l e t e l y  f i l l e d  

wi th  w a t e r ,  s h o w n  in F i g u r e  2.1-1.6. We mus t  c a l c u l a t e  t h e  t ime n e e d e d  for 

a l l  t he  w a t e r  to f low ou t  of  it. D I ; 0.8 m, De = 0.3 m, Hm = 1 m, d ~- 0.03 m. 

= 0.62. 

! 

Fig. 2.1-1.§ Tank shaped like a truncated cone, A : A(H) 
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T h e  e q u a t i o n  for t he  c o n s e r v a t i o n  of m a s s  for ml = 0 is  n o w  

dM 
dt  = " m o  • 

H ~dH dM = pA(H)dH = {)~-"[D2 + (D, - D2)~--~m ] 

(2.1-1.42) 

(2.1-].43) 

If w e  s u b s t i t u t e  (2.1-1.43) a n d  (2J-l.10) ( the  v a l v e  c o e f f i c i e n t  Kv h a s  b e e n  

r e p l a c e d  b y  the  o u t f l o w  c o e f f i c i e n t  ~ ) in to  (2.1-1.42), a n d  a r r a n g e  the  

v a r i a b l e s ,  w e  g e t  

Hm ~ ,- H ~z 
. (>~-LD 2+(D,-D 21 --H--~ j 

0 

dH = 2~,,rn C3Dt ~ u / O - - "  * 4D,Dz + 8Dz) 2 
15d2~ 2)/2g 

(2.1-1.44) 

t =194 s = 3 min I4 s e c o n d s  . 

S i m i l a r l y  a s  in t h e  p r e c e d i n g  e x a m p l e ,  t d o e s  no t  d e p e n d  o n  l i q u i d  

d e n s i t y  0 h e r e  e i t h e r .  

T h e  u p p e r  e x a m p l e  of  a t a n k  s h a p e d  l ike  a t r u n c a t e d  c o n e  is a 

t y p i c a l  n o n l i n e a r  e a s e  a n d  a l s o  a s i m p l e  p r o c e s s  in w h i c h  a n  

u n d e r s t a n d i n g  of t he  b a s i c  d y n a m i c  p r o p e r t i e s  d o e s  no t  p r e s e n t  g r e a t  

d i f f i cu l t i e s .  T h a n k s  to that ,  o n  t h e  f o l l o w i n g  p a g e s  w e  wil l  u s e  th is  

e x a m p l e  to s h o w  o n e  of t h e  b a s i c  c h a r a c t e r i s t i c s  of n o n l i n e a r  p r o c e s s e s  - 

the  d e p e n d e n c e  of  t he  d y n a m i c  p r o p e r t i e s  ( w h i c h  a r e  e x p r e s s e d  in t ime  

c o n s t a n t  T in p r o p o r t i o n a l  s y s t e m s  of  t h e  first o r d e r )  o n  the  o p e r a t i n g  

( s t e a d y )  s t a t e .  

DEPENDENCE O F  DYNAMIC PROPERTIES ON OPERATING STATE 

O n e  of t h e  v e r y  i m p o r t a n t  p r o p e r t i e s  of  t e c h n i c a l  d e v i c e s  a n d  p l a n t s  is 

that  the i r  d y n a m i c  p r o p e r t i e s  a r e  no t  t he  s a m e  t h r o u g h o u t  t h e  w h o l e  r a n g e  

of o p e r a t i o n .  This  is t rue  of  c o m p l e t e l y  d i f f e r e n t  p r o c e s s e s  a n d  is 

i n d e p e n d e n t  of  t h e  s y s t e m  o r d e r ,  i .e .  of  t h e  n u m b e r  of  e n e r g y ,  m a s s  a n d  

m o m e n t u m  s t o r a g e  e l e m e n t s .  T h e  e x c e p t i o n  a r e  t h e  r a r e  p r o c e s s e s  wi th  
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"pure ly"  l inear  b e h a v i o r .  The  a b o v e - m e n t i o n e d  d e p e n d e n c e  d o e s  not 

o c c u r  on ly  in t e c h n i c a l ,  bu t  a l so  in s o c i o l o g i c a l ,  b i o l o g i c a l  a n d  other  

p r o c e s s e s .  (The e x a m p l e  of an  a th l e t e  w a rming  up  b e f o r e  his turn a n d  

p r e p a r i n g  to b r ing  his b o d i l y  a n d  menta l  " sys tem"  into p e a k  o p e r a t i n g  

cond i t i on  in which  he  c a n  a c t  a n d  r e a c t  faster,  more  d e p e n d a b l y ,  s t rong ly  

or p r ec i s e ly ,  is only  o n e  of the m a n y  e v e r y d a y  n o n t e c h n i c a l  e x a m p l e s  of 

how c h a n g e s  in o p e r a t i n g  s t a te  af fec t  the  d y n a m i c  p r o p e r t i e s  of the 

p roces s . )  

In p r o p o r t i o n a l  s y s t e m s  of the first order ,  like the o n e s  that  h a v e  

a p p e a r e d  so far, the m e a s u r e  a n d  the c h a r a c t e r i s t i c  of those  dynamic 
p r o p e r t i e s  i s  in the first p l a c e  time c o n s t a n t  T. In this last  e x a m p l e  we  

will, therefore ,  show this t ime d e p e n d e n c e  on  the  o p e r a t i n g  ( s t e a d y )  s t a te  

in which  l inear iza t ion  was  pe r fo rmed .  It will b e  useful  to b e a r  in mind the 

resul ts  shown  in the fol lowing l ines w h e n  we  a n a l y z e  the d y n a m i c s  of 

c o m p l e t e l y  di f ferent  or more  c o m p l e x  p r o c e s s e s .  

For the c a s e  of ml = 0 the d i f ferent ia l  e q u a t i o n  d e s c r i b i n g  

n o n s t a t i o n a r y  c h a n g e s  of l iquid  l eve l  in the  e x a m p l e  of F igure  2.1.-1.6 c a n  

a l so  b e  writ ten in this w a y  

dH 
pA(H) ~ + ~ p A o ~  = m] 

q p 

f1(H) f2(H) 

(2.1-1.45) 

Different ia t ing Equa t ion  (2.1-1.45), which  is the  w a y  to l inear iza t ion ,  

y i e lds  

df,__d_~d~ + [, d(dH)dt ÷ dfz -- dml (2.1-1.46) 

d r , -  ~ dH (2.1-1.47) 

a~'2 
dr2 = y H - - d H  . (2.1-1.48) 

dlq 
- - =  o ( 2 . 1 - 1 . 4 9 )  
dt 

Referr ing to the  last  th ree  e q u a t i o n s  a n d  r e p l a c i n g  d with the finite A 

(2.1-1.40) turns into 
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~XCH) d a r t  ~pAo 2-/~-AH 
dt + 2~/~[" = Aml (2.1-1.50) 

~r~ ~o 
oH 21q 

Arranging this e x p r e s s i o n  g ives  

2.PX(H)lq dAH ~ (2.1-1.51) 
- -  + AH = Aml 
mo dt mo 

Time cons tan t  T is the term b e s i d e  the de r iva t i ve  of AH', a n d  if we 

insert the va lues  for X(H) a n d  ~o(~),  we ge t  

2/~F [I~(D,-D2) • D2Hm] 2 m "- dZHm 2 . 2 ~  (2.1-1.52) 

The last e x p r e s s i o n  is c lumsy,  but  it a lso c l ea r ly  confirms that the time 
cons tan t  d o e s  truly d e p e n d  on the o p e r a t i n g  state,  t h e  funct ional  

d e p e n d e n c e  of T on  H is 

T(~) = ~::[-(Ko + KI~ * K21q 2) (2.1-l.53) 

For the d a t a  from the p r e c e d i n g  e x a m p l e  K 0 - T 2 . 8 3 ,  Ki = 242.T5, 

K2 = 202.3. a nd  the c h a n g e  T(F[) o b t a i n e d  from (2.1-1.53), is shown in F igure  

2.1-1.7. 

T 
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Fig. 2 .1 - I .7  D e p e n d e n c e  of time cons tan t  T on o p e r a t i n g  s ta te  for 

the tank s h a p e d  like a t r u n c a t e d  c o n e  

In Example  5 (where  no l inear iza t ion  was pe r fo rmed)  we s h o w e d  that 
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all the l iquid would  run out of the tank in 1(~4 s e c o n d s .  However ,  if we 

l inear ize the e q u a t i o n  d e s c r i b i n g  the same  outflow we ge t  (2.1-1.51), into 

whose  r igh t -hand  s ide  we must put ~mi = O. If T is, thus, de t e rmined  from 

the initial o p e r a t i n g  state  1~ = lm (z~H(O) = 1), l iquid flows out as in a 

propor t ional  sys tem of the first order,  a c c o r d i n g  to the exponen t i a l  

l 
- - t  

518 
t~HCt) = e (2.1-1.54) 

As H d e c r e a s e s ,  time cons t an t  T also d e c r e a s e s  grea t ly ,  a n d  the error 

we would  ge t  from working with a cons tan t  T is more than obvious .  A 

compromise  would  b e  to take the time cons tan t  for lq = 0.Sin, but  e v e n  

then the linear solut ion wou ld  not be  sat isfactory.  Figure  2.1-1.8 shows this 

well. It shows the r e s p o n s e  of the or iginal  non l inea r i zed  a n d  of the 

l inear ized  model  with five different time cons t an t s  c a l c u l a t e d  for lq = I, 

0.75. 0.5. 0.25, 0 m. 

F igure  2.1-I.8 shows  the c o m p l e t e  d i sp ropor t ion  b e t w e e n  the linear 

model  r e s p o n s e  a n d  the real  r e sponse ,  r ega rd l e s s  of which  time cons tan t  

is s e l ec t ed .  This, however ,  is not u n e x p e c t e d .  The l inear model  c a n n o t  b e  

e x p e c t e d  to c o v e r  the whole  field in which  the va r i ab le  under  

cons ide ra t i on  c h a n g e s ,  from O to I00~ of its initial va lue ,  e s p e c i a l l y  when  

the p r o c e s s  has  s u c h  a p r o n o u n c e d  nonlineari ty.  What is essent ia l  is that 

the linear a n d  the nonl inear  r e s p o n s e s  c o r r e s p o n d  qui te  well for the c a s e  

in which l inear izat ion was per formed,  at the initial state ~q ; 1 m, i.e. when  

T = 518 s, a n d  for the first 10% c h a n g e  from the initial lq. In the measure  of 

Figure  2.1-1.8, there  is almost no d i f f e rence  in this first lO~ c h a n g e  from the 

initial s t e a d y  value .  

The p u r p o s e  of l inear models  is to g ive  a sufficiently g o o d  

r ep resen ta t ion  of d y n a m i c  proper t i es  in the n e i g h b o r h o o d  of the o p e r a t i n g  

state unde r  obse rva t ion .  Most d e v i c e s  a n d  plants  are  m a d e  to work under  

cer ta in  condi t ions .  That is how they are  d i m e n s i o n e d  a n d  their e f f i c i ency  

a n d  the qual i ty  of the final p r o d u c t s  are  e n s u r e d  in those  nominal  

o p e r a t i n g  regimes,  which  we e n d e a v o r  to ensu re  with the he lp  of other  

d e v i c e s  (automation,  computers ,  regula tors )  or supe rv i s ing  pe r sonne l .  Only 

in rare  c a s e s  (start ing the p lant  up,  b r e a k d o w n ,  shut t ing the p lant  d o w n  

a n d  the like) a re  c h a n g e s  in o p e r a t i n g  s ta tes  great .  In such  cases ,  if we 

n e e d  models  that i nc lude  the d y n a m i c s  of those  p r o c e s s e s ,  we primarily 

d e v e l o p  nonl inear  models  or we use  linear models  but c h a n g e  a n d  
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r eca l cu l a t e  their d y n a m i c  cha rac te r i s t i c s  (parameters )  after e v e r y  more 

substant ial  c h a n g e  of o p e r a t ! n g  point, to make them c o r r e s p o n d  with the 

ope ra t i ng  point  that has  just b e e n  r e a c h e d .  

H 

t.0 
m 

0.~ 

0,5 

0,4. 

0.2 

100 200 300 z00 500 500 s t 

F i g .  2.1-1.8 Dynamics  of change  in l i qu i d  l eve l  H in the case of free 

outflow 

. . . . .  nonl inear  model  r e s p o n s e  

- -  l inear model  r e s p o n s e  with 5 different time cons tan t s  

0,6 

0,4 " L 

0 tl\ L 
' 100 200 300 I.O0 500 6~s t 

F i g .  2.1-1.9 Dyna la ics  of change  in l i q u i d  l eve l  H in the case of free 

outflow 

. . . . .  nonl inear  model  r e s p o n s e  

l inear model  r e s p o n s e  with a different T for 5 

o p e r a t i n g  s tates  

The example  of outflow shown in Figure  2.1-1.8 is a p r o c e s s  with ve ry  

great  changes  in opera t i ng  state. F igure 2.1-I.q shows the non l inear  model  
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r e s p o n s e  and  also how c h a n g e s  in level  H would  look if simulation was 

per formed on a l inear model ,  but  if the time cons tan t  T was c h a n g e d  and  

r e c a l c u l a t e d  for five different ope ra t i ng  states (lq = I, 0.8, 0.6. 0.4, 0.2 m). 

This l inear-model  r e s p o n s e  is an  obv ious  improvement  on the 

r e s p o n s e s  shown in Figure  2.!-I.8. It is c lear  that the "linear" r e s p o n s e  

would  be  quite  c lo se  to the "nonlinear"  one  if time cons tan t  T was 

c h a n g e d  after e v e r y  10% c h a n g e  in l iquid level  H. (In c a s e s  when the 

ga in  cons tan t  K a p p e a r s  in the l inear model  too, w h e n e v e r  the o p e r a t i n g  

regime is c h a n g e d  K must a lso b e  c h a n g e d  if it d e p e n d s  on the o p e r a t i n g  

state.) 

The ana lys i s  we h a v e  just ca r r i ed  out on the simple p r o c e s s  outflow is 

important for many  comple t e ly  different d e v i c e s  in which different forms of 

nonl inear  relat ions b e t w e e n  va r iab les  a p p e a r .  Of course ,  the results we 

o b t a i n e d  here  are  not comple t e ly  gene ra l  in the s ense  that they c a n  be  

a p p l i e d  to all ca ses .  They  a re  of more va lue  as indicators  of some  bas i c  

relat ions b e t w e e n  d y n a m i c  proper t i es  a n d  the ope ra t i ng  state, and  also 

point to the different r e s p o n s e s  of the original  nonl inear  models  a n d  those  

o b t a i n e d  th rough  l inearization.  

2.1-2 GAS AND STEAM STORAGE TANKS 

Gas a n d  s team s to rage  tanks are  s t a n d a r d  parts  of p r o c e s s i n g  a n d  

e n e r g y  plants.  In many  ways  they are  similar to l iquid s to rage  tanks, and  

g a s  p res su re  P c a n  be  c o n s i d e r e d  a n a l o g o u s  to l iquid level  H. The bas i c  

d i f fe rence  b e t w e e n  ga s  a n d  l iquid s to rage  tanks is that g a s e s  a n d  s team 

are compre s s ib l e  so that the assumpt ion  p = const ,  is no longer  valid. 

When the equa t ions  are  formulated it is a lso very  important  to cons ide r  

the condi t ions  under  which the tank is c h a r g e d  a n d  d i s c h a r g e d ,  a n d  the 

type  of ga s  (steam) flow. In other words,  we shou ld  d is t inguish  b e t w e e n  

subcr i l ica l  a n d  supercr i t i ca l  inflow a n d  outflow, isothermal a n d  a d i a b a t i c  

(or po ly t rop ic )  c h a n g e s  in the s ta te  of g a s  (steam). laminar a n d  turbulent  

flow. 

In technical work conditions we usually have turbulent [low and 

that assumption holds throughout this whole chapter. 
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From the a s p e c t  of how the s ta te  of the g a s  (steam) in the tank 

c h a n g e s ,  the fol lowing words  would,  in pr inciple ,  be  sufficient. If the tank 

walls are  metal a n d  un insu la t ed  a n d  the c h a n g e  slow. the g a s  (steam) 

tempera ture  in c h a n g e a b l e  o p e r a t i n g  regimes  c a n  be  c o n s i d e r e d  cons tant .  

Such p r o c e s s e s  c a n  thus b e  c o n s i d e r e d  isothermal.  In tanks that are  well 

insula ted  a n d  where  hea t  c a n n o t  b e  c o n d u c t e d  from the tank in c a s e s  of 

expans ion ,  p r o c e s s e s  within the tank are  a d i a b a t i c  (for aiz the coeff ic ient  

is n = 1.41). In p rac t i ce ,  measuremen t s  h a v e  shown that the usual  p re s su re  

and  t empera tu re  c h a n g e s  in fact  result  as po ly t rop ic  p r o c e s s e s ,  

somewhere  b e t w e e n  isothermal a n d  ad i aba t i c .  For most s t o r a g e  tanks the 

coeff ic ient  n is b e t w e e n  1 a n d  1.2. In this chap te r ,  un less  s t a t ed  differently, 

we will p r o c e e d  as if g a s e o u s  (steam) c h a n g e s  o c c u r  i s o t h e r m a l l y .  

Finally, when  we formulate the equa t i ons  we will take into a c c o u n t  

whether  the tank was c h a r g e d  a n d  d i s c h a r g e d  unde r  s u p e r c r i t i c a l  or 

s u b c r i t i c a l  f l o w  c o n d i t i o n s .  

We must a lso  stress that we will work with the e q u a t i o n  of s tate  for 

i d e a l  g a s .  In most c a s e s  g a s e s  a n d  s team satisfy this e q u a t i o n  for low 

pressure  a n d  for v a p o r s  that are  not too c lo se  to the line of saturat ion.  

The a p p r o a c h  a n d  me thods  do  not c h a n g e  for real  g a s e s  a n d  steam. In 

such  c a s e s  it is on ly  n e c e s s a r y  to r e p l a c e  the e q u a t i o n  of s ta te  for ideal  

gas  with the equa t ions  of s tate  for those  g a s e s  a n d  steam, and  verify the 

results a c c o r d i n g l y .  

Finally, in this c h a p t e r  a lso  ( i s o t h e r m a l  c h a n g e s  o f  s t a t e ) ,  as in 

p r e c e d i n g  one.  models  of d y n a m i c  p r o c e s s e s  will be  o b t a i n e d  b y  

establishing o n l y  o n e  e q u a t i o n  for  t h e  c o n s e r v a t i o n  o f  m a s s .  

E x a m p l e  I Control led c h a r g e  a n d  free d i s c h a r g e  of tanks 

Derive a mathemat ica l  mode l  for the d y n a m i c  p r o c e s s e s  o c c u r r i n g  

when the s tate  of g a s  (steam) in the tank in F igure  2.1-2.1 c h a n g e s .  

Determine the e q u a t i o n s  a n d  transfer funct ions for subcr i t ica l  and  

supercr i t ica l  d i s c h a r g e .  Gas (steam) is fed into the tank from a compres so r  

and  the amount  mi(t) d o e s  not d e p e n d  on the p res su re  P. The state  

c h a n g e s  in the tank a re  slow e n o u g h  to be  c o n s i d e r e d  i s o t h e r m a l .  
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r i g .  2 .1 -2 .1  Gas  ( s t eam)  t ank  with c o n t r o l l e d  c h a r g e  mi(t) 

The  e q u a t i o n  for the  c o n s e r v a t i o n  of m a s s  in .the c a s e  of  the  g a s  in the  

tank  is 

d M  d(Vp) = V dp  (2.1-2.1) 
ml - mo = d---l- = d t  d t  

If the  p u i p o s e  h a d  b e e n  to d e t e r m i n e  c h a n g e s  in d e n s i t y  p. t hen  

(2.1-2.1) w o u l d  b e  the  final form of the  m o d e l .  In p r a c t i c e ,  h o w e v e r ,  

p r e s s u r e  P a n d  t e m p e r a t u r e  ~ a r e  u s u a l l y  r e g u l a t e d  v a r i a b l e s  a n d  (2.1-2.1) 

must  b e  t~ans fo rmed  to s h o w  P a n d  s. For this we  will u s e  the  e q u a t i o n  of 

s t a t e  for  g a s  

p = p ( P. ~ ) (2.1-2.2) 

from w h i c h  

dp ap dP  ap d3 
. . . .  ÷ (2.1-2.3) 

d t  aP d t  a3 d t  

With (2.1-2.3). E q u a t i o n  (2.1-2.1) g i v e s  

m I - m o ~" V ap dP ap d3 
aP d t  • V a~ d t  (2.1-2.4)  

Equation (2.1-2.4) contains both pressure and temperature changes and 

is thus generally not sufficient for a dynamic analysis. To complete the 

dynamic description the e q u a t i o n  f o r  t h e  c o n s e r v a t i o n  o f  e n e r g y  
would also have to be formulated. However. as w e  have already said, gas 

(steam) sto~age processes in tanks that are not very well  insulated are 

slow, and usually occur in isothermal conditions, 3 = const, and 

d~/dt = 0. This leads to 

ap dP 
V (-~) dt = ml- mo. (2.1-2.5) 
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For ideal  g a s e s  we h a v e  (R . . .gas cons tan t )  

P 
p = 

R% 

ap l 
C - - ~ - )  = R~ 

The final result is 

(2 .i-2.6) 

(2.1-2.7) 

V dP 
RO dt = mi- mo (2.1-2.8) 

Flow rate mi(t) is de t e rmined  b y  the work of the compres so r  a n d  its 

d e p e n d e n c e  on P is n e g l e c t e d .  It is thus n e c e s s a r y  to de te rmine  too(t). 

which obv ious ly  d e p e n d s  on whether  the tank is b e i n g  d i s c h a r g e d  in 

subcr i t ical  or supercr i t ica l  condi t ions .  

a)  S u b c r i t l c a l  o u t f l o w  

In p rac t i ce ,  for subcr i t ica l  flow (which is de f i ned  somewha t  more 

"roughly" by  the condi t ion  Po > P/2) th rough valves ,  orifices a n d  similar 

parts of the pipel ine ,  we use  the formula 

mo = KoAo{Po(P-Po) Po > P-- (2.1-2.9) 
2 

The e x a c t  ana ly t ica l  formula for ca l cu l a t i ng  mo is g i v e n  in Equat ion 

(2.1-2.4"/), and  in (2.1-2.9) Ko con ta ins  bo th  the v a l v e  charac te r i s t i c  Kv a n d  

the ga s  charac te r i s t i c  in the s t e a d y  state  under  cons ide ra t ion  (~. O. x) . 

Kv is a v a l v e  charac te r i s t i c  known for e v e r y  valve ,  a n d  Ao is the 

c ross -sec t iona l  a r ea  th rough  which the ga s  (steam) flows. In orifices or 

ordinary  n o n r e g u l a b l e  va lves  Ao is cons tan t ,  but  in control  va lves  Ao = 

Ao(t). i.e. Ao is an  arbitrary lime function.  If ga s  (steam) flows out the tank 

through an orifice, outflow charac te r i s t i c  I* is g iven  ins tead  of Kv. This 

charac te r i s t ic  inc ludes  the s h a p e  of the orifice e d g e s ,  the way  in which 

the fluid is b rought  to the orifice a n d  so on. (The same is true of short 

parts of the pipeline.)  

Substi tution of (2.1-2.9) into (2.1-2.8) y ie lds  a nonlinear ,  n o n h o m o g e n e o u s  

ODE with va r i ab le  coeff ic ients  

V dP 
R~ dt * KoAo~/Po(P-Po) = mi (2.1-2JO) 
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The  d o w n s t r e a m  p r e s s u r e  Po(t) is a l so  v a r i a b l e  a n d  c a n  in p r a c t i c e  

c h a n g e  arbi t rar i ly  with time. 

For the  n e e d s  of further ana lys i s ,  it will b e  the  most  useful  to find the 

l inear  form of e q u a t i o n  (2.1-2.10). Differentiat ion of (2.1-2.8) g i v e s  

V d(dP)  = d m l -  dine (2.1-2.11) 
R e  dt 

Var iab le  dmo is of k e y  i m p o r t a n c e  b e c a u s e  mo ho lds  all the 

nonl inear i t ies .  If (2.1-2.9) is written in the form of func t iona l  d e p e n d e n c e  

m o =  mo (P, Po, Ao) , (2.1-2.12) 

then dmo is 

B 

dmo -- ~ d P  0mo ~ 0mo 
I" ÷'-O~o d r °  ÷ 0-~-o dA° (2.1-2.13) 

In the s t e a d y  s t a t e  in wh ich  l inea r iza t ion  is p e r f o r m e d  we h a v e  

mo 
Ko = (2.1-2.14) 

Equa t ion  (2.1-2.9), t o g e t h e r  with (2.1-2.14), g i v e s  the  par t ia l  d e r i v a t i v e s  of 

(2.1-2.13) 

0~o mo I 
= ~ = ~ , 81 ~ = 15 - 15o (2.1-2.15) 

0too ~o(15-215o) I P-2Po 1 
aPo - 215o81 ~ = R ~ o  = R---~ ' (2.1-2.1b) 

,~mo. = mo = 
aA ° ~ KA (2.1-2.I7) 

In the u p p e r  e q u a t i o n s  we  h a v e  r e i n t r o d u c e d  s y m b o l s  for flow 

r e s i s t a n c e  c o r r e s p o n d i n g  with the def ini t ion of r e s i s t a n c e  a l r e a d y  g i v e n  in 

the p r e c e d i n g  s e c t i on  - s e e  Equa t ion  (2.1-1.20). A c c o r d i n g  to that  defini t ion,  

r e s i s t a n c e  R e q u a l s  the ratio of c h a n g e  in effort to c h a n g e  in flow, a n d  in 

this c a s e  of g a s  ( s team)  flow it is 

015 2sl 5 
R . . . .  (2.1-2.18) 

~mo mo 

F igure  2.1-2.2 shows  the d e p e n d e n c e  of mo on  p r e s s u r e  P in the tank,  

k e e p i n g  I~o = cons t .  The  t a n g e n t  s l o p e  e q u a l s  the i nve r se  v a l u e  of 
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res i s t ance  R. It is important  to note  that the s lope  of the t angen t  is a lways  

posit ive,  i.e. an  i n c r e a s e  in P results in an  i n c r e a s e  in too. 

A brief examina t ion  of Fig. 2.1-2.2 a n d  a compar i son  of Equat ions  

(2.1-2.13) a n d  (2.1-2.15) show that the first member  on the r igh t -hand  s ide  of 

Equat ion (2.1-2.13) (partial  de r iva t ive  a~o/aP) r ep resen t s  this s Iope  of a plot 

of mo versus  P with Po a n d  Ao at their s t e a d y  state va lues  Po a n d  Xo. The 

flow rate mo d rops  to ze ro  when  the tank p re s su re  P is the same as the 

outlet p ressure  Po. 

Similarly, the s e c o n d  part ial  de r iva t ive  in Equat ion (2.1-2.13) is the s l o p e  

of a plot of me versus  Po with P a n d  Ao at their s t e a d y  state va lues  l ~ a n d  

•o. This c u r v e  is r e p r e s e n t e d  in Figure  2.1-2.3. 

m o 

[V] 
y , 

.... '~1'1 ~ ~ supercritical 
l ~ .r---- 
P= P Pw P[P~] 

]Fig. 2 .1 -2 ,2  Variation in flow rate mo with tank pressure  P. Po = const .  

Ana logous ly  to the r e s i s t ance  of flow to var ia t ion in the p ressu re  P, 

Equat ion (2.1-2.16) def ines  r e s i s t ance  Ro in the c a s e  of var ia t ion in outlet 

p ressure  Po 

Ro = '~I~° = R P o  = ~R. 0~ < O . (2.1-2.19) 
~mo P-2Po 

It is useful to remember  that in subcl i t ica l  flow (P - 2Po) < O. therefore.  

the coeff ic ient  = < O. a n d  c o n s e q u e n t l y  res i s t ance  R o is nega t ive .  The 

phys ica l  mean ing  of this is c lear  for cons tan t  P, an i nc rea se  of 



S0 CHAP. 2 LUMPED PROCESSES 

Po (APo > 0) leads to a decrease of m o (Am o < 0) and vice versa. 

This relation can be seen in Figure 2.]-2.3. 

"°t 
| c2 P = kons t .  
/o~ ~ .  , I~=O,,Ro,==-,,~--~ 

~0F . . . . . .  ~ - - - - -  ,~,~ 
I~,,erc""='~ ', \ \  

Pk P0 P P0 [P~] 

F i g .  2 . | - 2 . 3  Variation in flow rate mo with outlet p re s su re  Po • ~ = const .  

Equat ion (2.1-2.19) shows an  interest ing relation b e t w e e n  r e s i s t ance  Ro 

a n d  p res su re  ~o for a g iven  p ressu re  P in the tank. As ~o d e c r e a s e s ,  Ro 

c o n v e r g e s  to - ,~, a n d  this is shown in Figure  2.1-2.4. When Ro b e c o m e s  

infinite c h a n g e s  in ]5o no longer  in f luence  c h a n g e s  in flow. i.e. ,~mo = O. 

This p h e n o m e n o n  is well known and  o c c u r s  when  supercr i t i ca i  flow 

begins .  

. R O . S ~  - _ ~o 

-2R 

-3R 

-&R 

-5R 

-6R 

-?R 

F i g .  2 .1 -2 .4  D e p e n d e n c e  of res is tance Ro on out le t  pressure Po. 

= const.  
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If t h e  p r e s s u r e  d i f f e r e n c e  Sp ~- P - Po is s m a l l  ( u p  to 10% P), w e  c a n  

t a k e  

2sis 
Ro = -R = - 

mo 

S u b s t i t u t i n g  (21-216)  - (2.1-2.17) in to  (2.1-2.13) a n d  r e p l a c i n g  d wi th  t h e  

f ini te  A. g i v e s  

1 1 aPo + KAAAo (2.1-2.20) Amo = -..-~.aP - IRol 

We i n t r o d u c e d  t h e  n o t a t i o n  IRol a n d  t h e  minus  s i g n  to s t r e s s  t h e  f ac t  

that  a n  i n c r e a s e  in  Po (APo > O) r e s u l t s  in a d e c r e a s e  of f low r a t e  mo 

( a m o  < 0). 

R e a r r a n g i n g  (2.1-2.11) a n d  r e f e r r i n g  to (2.1-2.20), w e  g e t  t h e  l i n e a r  form of  

t he  in i t i a l  e q u a t i o n  (2.1-2.10) 

c d A P  1 1 
d t  + ---~--AP = ami  * ][-~ol a P o  - KAAAo . (2.1-2.21) 

C a g a i n  d e n o t e s  c a p a c i t a n c e ,  a n d  t h e  j u s t i f i c a t i o n  of this  s y m b o l  will  

b e  s h o w n  a l i t t le  l a t e r .  For  t h e  p r e s e n t ,  w e  h a v e  t h e  e q u a l i t y  

v v v~ R 
C = I~,~ = ~ = -]5"- = - - ~  (2.1-2.22) 

M u l t i p l y i n g  (2.1-2.21) b y  R w e  g e t  t he  w e l l - k n o w n  form of a n  e q u a t i o n  of  

a p r o p o r t i o n a l  s y s t e m  of  t h e  first o r d e r  

T d A P  R 
+ AP = Raml + [--R-~o[ aPo - RKAAAo (2.1-2.23) 

If w e  c o m p a r e  th is  e q u a t i o n  to E q u a t i o n  (2.1-2.21) for a l i q u i d  s t o r a g e  

tank .  w e  c a n  s e e  h o w  s imi la r  t h e  d y n a m i c  p r o p e r t i e s  of  t h o s e  two d i f f e r e n t  

t a n k s  a r e .  

T ime  c o n s t a n t  T will a l s o  s h o w  i t se l f  to b e  s imi l a r  to t h e  o n e  in t h e  

p r e c e d i n g  s e c t i o n .  H e r e  T is t h e  p r o d u c t  CR, w h i c h  t h r o u g h  t h e  

s u b s t i t u t i o n  of  t he  r e l e v a n t  e q u a l i t i e s  b e c o m e s  

T = CR = V 2~15 = 2 ~15 ~ 
R~ mo -~- ~o = 2 T" (2.1-2.24) 
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T* a g a i n  r e p r e s e n t s  the ratio of the  mass  of g a s  (s t ream) s to red  in the 

tank to the mass  flow ra te  t h rough  the  tank in the o b s e r v e d  o p e r a t i n g  

s t a t e  

}~ s to red  mass  
T" = ~ = (2.1-2.25) 

m o mass flow rate 

The coef f i c ien t  281s/~ is d imens ion le s s .  

Notat ion in the form of s t a t e - s p a c e  e q u a t i o n s  for the c a s e  w h e n  the 

v a r i a b l e s  of in teres t  a r e  p r e s s u r e  d e v i a t i o n s  in the tank t~P a n d  d e v i a t i o n s  

of flow ra te  t h rough  the v a l v e  /~mo takes  the term 

+ ] [  I -~ 'mi 1 1 R i KA ] / ,  ~Po / (2.1-2.26) [~P]'" [ ~P]" [c" tRol T c ~ * o "  

X '  - - A X ÷ B U  

- -  [~p]+ 
-I 

Am° J-~oJ 

Y = C X ÷ D U  

° IF-'] 
I ~P° I 

KA LAAoJ 

(2,1-2.27) 

The  p r o c e s s  u n d e r  o b s e r v a t i o n ,  with two output  (AP, amo) a n d  th ree  

input  (Ami, APe, AAo) v a r i a b l e s ,  ha s  6 t ransfer  funct ions .  From their forms 

we c a n  c o n c l u d e  a b o u t  the d y n a m i c  p r o p e r t i e s  of the p r o c e s s ,  i.e. a b o u t  

the w a y  in which  the ou tpu t  v a r i a b l e s  will v a r y  with the input  v a r i a b l e s .  

The  matr ix  t ransfer  funct ion @(s) is o b t a i n e d  in the  usua l ,  m a n n e r  for 

matrix s t a t e - s p a c e  e q u a t i o n s ,  which  we  will show h e r e  in s h o r t e n e d  form 

OCs) = CCsI - A)-(B + D (2.1-2.28) 

@(s) = 1 I R I KA 
I " ~ I Rol T ~ + s + - -  -1 
T ~ KA 

(2.1-2.29) 

If we  per fo rm the i n d i c a t e d  matrix o p e r a t i o n s  we  ge t  G(s) a n d  we  c a n  

write 
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R 
T-~+l 

R 
IRoi 
Ts+I 

R Cs 

-IRol Ts+I 
TKAs LAAo(s )J 
Ts+I 

C2.l-Z.3o) 

v 2 ~  
: ~ .  Ro = ~R) (T = CR. C = ~ - .  R mo 

Individual  transfer funct ions are  e lements  of the matrix transfer f u n c t i o n  

G(s). They  are  all, e x c e p t  G~2(s) a n d  G23(s), transfer funct ions of 

proport ional  sys tems of the first order ,  which  c o u l d  h a v e  b e e n  e x p e c t e d  

s ince there is only  one  mass s to rage  tank. It is e s p e c i a l l y  important  to 

note that in the transfer funct ion G~z(s), which  relates  AP(s) to APo(s), the 

gain coeff ic ient  is smaller than unity, s i nce  R < IRol. (For example ,  if we 

use Figure  2.1-2.4 we c a n  show that if 15 = I0 bar  a n d  ~o =" 6 bar.  a n d  if 

~0 i n c r e a s e s  to 7 bar  (i.e. AP = 1 bar), the p re s su re  in the tank will 

inc rease  only  by  R/Ro = R/3 R = 0.333 bar.) 

Figure 2.1-2.4 also l eads  to the c o n c l u s i o n  that c h a n g e s  in p res su re  

devia t ion  in the tank a n d  in outlet flow rate will be  all the smaller as ~o 

d e c r e a s e s  and  a p p r o a c h e s  cri t ical  p re s su re  Pk. S ince  it is obv ious  that, 

when Po c o n v e r g e s  to Pk, IRol c o n v e r g e s  to infinity, the in f luence  of 

variations in ~o will c o m p l e t e l y  d i s a p p e a r  for ~o • Pk. In the fol lowing 

lines, when  we a n a l y z e  supercr i t ica l  outflow, "this will be  conf i rmed.  

The transfer funct ions Gzz(s) a n d  Gz3(s) show that when  APo a n d  ~,Ao 

vary. outflow will r e s p o n d  as a de r iva t ive  sys tem with a t ime-lag of 1st 

order. This c h a r a c t e r  of transfer b e h a v i o r  is typ ica l  for all tanks in the 

c a s e  of s o - c a l l e d  downs t r eam c h a n g e s .  It is not difficult to see  that in the 

c a s e  of d i s t u r b a n c e  in AAo. the flow rate c h a n g e  ~mo from the p r e c e d i n g  

example  of a l iquid tank will a lso r e s p o n d  like de r iva t ive  systems.  Similar 

to the c a s e  of p re s su re  c h a n g e  Ap, the transfer funct ion G~z(s) shows that 

the in f luence  of APo on  the flow rate Amo d e c r e a s e s  the c loser  ~o is to 

the cri t ical  p ressu re  Pk. In the c a s e  of ~o ~ Pk this in f luence  d i s a p p e a r s  

comple te ly .  

b) S u p e r c r i t i c a l  o u t f l o w  

Often outlet p r e s su re  Po is smaller than the cri t ical  pressure ,  a n d  then 
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g a s  flow through  orifices is s u p e r s o n i c  (supercri t ical) .  The b a s i c  

charac te r i s t i c  o f  supercr i t ica l  outflow is that the amount  of ga s  (steam) 

flowing out of the tank d e p e n d s  on pressure  P in the tank. but not on 

p ressure  Po- It is c a l c u l a t e d  from 

me = KvAo~ R/~-  ~ P (2.1-2.31) 

Kv is the va lve  charac ter i s t ic ,  a n d  for orifices it is the outflow 

coeff ic ient  ~, ~ is the ga s  (steam) charac te r i s t i c  a n d  its va lue  is 0.726. 

0.685 a n d  0.669 for monoatomic ,  d ia tomic a n d  more c o m p l e x  ga se s ,  

r e s p e c  ;vely.  If c h a n g e s  of s ta te  in the tank are  i s o t h e r m a l ,  equa t ion  

(2.1-2.31) b e c o m e s  

me = KoAoP (2.1-2.32) 

Then Equat ion (2.1-2.8) b e c o m e s  

V dP 
IR,9 dt * KoAoP = mi (2.1-2.33) 

The last equa t ion ,  for Ao = const. ,  is a linear DE with cons tan t  

coeff ic ients ,  For va r i ab le  Ao the p r o d u c t  Ao P makes (2.1-2.33) a nonl inear  

e q u a t i o n  which  we c a n  t inear ize  to ob ta in  

m m 

V d a P  me me 
+ A P  = A m  i - &A o dt T (2.1-2.34) 

The coeff ic ients  b e s i d e  AP a n d  AAo are  a l r e a d y  known a n d  represen t  

the inverse  r e s i s t ance  R a n d  the coeff ic ient  of transfer KA 

R -  -- p - ~ (2.1-2.35) 
me KvAod~ ' 

me 
KA = % • (2.1-2.3b) 

Rear rang ing  (2.1-2,34) for g a s  (steam) s t o r age  p r o c e s s e s  in tanks in the 

c a s e  of s u p e r c r l t i c a l  o u t f l o w  we ge t  

T dAP + AP = RAmi-  RKAAAo (21-2.37) 

Equat ion (2.1-2.37) is ident ica l  to Equat ion  (2.1-1.21) for va r i ab le  l iquid 

level  in a tank if we r e p l a c e  AH by  AP. It differs from (2.1-2.23) for va r i ab le  

AP in the c a s e  of subson ic  g a s  (steam) outflow b e c a u s e  (2.1-2.3"/) d o e s  not 
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conta in  the term showing  the inf luence  of outlet p ressure  dev ia t ion  L ~ P  o on 

p roces se s  within the tank. It c o u l d  also b e  sa id  that the c a s e  of 

superson ic  outflow is a limiting c a s e  of the p r e c e d i n g  one,  when  Po 

c o n v e r g e s  to Pk. Thus all the equa t i ons  we d e r i v e d  for subcr i t ica l  flow are 

comple te ly  val id  here,  with two important  d i f ferences :  

- r e s i s t ance  R = ~ / ~ o  

the middle  term on the r igh t -hand s ide  of Equat ion  (2.1-2.23) 

d i s a p p e a r s ,  resul t ing in the d i s a p p e a r a n c e  of the middle  co lumn in 

matrices B. D a n d  G(s) a n d  the d i s a p p e a r a n c e  of the middle  row of 

the input vec to r s  U a n d  U(s) in the matrix s t a t e - s p a c e  equa t ions  

(2.1-2.26) a n d  (2.1-2.27), a n d  in the matrix transfer functions (2.1-2.30). 

Further ana lys i s  of the p r o c e s s  is r e d u c e d  to earl ier  comments  which  

we n e e d  not repea t .  We should,  however ,  turn o n c e  more to the r e s i s t ance  

Re to g a s  (steam) outflow in the c a s e  of Po ~ Pk, which  Figure  2.1-2.3 

shows to be  infinite. This means  that for a finite c h a n g e  in ~Po the 

inc rease  Amo equa l s  zero,  i.e. that the r e s i s t ance  Re to c h a n g e  in flow is 

infinite. From the definit ion of r e s i s t ance  as the ratio of effort i n c r e a s e  to 

flow i n c r e a s e  this is e v e n  more obv ious  

[Rol AP° AP° 
= = = oo (2.1"2.38) 

Amo 0 

POSSIBILITIES OF MASS STORAGE. CAPACITANCE C. 

Up to now we h a v e  p a i d  a lot of a t tent ion to the r e s i s t ance  cer ta in  

elements  of the sys tem offer to c h a n g e s  in mass flow in the c a s e  of 

c h a n g e s  in effort (potential) .  Less has b e e n  sa id  a b o u t  possibi l i t ies  of 

mass s torage ,  c h a r a c t e r i z e d  by  c a p a c i t a n c e  C. 

C a p a c i t a n c e  C is de f i ned  as the ratio of i n c r e a s e  in s tored  mass to 

inc rease  in effoIt 

dM 
C--  d~P- (2.1-2.39) 

In the l iquid s t o r a g e  tank effort is the he ight  of l iquid H, a n d  the total 

mass s to red  in the tank is M = AH~,. From (2.1-2.39) we ge t  
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C -- dH Ap = -H- , (2.1-2,40) 

In the  g a s  ( s team)  s t o r a g e  tank  the  e q u i v a l e n t  of he igh t  H is p r e s s u r e  

P in the  tank,  but  in this c a s e  the  p o s s i b i l i t y  of g a s  ( s team)  a c c u m u l a t i o n  

a l so  d e p e n d s  on the c o n d i t i o n s  u n d e r  w h i c h  that  f luid is s t o r e d .  From that  

a s p e c t  we d i s t i n g u i s h  b e t w e e n  i so the rmal  C a n d  p o l y t r o p i c  Cn 

c a p a c i t a n c e  C. As has  a l r e a d y  b e e n  s a i d .  in this tex t  we  will u s u a l l y  

a n a l y z e  i so the rmal  p r o c e s s e s  a n d  u s e  the i d e a l  g a s  e q u a t i o n .  The re fo re  

dM d(Vp) V M k g  
C 

dP - dP = ~ = -P- '[--~] 
(2.1-2.41) 

In the  c a s e  of p o l y t r o p i c  t e m p e r a t u r e  c h a n g e  % is no  l o n g e r  

i n d e p e n d e n t  of p r e s s u r e  P so  we h a v e  

Pv n , ,  cons t .  (2.1-2.42) 

that  is 

dv 1 v 
d----P = n P (2.1-2.43) 

C o n s e q u e n t l y ,  the  p o l y t r o p i c  c a p a c i t a n c e  Cn is o b t a i n e d  as  fol lows 

C,  = dM d~ V d v  1 V I I C (2.1-2.44) 
d--ft---Vdp = - ~  d--~--n v P - - n  

Thus c a p a c i t a n c e  C is the  g r e a t e s t  in the c a s e  of i so the rma l  c h a n g e s  

of s t a t e  in g a s  (s team).  

Example 2.  Outflow of g a s .  C a l c u l a t i o n  of t ime c o n s t a n t  T 

C o n s i d e r  a t ank  of v o l u m e  V = B0 m 3 f i l led  with g a s  at  the  t e m p e r a t u r e  

of ,~ : 2Q3 °C with a g a s  c o n s t a n t  IR = 150 J/kgK a n d  u n d e r  the  p r e s s u r e  P 

= I0 b a r  (x = 1.4. # : 0.685).  At the  tank  exi t  is a v a l v e  of a r e a  Ao : 0.002 

m 2 with v a l v e  c h a r a c t e r i s t i c  Kv = 0.75. De te rmine  t ime c o n s t a n t  T tha t  

c h a r a c t e r i z e s  the  d y n a m i c s  of p r e s s u r e  c h a n g e  in the  tank  if the  outf low 

is into, 

a) the  a t m o s p h e r e ,  

b) into a tank with c o n s t a n t  p r e s s u r e  Po = 6 ba r .  
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a) The critical p re s su re  for a p ressu re  of P ,, lO bar  in the tank is Pk = 

5.28 bar. S ince  Po = 1 bar,  outflow is supercr i t ical .  From (2.1-2.31) it follows 

that 

dmo 
= KvAo4J ..t ~ -_ I__ ( 2 . 1 - 2 . 4 5 )  

dP ~ R 

Assuming an isothermal change in gas state in the tank. we have 

(2.1-2.41), which toge ther  with (2.1-2.45) de termines  T 

T - C R  = V _ _ ~  -- 232.1 s .  ( 2 . 1 - 2 . 4 6 )  
RB KvAo~ 

b) In the c a s e  of Po = 6 bar  flow is subcr i t ica l  so time cons tan t  T c a n  

be  de t e rmined  from (2.1-2.24). 

T = CR = V 2~P 

~ a  mo 

In the u p p e r  e q u a t i o n  the on ly  unknown va r i ab le  is flow rate mo, which  

is de t e rmined  from (2.1-2.0) for subcr i t ica l  flow. But in this c a s e  we will use  

the more c o m p l e x  a n d  co r rec t  mathemat ica l  e x p r e s s i o n  

m o =  KvXoP x I ( )-~--. ( ) x (2.1-2.47) 
x -  1 R a  

Equat ion (2.1-2.9), which we u s e d  until now, is sa t i s fac tory  for most 

p rac t ica l  ca lcu la t ions ,  a n d  cons tan t  Ko can ,  after the flow rate mo has  

b e e n  c a l c u l a t e d  from (2.1-2.47). b e  o b t a i n e d  "easily from (2.1-2.14). The 

uppe r  e q u a t i o n  g ives  mo = 4.84 kg/s .  from which  it is not difficult to ge t  

T -- 188.04 s. 

Comment ing  on Equat ion (2.1-2.33) we sa id  that if the v a l v e  a r e a  Ao is 

constant ,  the d i s c h a r g e  of the tank unde r  supercr i t ica l  cond i t ions  is l inear 

if gas - s t a t e  c h a n g e s  in the tank are  isothermal.  (In that c a s e  t empera tu re  ~) 

b e s i d e  the d P / d t  term is constant . )  The fol lowing e x a m p l e  will show that it 

is then re la t ively e a s y  to d e s c r i b e  the d y n a m i c s  of p ressu re  c h a n g e  in the 

tank. 



,~ CI4AP.2 LUMPED PR{3C'2S~ES: 

E x a m p l e  3.  Out f low of air  u n d e r  s u p e r c r i t i c a l  c o n d i t i o n s  

Air flows in to  the  a t m o s p h e r e  out  of a t a n k  of v o l u m e  V = 4 0 0  dm 3, 

with a p z e s s u I e  P = 4 0  b a r  a n d  t e m p e r a t u r e  ,~ = 15 °C, t h r o u g h  a n  o r i f i ce  

Ao = 20 mm 2 a n d  ~ = I. Po = 1 ba r .  D e t e r m i n e  how l o n g  it will t ake  to r e a c h  

s u b c r i t i c a l  outf low.  We a s s u m e  that  the  p r o c e s s  in  the  t a n k  is s low e n o u g h  

to b e  c o n s i d e r e d  i so the rma l .  For air.  # = 0 .685  a n d  R = 287 ] /kgK.  

For Po = 1 bar. Pk = Po/0.528 = 1.8Q4 bar. Equat ion (2.1-2.33) wi th mi = 0 

g i v e s  

T dP - - ~  , P = 0 (2.1-2.48) 

E q u a t i o n  (2.1-2.46) d e t e r m i n e s  t ime c o n s t a n t  T. 

V I 
T = = 101.54 s 

~Ao~ 

The  s o l u t i o n  of (2.1-2.48) is s i m p l e  

I 
t -o .ooges t 

P = 40 - - e  'T = 40 e 

The  t ime af ter  w h i c h  P will e q u a l  1.8Q4 is o b t a i n e d  from 

1 40 
tkrit = 0.00Q85 In 1.89----4- = 310 s (2.1-2.49) 

The assumption of temperature constancy in the tank can be made for 

"slow" processes of state change. Many tanks are charged and 

discharged so quickly that heat cannot be completely exchanged with the 

surroundings in that short time and the process in the tank is polytropic. 

The purpose of the following example is to show the error if we use an 

isothermal model for a process that is in fact po]ytropic. (0J course, in 

every particular case a similar procedure should be repeated because of 

t e s t ing . )  
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Xxample 4. L i n e a r i t y  of  g a s  ( s t e a m )  o u t f l o w  from t a n k  

C o n s i d e r  a n  a i r  t a n k  of  v o l u m e  V = 60  d m  3 for s t a r t i n g  u p  D i e s e l  

a g g r e g a t e .  T h e  a i r  p r e s s u r e  is  5 0  b a r  a n d  t h e  t e m p e r a t u r e  293 °C. As t h e  

a g g r e g a t e  is s t a r t e d  u p .  t h e  a i r  f lows  t h r o u g h  a n  o r i f i c e  5 mm in d i a m e t e r  

into a c y l i n d e r  w h e r e  t h e  p r e s s u r e  is l b a r .  T h e  ou t f low c o e f f i c i e n t  is t* = 

0.6. a n d  t h e  a i r  p r e s s u r e  in  t he  t a n k  d e c r e a s e s  p o l y t r o p i c a l l y  with n = 1.25. 

For a i r  w e  h a v e  4, = 0 .b85 ,  R = 287 J /kgK.  D e t e r m i n e  the  t ime  n e c e s s a r y  

for t h e  p r e s s u r e  in  t h e  t a n k  to d e c r e a s e  to 12 b a r  a n d  s h o w  the  p r e s s u r e  

c h a n g e  g r a p h i c a l l y  for a :  

a )  p o l y t r o p i c  p r o c e s s .  

b)  i s o t h e r m a l  p r o c e s s .  

a)  Fo r  Po = 1 b a r ,  Pk = 1.894 b a r  a n d  t h e  f low c o n d i t i o n s  a r e  

s u p e r c r i t i c a l  a l l  t h e  t ime.  F o r  ml = O, u s i n g  (2.1-2.1) a n d  (2.1-2.44). w e  c a n  

write 

dM dM dP . c-dP 
d-t " ~ - ~  n d t  = " mo (2.1-2.50) 

S i n c e  o u t f l o w  o c c u r s  u n d e r  s u p e r c r i t i c a l  c o n d i t i o n s ,  w e  t a k e  (2.1-2.31) for 

mo a n d  g e t  

V P 
dP = vAo~b dt (2.1-2.51) 

nR~ 

U s i n g  t h e  k n o w n  r e l a t i o n  

n-1 
~) = ~,(_P_P_) n 

, a f t e r  a r r a n g i n g  (2.1-2.51) 

w e  s e e  t ha t  
n-1 "2W 

dt  = - V P1 d P  (2.1-2.52) 
3n-I  

n~Ao0 ~ ,  p --2-fi-- 

I n t e g r a t i o n  of  t h e  u p p e r  e q u a t i o n  from PI to P, w h e r e  PI is t h e  in i t i a l  

p r e s s u r e  ( in  c o r r e s p o n d e n c e  wi th  t h e  n o t a t i o n  w e  u s e d  u p  to now,  w e  

c o u l d  wr i t e  • i n s t e a d  of P1) a n d  P t h e  p r e s s u r e  at  t, w e  g e t  t he  f ina l  r e s u l t  

for t ime t 
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n-1 v 2[ 2n ] 
t = vAoq~ ~-~t n-I ( ) l (2.1-2.53) 

Thus. the time n e e d e d  for the p I e s s u r e  in the tank to fail from 60 to 12 

bar,  if the c h a n g e  is po ly t rop ic ,  is from (2.1-2.53) 

t = 3 6 s .  

6O 
bar 

40 

30 \ \  

zo 

tO \ ~ ' ~  

10 20 30 40 50 60 s 70 t 

is 

r i g .  2 .1 -2 .5  Pressure  d e c r e a s e  in the tank 

. . . . .  po ly t rop ic  (real) c h a n g e .  NL. 

isothermal c h a n g e .  L. 

b) As in the p r e c e d i n g  example ,  we h a v e  

T dP 
dt 

where  

T = CR = 

,P=O 

V ~ = 25.64 s 
R01 ~Ao¢ 

For the initial cond i t ion  Po 

- i t  -0.039t 
P = 60 e T = 60 e 

= P, = bO bar, the solution of the u p p e r  DE 

The last e q u a t i o n  for P ffi 12 bar  yields .  

(2.1-2.54) 
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1 60 
t = In._-:-- = 41.27 s 0.03----'-9 

T h e  e r ro r  in t h e  t ime n e c e s s a r y  for p r e s s u r e  in t h e  t a n k  to fal l  from 60  

to 12 b a r ,  if t h e  c h a n g e  is c o n s i d e r e d  i s o t h e r m a l ,  is +14.64Z. F i g u r e  2.1-2.5 

s h o w s  t h e  c u r v e s  of  t h e  r e a l  p o l y t r o p i c  ( n o n l i n e a r  - b r o k e n  l i ne )  a n d  of  

the  i s o t h e r m a l  ( l i n e a r  - full l i n e )  p r e s s u r e  fal l  o b t a i n e d  from (2.1-2.53) a n d  

(2.1-2.~4). 

T h e s e  c u r v e s  s h o w  tha t  t h e  e r ro r  d u e  to t h e  a s s u m p t i o n  of  i s o t h e r m a l  

s t a t e  c h a n g e  in t h e  t a n k  is n o t  v e r y  g r e a t .  H o w e v e r .  t he  r e s u l t s  g i v e n  in 

this e x a m p l e  a r e  no t  g e n e r a l l y  v a l i d .  The i r  m a i n  p u r p o s e  is to s e r v e  a s  a n  

i l l u s t r a t i on  for t h e  p o s s i b l e  c o n s e q u e n c e s  of  s o m e  a s s u m p t i o n s .  

To e n d  the  p r e c e d i n g  e x a m p l e s ,  w e  mus t  r e p e a t  tha t  w h e n  t h e  t a n k  is 

d i s c h a r g e d  u n d e r  s u p e r c r i t i c a l  c o n d i t i o n s ,  t h e  p r o c e s s  is l i n e a r  o n l y  if a n  

i s o t h e r m a l  s t a t e  c h a n g e  t a k e s  p l a c e  wi th in  t h e  tank .  In tha t  c a s e  t he  t ime 

c o n s t a n t  T is u n c h a n g e d  in e v e r y  m o m e n t ,  s i n c e  t h e  t e m p e r a t u r e  ~ is 

c o n s t a n t  - s e e  E q u a t i o n  (2.1-2.46). 

E x a m p l e  S .  C h a r g e  a n d  d i s c h a r g e  of  t a n k  d u e  to p r e s s u r e  d i f f e r e n c e  

C o n s i d e r  t h e  g a s  ( s t e a m )  t ank  s h o w n  o n  F i g u r e  2.1-2.6. w h i c h  is 

c h a r g e d  a n d  d i s c h a r g e d  t h r o u g h  a n  in le t  a n d  o u t l e t  ( c o n t r o l )  v a l v e  d u e  to 

p r e s s u r e  d i f f e r e n c e .  We mus t  f o r m u l a t e  t h e  e q u a t i o n s  d e s c r i b i n g  u n s t e a d y  

c h a n g e s  of  g a s  ( s t e a m )  p r e s s u r e  in t h e  t a n k  d e p e n d i n g  o n  p r e s s u r e s  PI 

a n d  Po. a n d  o n  t h e  a r e a  of t h e  c o n t r o l  v a l v e  Ao. T h e  c h a n g e s  in t h e  t a n k  

a r e  i s o t h e r m a l .  Ai ; c o n s t .  

Unl ike  E x a m p l e  I, t h e  a m o u n t  of g a s  a t  t h e  t a n k  in l e t  is n o  l o n g e r  

i n d e p e n d e n t  of t h e  p r e s s u r e  P. A n a l o g o u s l y  to E q u a t i o n  (2.1-2.9), i .e .  i ts  

l i n e a r  form (2.1-2.20). in t h e  c a s e  of s u b c r i t i c a l  i n f l o w  w e  s e e  tha t  

Pi mi ~- KiAi~--P~-P) . P ~ 2 (2.1-2.55) 
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Aml : - ~ A P I -  AP 

8ml mi 

R" = - -  ~p = R i - p  = ~iRi , a i < O. 
~mi pi-2i 5 

(21-2.56) 

(2,1-2.57) 

(2.1-2.58) 

v 

F i g .  2 .1 -2 .6  Gas (steam) tank with uncon t ro l l ed  inflow mi(t) 

For small p i e s su r e  d i f f e r ences  b e t w e e n  P1 a n d  P, ~,~ is c l o se  to unity 

a n d  we h a v e  JR'I - IRI.. The  same d iag ram from Figure  2.1-2.4 c a n  b e  

u s e d  for ~i. on ly  now R ° is on  the o rd ina te  a n d  p re s su re  P, e x p r e s s e d  in 

parts  of the input p re s su re  Pj, on the absc i s sa .  All the other  eq u a t i o n s  an d  

methods  u s e d  in Example  1 a re  va l id  he re  also.  a n d  n e e d  not b e  

r e p e a t e d .  For a g i v e n  mi(t), Equat ion  (2.1-2.21) y ie lds  

dAP + ~ ~ 1 IRI~IAp KAAAo (2.1-2.59) C ÷ Ap - Ap o = R ~ . a p i -  

If an e q u i v a l e n t  r e s i s t ance  Re is i n t r o d u c e d  in the fol lowing m an n e i  

1 1 1 
s Re R * ~ , (2.1-2.60) 

Equat ion  (2.1-2.59) is t r ans la ted  into a form v e r y  similar to (2.1-2.23) 

T d A P  Re 
÷ AP ~, --~i APa ÷ APo _ ReKAAA o (2.1-2.61) 

C 
T = CRe - 1 I (2.1-2.62) 

R IR'I 
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We will not rewri te  the  s t a t e - s p a c e  e q u a t i o n s  from E x a m p l e  1. The  

Equat ions  (2.1-2.26). (2.1-2.27) a n d  (2.1-2.30) g i v e n  there  a r e  c o m p l e t e l y  va l id  

he re  a lso ,  with the fol lowing c h a n g e s  

R=Re 

V 

R3 
T = CRe = 1 1 

4..-- 

R IR'I 

Aml = API . ~Mi(s) = API(s) 
Ri Ri 

We witl not s p e c i a l l y  a n a l y z e  c a s e s  w h e n  c h a r g i n g  a n d  d i s c h a r g i n g  

occu r  u n d e r  supe rc r i t i c a l  cond i t i ons  ei ther .  The  u p p e r  e q u a t i o n s  a r e  

g e n e r a l  e n o u g h  a n d  c a n  a l so  b e  u s e d  in supe rc r i t i c a l  c a s e s ,  w h e n  it is 

sufficient to make  the r e s i s t a n c e  infinite. For e x a m p l e ,  if the tank is 

c h a r g e d  u n d e r  supe rc r i t i ca l  cond i t ions ,  i.e. for P < PI/2, the coef f i c ien t  

R* =. co. Re = R. a n d  Ri a l so  c h a n g e s ,  Ri = Pl/ml, so  that (23-2.61) b e c o m e s  

dAP R 
T-~-- + aP =-~-i aPl ÷ nPo - RKAnAo 

T = CR 

(2.1-2.03] 

Equa t ion  (2.1-2.61) shows  that  now t ime c o n s t a n t  T is not d e t e r m i n e d  

only b y  coe f f i c i en t  R. a n d  a c c o r d i n g  to (2.1-2.18) b y  the p r e s s u r e s  1 ~ a n d  

15o, but  a l so  b y  R" a n d  c o n s e q u e n t l y ,  a l so  b y  p r e s s u r e  ~l. This 

d e p e n d e n c e  on Pj c e a s e s  to exis t  on ly  w h e n  the tank  is c h a r g e d  u n d e r  

supe rc r i t i ca l  cond i t ions .  Also, if APi or APo c h a n g e .  Ap will not c h a n g e  for 

the s a m e  v a l u e  but  its c h a n g e  is d e t e r m i n e d  b y  the g a i n  coe f f i c i en t s  

Kpi = Re/Ri and Kpo = Re/IRol. 

At the e n d  of this e x a m p l e  it will b e  of u s e  to show the 

i n t e r d e p e n d e n c e  of v a r i a b l e s  from Equa t ion  (2.1-2.61) in a b l o c k  d i a g r a m .  

We d o  this not on ly  b e c a u s e  a g r a p h i c a l  r e p r e s e n t a t i o n  is c o n v i n c i n g ,  but  

also b e c a u s e  the d i a g r a m  i m p o s e s  c o m p a r i s o n  b e t w e e n  the d y n a m i c s  of 

hea t  t ransfer  th rough  the  wall  of the hea t  e x c h a n g e r  a n d  t he se  p r o c e s s e s  

of mass  s t o r age .  The  s t ruc ture  of the b l ocks  in F igures  2.I-2.T a n d  2.3-2 is 

c o m p l e t e l y  ident ica l .  The  on ly  small  d i f f e r e n c e  is that in F igure  2.1-2.7 the 

r e s i s t a n c e s  in the f e e d b a c k  link differ from the r e s i s t a n c e  b e s i d e  the  input  
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v a r i a b l e s .  (If the  d i f f e r e n c e s  b e t w e e n  p r e s s u r e s  PI. P a n d  Po are  not g rea t ,  

t hose  r e s i s t a n c e s  b e c o m e  the  same .  i.e. we  will h a v e  Re = R a n d  R" ; RI, 

so  the d i a g r a m s  b e c o m e  ident ica l . )  

~P 

F i g .  2 .1 -2 .T  Block d i a g r a m  of p r e s s u r e  d y n a m i c s  in a g a s  ( s team)  tank 

In the  p r e v i o u s  d i s c u s s i o n  of tanks  that c o u l d  on ly  s tore  mass .  the 

m a t h e m a t i c a l  mode l  of d y n a m i c s  was  o b t a i n e d  flora the e q u a t i o n  for the 

c o n s e r v a t i o n  of mass .  In the fol lowing sec t ion  we will show how the s a m e  

or similar d y n a m i c  p h e n o m e n a  a n d  their no ta t ion  a p p e a r  in the p h y s i c a l l y  

c o m p l e t e l y  di f ferent  p r o c e s s e s  of fluid flow th rough  p ipe s .  Their  mode l s  

will e i ther  b e  o b t a i n e d  on ly  from the e q u a t i o n  for  t h e  c o n s e r v a t i o n  
o f  m o m e n t u m  or from the s i m u l t a n e o u s  formulat ion of the e q u a t i o n  
for  t h e  c o n s e r v a t i o n  o f  m o m e n t u m  a n d  the e q u a t i o n  for  t h e  
c o n s e r v a t i o n  o f  m a s s .  

2 .2  FLUID FLOW 

Fluid s u p p l y  a n d  t r anspor t  a n d  the  c o n n e c t i o n  of i nd iv idua l  p r o c e s s  

units runs t h rough  p i p e s  ( s t e a m  p i p e s ,  g a s  p i p e s ,  w a t e r p i p e s ,  p ipe l ines ) ,  

which  t oge the r  with p u m p s ,  c o m p r e s s o r s ,  v a l v e s  a n d  o ther  fittings a re  the 

u n a v o i d a b l e  c o m p o s i t e  pa r t s  of p lan ts .  The  p r o c e s s  of fluid flow ra tes  

th rough  p i p e s  is u sua l ly  a c o n t r o l l e d  p r o c e s s  in the  s e n s e  that  p r e s s u r e s  
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and  flows are  kept  within p r e d e t e r m i n e d  b o u n d a r i e s  th rough  the ac t ion  of 

control  d e v i c e s  on var ious  e x e c u t i v e  control  e lements  or ac tua tors  

(usually regu la t ion  va lve s  a n d  pumps  or compxessors) .  It is thus a l so  

important to know the d y n a m i c  p roper t i e s  of those  flow p r o c e s s e s .  The 

bas ic  equa t ions  d e s c r i b i n g  flow p r o c e s s e s  are  ident ica l  for liquids, g a s e s  

and  steam. Never theless .  for p rac t i ca l  needs ,  to simplify the often 

c o m p l i c a t e d  ca l cu la t ions  that must b e  u n d e r t a k e n  if we use  the most 

gene ra l  laws a n d  equa t i ons  of fluid mechan i c s ,  it is useful to a n a l y z e  

liquid flow s e p a r a t e l y  from gas  a n d  s team flow. In the first c a s e  we c a n  

usual ly n e g l e c t  the compress ib i l i ty  of l iquids . (p ; const.)  but  not 

momentum, i.e. the inertia of l iquid in the p ipe .  In the c a s e  of g a s e s  and  

steam the p r o c e d u r e  will b e  the oppos i t e .  It will usua l ly  b e  poss ib l e  to 

ne g l ec t  their momentum, but not also the effects  of compress ibi l i ty ,  i.e. we 

will h a v e  to coun t  on c h a n g e s  in dens i ty  p in u n s t e a d y  condi t ions .  

On the fol lowing p a g e s ,  when  we d e v i s e  models  for the d y n a m i c s  of 

flow p r o c e s s e s ,  we will start from simpler a n d  more spec i f ic  c a s e s  of 

liquid a n d  g a s  (steam) flow making use  of the u p p e r  h y p o t h e s e s .  

Gradual ly  we will r e a c h  the most g e n e r a l  d y n a m i c  mode l  for the flow of 

an arbi t rary fluid that has  both  the p rope r ty  of c a p a c i t a n c e  (p ,~ const. ,  

C ,, O) a n d  the p rope r ty  of inertia (l ,, 0). 

2.2-I LIQUID FLOW 

The bas i c  assumpt ion  in this part  of t h e  book  is that l iquid is 

incompress ib le  (~ = const.), which in fact means  n e g l e c t i n g  l iquid s t o r a g e  

in p ipes ,  i.e. we c o n s i d e r  that c a p a c i t a n c e  C = O. In this way,  at the v e r y  

beg inn ing ,  we dismiss the possibi l i ty of o b s e r v i n g  the wel l -known water 

hammer effects in p ipes .  In Sec t ion  2.2-3 we will l e a v e  out this a ssumpt ion  

and  ge t  a model  for the flow of an  arbi t rary fluid, for which  the models  in 

this c h a p t e r  (C ; O) are  on ly  a spec i a l  c a s e .  Unlike in the p r e c e d i n g  

section,  he re  we n e g l e c t e d  compress ib i l i ty  so we will now obta in  a model  

by  formulating an  e q u a t i o n  for  t h e  c o n s e r v a t i o n  o f  m o m e n t u m .  
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• . . x a m p l e  | D y n a m i c s  of l iquid  flow th rough  p i p e s  

F igure  2.2-I.I shows  a hor izonta l  p i p e  of l eng th  L. with sol id  walls  a n d  

of cons t an t  c r o s s - s e c t i o n a l  a r e a  A, which  c o n n e c t s  two tanks.  A cen t r i fuga l  

p u m p  p u m p s  l iquid  th rough  the  p i p e  a n d  a contro l  v a l v e  in the p i p e  

r e g u l a t e s  flow. Der ive  a mode l  for u n s t e a d y  flow c h a n g e s  th rough  the 

p ipe .  The  l iquid  is c o n s i d e r e d  i n c o m p r e s s i b l e  (p = const . ,  m # m(z)). 

I I  _ Iz ~ A 13 
[_-7.-_-_--'_ --------------l~ ...... ~)~')----~-----------.--------_,~---'----"------I 

r l t '~J 

i, 6g 5~ 
P= 

, Z 

F i g .  2.2-1.1 Liquid  t r anspor t  b e t w e e n  two tanks  

The  law for the c o n s e r v a t i o n  of m o m e n t u m  (Ira = M w) for l iquid  in a 

p i p e  has  the we l l -known form 

n dlm 
Z = d--V- (2.2-H) 
i=l 

Fi denotes all the forces that act on the total mass (M = ALp ) of liquid 

in the pipe. In the general unsteady case pressures PI and P2. pressure 

changes in the valve (drop ~Pv) in the pipe (drop, decrease ~Pc) and in 

the pump (increase SPp) are time functions. If we specify the forces that 

act on the mass of liquid M in Equation (2.2-I.I), we get 

d(Mw) ALp dw 
(PI * ~Pp - ~Pv - ~Pc)A - P2A = dt = d-[-" " (2.2-1.2) 

The l iquid  flow ra te  (mass  flow m) is 

m = Awp . (2.2-1.3) 
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a n d  if we insert ve loc i ty  

(2.2-1.2), we ge t  

w from the u p p e r  e q u a t i o n  into Equat ion  

L dm 
PI + aPp - aPv - SPc - P2 = A dt (2.2-1.4) 

This equa t ion  d e s c r i b e s  the c h a n g e  of mass flow th rough  the p ipe  

d e p e n d i n g  on p ressures  P, and  P2 a n d  p ressu re  c h a n g e s  ~Pp. ~Pv a n d  ~Pc. 

The grea tes t  mathemat ica l  difficulties in ob ta in ing  models  h ide  in the 

determinat ion of those  p ressu re  d e c r e a s e s  a n d  inc reases .  The same  result 

can  be  found  in Sec t ion  3.3, when  the fluid flow is o b s e r v e d  as a p r o c e s s  

with d is t r ibuted  paramete r s  ( see  Equat ion  (3.3-29)) .  

It is a known fact. a n d  in the c a s e  of va lve s  it was shown in the 

p r e c e d i n g  sect ion,  that there is a d i rec t  re la t ionship  b e t w e e n  flow rate m 

and  p res su re  c h a n g e  ~P in ind iv idual  parts  of the fittings. For pumps  a n d  

valves  these  c h a n g e s  d e p e n d  on many  other  factors  as well. In the c a s e  

of pumps  the s p e e d  of rotation n is of ba s i c  impor tance ,  a n d  for va lves  

their c ross - sec t iona l  a r e a  Av. In short, if we want to get  a final e x p r e s s i o n  

for d y n a m i c  flow c h a n g e s ,  we must know the fol lowing ana ly t i ca l  relat ions 

be tween  flow a n d  p res su re  c h a n g e  

~Pp = ~Pp(m. n) . (2.2-I.5) 

~Pv = ~Pv(m. Av) . (2.2-1.6) 

~Pc-- ~Pc(m) (2.2-1.7) 

As a rule the u p p e r  ana ly t i ca l  exp re s s ions  are  not ava i l ab le ,  but there  

is (a lways  s u p p l i e d  with the equ ipment )  a g r a p h i c a l  p resen ta t ion  of pump 

and  v a l v e  charac te r i s t i cs .  Figures  2.2-1.2 a n d  2.2-1.3 show those  

charac ter is t ics ,  a n d  they  also show how to de te rmine  g r a p h i c a l l y  the 

va lues  of the partial  de r iva t ives  of p re s su re  ~Pp a n d  ~Pv b y  the 

independen t  var iab les .  

For turbulent  flow th rough  p ipes  we h a v e  the charac te r i s t i c  resistance 

law, a c c o r d i n g  to which  

L w 2 L m 2 . ,  Kcm 2 (2.2-1.8) 
~iPc- x-~---~--t~ = X d 2AZp 
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F i g .  2 .2 -1 .2  Static charac te r i s t i c s  for a centr i fugal  pump 

increose Av / 

&Av 

Fig. 2.2-1.3 Static charac te r i s t i c s  for a , egu la t ion  va lve  

The curves shown and Equation (2.2-1.8) make it obvious that Equation 

(2.2-1.4) is nonlinear, and if we want to analyze unsteady flow it should be 

]inearized. This narrows down the field of process variable changes for 

which the model gives a faithful dynamics description, but linearized 

models make it simpler to understand the character of transient processes, 

to carry out analyses and to compare the dynamics of flow processes with 

other, complelely different, processes. 
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Differentiating Equat ions  (2.2-1.4) - (2.2-1.7) we ge t  

69 

L d(dm) 
dP1 + d&Pp - d~Pv - dSPc - dP2 = A dt (2.2-1.9) 

dBPp = aSPp dm + a&Pp dn  (2.2-1.10) 
am ~n 

Rp bp 

dSPv a,sPv dm+ aaPv = ,--.--,a-----m- ~ dAy (2.2-1.11) 

Rv bv 

dSPc = ~l~c dm (2.2-132) 
om 

Rc 

In the last three equa t ions ,  in c o r r e s p o n d e n c e  with the a l r e a d y  g i v e n  

definition for r e s i s t ance  to flow R, we i n t r o d u c e d  symbols  for p u m p  

res i s tance  Rp, v a l v e  r e s i s t ance  Rv a n d  p i p e  r e s i s t ance  Rc. If ana ly t i ca l  

express ions  in the form of Equat ions  (2.2-1.5} - (2.2-1.7) exist, it is in most 

ca se s  not difficult to c a l c u l a t e  coeff ic ients  R a n d  b. If there  are  no s u c h  

express ions ,  however ,  coeff ic ients  R a n d  b in the s t e a d y  state  are  

de te rmined  g raph ica l ly ,  as the p r e c e d i n g  figures show. 

On the bas is  of p rev ious  analys is ,  we c a n  write without r e p e a t i n g  the 

der iva t ion  

2~v 
Rv -- ~ (2.2-1.13) 

m 

by = - 2 ~ 5 Y  ' (2.2-1.14) X~ 

Rc = ~ 2~I5c = 2i~cr~ (2.2-1.15) 
m 

It is important  to point  out that as flow th rough  the pump inc reases ,  the 

pump h e a d  d e c r e a s e s .  Thus r e s i s t ance  Rp is nega t ive .  Finally, we c a n  

write 

a~Pp : -IRplam ", bpan . 

~&Pv = Rv Am - Ibv[~Av 

(2.2-1.16) 

(2.2-1.17) 
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a~Pc = Rcam (2.2-1.18) 

If we subst i tute  the last three equa t ions  into (2.2-1.9), we ge t  

U d a m  ÷ Rc ÷ [Rpl)Am - bp n • [b IAA  - (2.2-i.19) 
A dt ÷ 

dt ÷ Am = ---ff-,sP, - APz ÷ - -~zxn  ÷ z~Av (2.2-1.20) 

The u p p e r  e q u a t i o n  shows that u n s t e a d y  c h a n g e s  of mass flow of an  

incompress ib l e  l iquid th rough  a p ipe  h a v e  the proper t ies  of the first-order 

(propor t ional)  system. This is a gene ra l  e q u a t i o n  with four input va r i ab les  

on the f igh t -hand  side. In p rac t ice ,  if the va lve  c a n n o t  be  r e g u l a t e d  the 

term with AAv on the r igh t -hand  s ide  d i s a p p e a r s .  Similarly, if the pump 

rotates with a cons tan t  number  of revolut ions  the term with An is lost, a n d  

SO o n .  

It is e s p e c i a l l y  important  to a n a l y z e  the time cons tan t  T. We must know 

how it c a m e  into b e i n g  a n d  what  its va lue  is. Before that, however ,  we 

must ge t  a c q u a i n t e d  with the c o n c e p t  of ine r t ance  I of the mass of liquid. 

Let l iquid flow ideal ly ,  without friction, th rough  a smooth p ipe  of length  

L a n d  c ross - sec t iona l  a r e a  A, Then  M = ALp d e n o t e s  the total mass of 

l iquid in the pipe.  and  m = Awp the mass flow rate of that l iquid through 

the p ipe  in kg/s .  The law for the conse rva t i on  of momentum is 

~PA = d(Mw)~ ¢. M--dw = M dm = L dm. (2.2-1.21) 
dt dt A¢~ dt dt 

L dm 
~P = - -  - -  (2.2-1.22) 

A dt 

The u p p e r  e q u a t i o n  follows di rec t ly  from (2.2-1.4) if we n e g l e c t  p r e s su re  

d rops  a n d  in t roduce  the symbol  (sP ; PI Pz) for the p ressure  d i f fe rence  

that c a u s e s  flow c h a n g e  with g rad ien t  dm/clt. The coeff ic ient  b e s i d e  dm/d t  

is the measure  of  that c h a n g e ,  a n d  it is c a l l e d  ine r t ance  I. The larger  I is, 

the smaller the i n c r e a s e  in mass flow for a g i v e n  p ressu re  d i f fe rence  ~P. 

] ~ e r t a n c e  I is thus de f i ned  as the ratio of effort (potential)  ~P to the 

g rad i en t  of c h a n g e  in fluid flow dm/dt .  

~P L 
1 = ~ -- - A  (2.2-1.23) 

d t  
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It is not difficult to s ee  that the ratio I/R has  the d imens ion  of time, a n d  

thus we i n t roduced  in to Equat ion  (2.2-1.20) the symbol  for cons tan t  T 

T =- I__ = __L = ~LAm = LAoAw= MAW (2.2-1.24) 
R AR ARZ~m AASP Az~SP 

If we e x p a n d  the numerator  a n d  the denomina to r  in the last e q u a t i o n  

by Am, we ge t  the mean ing  of the time cons tan t  

T -- MA___ww : c h a n g e  in momentum (2.2-1.25) 
AASP c h a n g e  in force 

If d e p e n d e n c e  b e t w e e n  p ressu re  d rop  a n d  mass flow was linear, a n d  

not q u a d r a t i c  as in the c a s e  of va lves  a n d  pipes ,  we wou ld  h a v e  the 

following e x p r e s s i o n  for r e s i s t ance  

8P 
R = ~ -  (2 .2-1 .20)  

m 

Then we c o u l d  show that 

[ I 
T = - - . ~ .  = 

M~ m o m e n t u m  

= ~ = force 

L m ALp w 
- -  = 

A(R,÷R~,IRpl) E~ 

(2.2-1.27) 

This e n d s  the ana lys i s  of l iquid flow d y n a m i c s  a n d  we will not at tempt 

to g ive  the s t a t e - s p a c e  equat ions .  That will be  d o n e  at the e n d  of Sec t ion  

2.2 for the most gene ra l  c a s e  of an arbitrary fluid flow, for which this flow 

in Example  1 is a spec i a l  c a s e  with the assumpt ion  C = O. It is. however ,  

useful to g i v e  a b lock  d i ag ram  of va r i ab le  interrelations o b t a i n e d  after the 

L a p l a c e  transformation of Equat ion  (2.2-1.19). This has  b e e n  d o n e  on Figure  

2.2-1.,4. 

,,P, 
~m' ~ ( M w )  

F i g .  2 . 2 - | . 4  Block d i ag ram of the d y n a m i c s  of l iquid flow 



"/2 CI. - IAP.2 L U I ~ P E ~  P R C ) c ' E E S E E  

The following two numer ica l  e x a m p l e s  will show the va lues  of time 

cons tan t s  c h a r a c t e r i z i n g  l iquid flow p r o c e s s e s .  We will show that these  are  

fast p r o c e s s e s  with a small T, w h o s e  d y n a m i c s  c a n  usua l ly  a n d  most 

f requent ly  b e  n e g l e c t e d  in c o m p a r i s o n  with the d y n a m i c s  of the much 

slower final control  e lements  (actuators) .  

Before a n a l y z i n g  numer ica l  e x a m p l e s  we must r e p e a t  that in the c a s e  

of d y n a m i c  p r o c e s s e s  the most sensi t ive  part  is, as a rule, to de te rmine  

the coeff ic ients  (parameters )  of the d y n a m i c  model  us ing  stat ical  (des ign)  

ca lcu la t ions .  Here this c o n c e r n s  de te rmin ing  the coeff ic ients  Rp, Rv, Rc, bp 

a n d  by. To c a l c u l a t e  them cor rec t ly  it is n e c e s s a r y  to know very  well the 

methods  of stat ical  ca lcu la t ion ,  as  the fol lowing lines will show. 

Example 2 Calcula t ion  of d y n a m i c  coeff ic ients .  R, I, T 

Cold water  (0 = IOO0 k g / m  3, n = O.001 kg/ms)  runs at a rate of O.417 

kg / s  (1.5 m3/h) th rough  a p i p e  of inner d iameter  25 mm a n d  length  

a) 100 m 

b) 1000 m. 

The p i p e  is smooth, with two e lbows  a n d  control  v a l v e  NO 25 in which  

the p res su re  d rop  for the g i v e n  flow is 0.5 bar.  The flow is not f o r ced  b y  

pump but is main ta ined  by  p res su re  d i f f e rence  b e t w e e n  the tanks. 

Determine time cons tan t s  T. 

a) L = I00 m, A = d2~/4  - 0 .0005 m 2 

L 
T = (2.2-1.28) ACR~+R~+IRpJ) 
The a b o v e  e x p r e s s i o n  shows  that it is still n e c e s s a r y  to de te rmine  the 

res i s tances .  As there is no  pump,  Rp --- O. From (2.2-1.13) 

Rv = 2~rsv 2.3981 bar  
m k g / s  

For the p i p e  a n d  the built-in e lbows  there  is the a l r e a d y  known 

formula for p ressu re  d rop  ca lcu la t ion  
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pw 2 X ~ ÷ ~  m 2 (2.2-1.29) 
~Pc = (x~Ld ~ ~ ) ~  = 2A2p 

Kc is the coefficient used in Equation (2.2-1.8). The unknowlL in the 

expression for ~Pc is the coefficient X. which depends only on the 

Reynolds number for a smooth pipe and is calculated from the Blasius 

formula 

Re = __wd~ = 0.85.0.025.100 = 21250 > 2320 
O.001 

0 .3164 
x = = 0.O261 

T h e  i n d i v i d u a l  r e s i s t a n c e s  c o e f f i c i e n t  for t h e  e l b o w  is  0.2. a n d  c a n  b e  

w r i t t e n  a s  f o l l o w s  

]00 
0.0261 ~ + 2.0.2 

Kc = = 217466  , 
2. 1 0 0 0 . 0 . 0 0 0 5 2  

N 
~Pc = 217466  ~ z  = 37815 m--- 7 -  

R e f e r r i n g  to (2.2-1.15) w e  have 

Rc = 2~Pc _ 2. 37815 = 1.814 ba----Zr 
m O.417 k g / s  

N o w  w e  c a n  g e t  f r o m  (2.2-1.28) 

L I00 .  IO -5 
T =  

ACRv÷Rc) 0 .0005(2 .398÷1.814)  
= 0.474 s 

b) L - I000 m. A = 0.0005 m 2 

T h e  v a l u e s  for Rp a n d  Rv d o  n o t  c h a n g e ,  a n d  Rc a n d  T a r e  c a l c u l a t e d  

a s  f o l l o w s  

0.0201 I000 + 2" 0.2 
Kc = 0.025 = 20.9,105 , 

2" 0 . 0 0 0 5 2 .  1000 

~Pc = 363219 N . Rc 2 ~ c  17.42 bar  
m 2 m k g / s  
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lO00 
T = = 1.009 s 

0.0005(2.3981÷17.42)I0 s 

Therefore,  a l t hough  the l eng th  of the p i p e  i n c r e a s e d  I0 times, the time 

cons tan t  T is on ly  twice b igge r .  The r ea son  for this is that as  length  L 

i nc r ea se s  ( i n c r e a s e d  inertia} so d o e s  also the r e s i s t ance  of the p i p e  Rc, 

which d e c r e a s e s  the growth of the time cons tan t  T. 

] E x a m p l e  3 Calcula t ion  of d y n a m i c  coeff ic ients .  R. I. T 

Water flows at 3 m/s  th rough  a p i p e  300 mm in d iameter  a n d  300 m 

long.  The relat ive r o u g h n e s s  of the p i p e  is d d  = 0.002, a n d  the kinematic  

v iscos i ty  of water v = 9.10 -7 m2/s, p = 1000 k g / m  3. Ca lcu la te  the time 

cons t an t  T. 

As there is no  pump a n d  v a l v e  in the p i p e  

I L 
T z d ~ 

Rc ARc 

To de te rmine  the p i p e  r e s i s t ance  Rc we must 

p ressu re  d rop  a l o n g  the p ipe ,  A = 0.0707 m 2. 

Re = wd/v  = 106. the coeff ic ient  x for rough  p ipes  

either from the Altshul or the M o o d y  formula 

1 

Moody: o.oo55[i (2oooo@. )3 ] =o.o245 
68 ,0 .25  

Altshuh ), = 0.11 -a{-':'-+"~~ = 0.02346 

first c a l c u l a t e  the 

m = Awp = 212 kg/s ,  

c a n  be  de t e rmined  

For this field of Re a n d  relat ive r o u g h n e s s  the d i f fe rence  is only 4Z, 

a n d  in the further ca l cu la t ions  we will u se  the va lue  X = 0.02346. 

L 1 
Kc = x d 2Ato = 2.346 

S~c = Kc ~2 = 2.346" 2122 = 105438 Pa 

Rc = 25Pc 2" 105438 994.7 Pa 
m 212 kg / s  

300 
T = = 4.265 s 

0.0707. 994.7 
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As in the c a s e  with l iquids ,  h e r e  we  will a l so  b e g i n  b y  mak ing  as  

many  a s s u m p t i o n s  as  p o s s i b l e  to ob t a i n  a s imple  d y n a m i c  m o d e l  for the 

flow ra te  a n d  p r e s s u r e  in g a s  p i p e s .  If we p r u n e  the p h y s i c a l  p r o c e s s ,  in 

this w a y .  of p h e n o m e n a  that  a re  at p r e s e n t  s e c o n d a r y ,  insight  into its 

bas ic  d y n a m i c  p r o p e r t i e s  will b e  eas ie r .  

The  a n a l y s i s  that  follows is t rue of  r e l a t i ve Iy  short  p i p e s  t h rough  which  

g a s  ( s team)  flows with the  usua l  t e c h n i c a l  ve loc i t i e s  of flow (much  smal ler  

than cri t ical) ,  a n d  a l o n g  which  p r e s s u r e  d r o p  resu l t ing  from va r ious  

r e s i s t a n c e s  n e v e r  e x c e e d s  10% of the p r e s s u r e .  In this c a s e  p r e s s u r e  d r o p  

c a n  a l w a y s  b e  c a l c u l a t e d  as  in the c a s e  of l iquid.  T h e s e  a r e  the 

in t roduc tory  a s s u m p t i o n s  that will b e  va l i d  for the c o m p l e t e  fol lowing 

analysis. 

Unlike in  the c a s e  of l iquids ,  c h a n g e s  in g a s  dens i t y  0 © a n  n o w  n o t  
b e  n e g | e © t e d ,  but  b e c a u s e  of low g a s  ( s team)  d e n s i t y  t h e  i n e r t i a  o f  
t h e  g a s  ( s t e a m )  m a s s  i n  t h e  p i p e  c a n  b e  n e g l e c t e d .  There fo re .  

we l e a v e  iner t ia  e f fec t s  out of our a n a l y s i s  (I = 0), a n d  t ake  into 

c o n s i d e r a t i o n  poss ib i l i t i e s  of mass  s t o r a g e  in the p i p e  b e c a u s e  of the 

compress ib i l i t y  of the  m e d i a  (p ~, const . ,  C ,, const.) .  As in the c a s e  of 

l iquids,  g a s  flow a l so  h a s  r e s i s t a n c e s  a l o n g  the p ipe :  v a l v e s ,  f l a n g e s  a n d  

the like. From the a s p e c t  of g a s  s ta te  c h a n g e s  in the p ipe ,  we  will a s s u m e  

he re  the  c a s e  of i s o t h e r m a l  c h a n g e .  T h e r e  is no  s p e c i a l  diff iculty if we  

want to c o n s i d e r  p o l y t r o p i c  c h a n g e .  In that c a s e  we  must s imply  insert  in 

all the e q u a t i o n s ,  i n s t e a d  of the  i so thermal  c a p a c i t a n c e  C, the p o l y t r o p i c  

c a p a c i t a n c e  Cn. As in the  c a s e  of the tank.  h e r e  a l so  we will u s e  the s t a te  

equa t ions  for i d e a l  ga s .  

E x a m p l e  I D y n a m i c s  of g a s  or s t e a m  flow. B o u n d a r y  cond i t i ons  

A c o m p r e s s o r  (air p u m p )  d r i ve s  m k g / s  of g a s  t h rough  a cont ro l  v a l v e  

b e t w e e n  two tanks.  Der ive  the m a t h e m a t i c a l  mode l  d e s c r i b i n g  the d y n a m i c  

c h a n g e s  in mass  flow a n d  p r e s s u r e  in the p ipe .  
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F i g .  2 .2 -2 .1  Gas  (s team) t ranspor t  b e t w e e n  two tanks  

The  p i p e  has  two p rope r t i e s .  T o g e t h e r  with all the fittings a n d  the 

pump;  it resis ts  g a s  flow. This r e s i s t a n c e  is c h a r a c t e r i z e d  b y  total 

r e s i s t a n c e  R. It a l so  e n a b l e s  s t o r a g e  of a mass  of g a s ,  i.e. it h a s  the  

p r o p e r t y  of c a p a c i t a n c e  C. Thus this p i p e  c a n  b e  r e p r e s e n t e d  as  a 

c o n n e c t i o n  in se r ies  of r e s i s t a n c e  a n d  c a p a c i t y ,  which  has  b e e n  d o n e  on 

the fol lowing two f igures .  

Fig.  2 . 2 - 2 . 2  P ipe  a p p r o x i m a t i o n  in R-C se r ies  

m , I  - I m ,  l - I r a ,  

]FIG. 2.2-2.3 Pipe  a p p r o x i m a t i o n  in C-R se r ies  
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In the u p p e r  f igures ,  R r e p r e s e n t s  all the p o s s i b l e  r e s i s t a n c e s  that  

in f luence  p r e s s u r e  c h a n g e  on  the  o b s e r v e d  l eng th  of p i p e  L, a n d  C 

r ep re sen t s  the total c a p a c i t a n c e  of the whole  sys tem.  

Al though this d o e s  not s e e m  impor tant  at  first g l a n c e ,  we must 

n e v e r t h e l e s s  e m p h a s i z e  the fol lowing.  T h e  o rde r  in the se r i e s  i s  n o t  

a w b i t , , a r y  but  d e p e n d s  on the  g i v e n  b o u n d a r y  cond i t ions  at the  e n d s  of 

the p i p e .  That  this is so  will b e  shown  in the fo l lowing l ines w h e n  we 

formulate e q u a t i o n s  for bo th  the a r r a n g e m e n t s .  As the poss ib i l i t i e s  of mass  

s t o r a g e  a r e  not n e g l e c t e d ,  we  will g e t  the  d e s i r e d  d y n a m i c  m o d e l s  b y  

formulat ing e q u a t i o n s  f o r  t h e  c o n s e r v a t i o n  o f  m a s s  and 

momentum, and in the latter we will neglect the momentum of the mass 

of gas in the pipe. 

For the  R-C order  o n  F igu re  2.2-2.2 we  h a v e  

dM V dP2 
m! - m 2 = - -  = 

dt IR8 dt 

PI + ~Pp - ~Pv - ~Pc - P2 = 
d(Mw) 

dt 
= 0  

PI " P2 = SPy + ~Pc " SPp 

(2.2-2.1) 

(2.2-2.2) 

(2.2-2.3) 

After we  n e g l e c t  the i n f l u e n c e  of c h a n g e s  in the  n u m b e r  of r evo lu t ions  

of the c o m p r e s s o r  a n  a n d  c h a n g e s  in the c r o s s - s e c t i o n a l  a r e a  of the 

v a l v e  AAv (which  d o e s  not m a k e  us lose  a n y t h i n g  e s sen t i a l  but  on ly  

makes  it e a s i e r  to d e r i v e  the equa t i ons ) ,  the  l inea r iza t ion  of the  u p p e r  

e q u a t i o n s  g i v e s  

am, - Am 2 = C dAP2 dt (2.2-2.4) 

AP, - AP2 = (Rv ÷ Rc ÷ [Rp[)Am, - RAm, (2.2-2.5) 

The  las t  e q u a t i o n ,  e x c e p t  for the  a s s u m p t i o n s  m a d e  h e r e  (An : O, 

AAv = O, I = L/A = O). is i den t i ca l  to Equa t ion  (2.24.19). 

For the C-R order  we a n a l o g o u s l y  ge t  from F igure  2.2-2.3 

Aml - Am2 = cdAPI 
dt 

(2.2-2.~) 
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APt - ~P~ = Rt~m2 (2 .2 -2 ,7 )  

The symbols  C a n d  R h a v e  the same  mean ing  as in the p r e c e d i n g  

c h a p t e r s  

C = V ~ 25~v 2~i~c 
~,~ -~- R -- R v ÷ Rc + IRp] = m m 

Equat ions  (2.2-2.4) - (2.2-2.7) are  pairs  of i n t e r c o n n e c t e d  equa t ions  with 

four va r i ab les  - aml. am2. APt a n d  aP2. To so lve  those  pairs of equa t ions  

it is n e c e s s a r y  to know two var iables ,  a n d  then it is no p rob lem to 

de te rmine  the other two. For fluid flow p r o c e s s e s  we c a n  make an  

arbi t rary se lec t ion  of i n d e p e n d e n t  b o u n d a r y  condi t ions  (inputs). e x c e p t  

that m a s s  f l o w  r a t e  a n d  p r e s s u r e  (both b o u n d a r y  condi t ions)  m u s t  

n o t  b e  g i v e n  a t  t h e  s a m e  e n d ,  a t  t h e  l a m e  t i m e .  (We will s ay  

more abou t  b o u n d a r y  cond i t ions  in Chapter  3, when  we talk abou t  partial 

differential equat ions .  For the p resen t  it is e n o u g h  to s ay  that if both the 

b o u n d a r y  cond i t ions  are  g i v e n  at the same  end ,  the other e n d  remains 

comple t e ly  unde t e rmined  b e c a u s e  there is no information abou t  the way  in 

which that e n d  of the p i p e  "contac t s"  the sur roundings) .  F igure  2.2-2.4 

shows the four poss ib l e  c a s e s  of b o u n d a r y  condi t ions  that c a n  a p p e a r  in 

p rac t i ce .  The most h e q u e n t  a n d  most in teres t ing are  e x a m p l e s  a) a n d  b). 

a n d  here  we will a n a l y z e  these  c a s e s  in more detail .  

z~rn~ . I _  z~rnz z~,~ ,,,m z 
= I I -  ] - 

Q) b) 

~-n! ,~,m l ,*,m z 

c) d) 

]Fig.  2 . 2 - 2 . 4  Poss ib le  b o u n d a r y  cond i t ions  in fluid flow 

The fol lowing der iva t ions  will show the truth of the s ta tement  that in a 

d y n a m i c  rep resen ta t ion  the order  of r es i s t ance  a n d  c a p a c i t y  e lements  is 

d e t e I m i n e d  by  the g i v e n  b o u n d a r y  condi t ions .  
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a)  LXP 1 a n d  &m z a r e  g i v e n .  D e t e r m i n e  AP a a n d  &ml. 

79 

- R-C o r d e r .  F i g u r e  2 . 2 - 2 . 2  . 

E q u a t i o n s  (2.2-2.4) a n d  (2.2-2.5) g i v e  

T d a m t  = _ _  
d t  + Amt Am2 * C d&Pt  d t  ' (2.2-2.8) 

T d&P2 dt  + AP2 = " RAmz * AP t (2.2-2.Q) 

- C-R o r d e r .  F i g u r e  2.2-2.3 . 

E q u a t i o n s  (2.2-2.b) a n d  (2.2-2.7) g i v e  

d/xPt 
&mr = &m2 + C d t  ' (2.2-2.10) 

AP2 = -RAm2 ÷ &P, . (2.2-2.11) 

T --CR 

T h e  l a s t  four e q u a t i o n s  s h o w  tha t  t h e  b o u n d a r y  c o n d i t i o n s  o n  F i g u r e  

2.2-2.4a, d e p e n d i n g  o n  t h e  o r d e r  of  r e s i s t a n c e  a n d  c a p a c i t y  e l e m e n t s ,  g i v e  

c o m p l e t e l y  d i f f e r e n t  m o d e l s  for p r e s s u r e  a n d  f low d y n a m i c s .  T h e  C-R o r d e r  

is o b v i o u s l y  no t  s a t i s f a c t o r y  b e c a u s e  in it t h e  c o m p o n e n t s  of  t ime  l a g ,  

T d & m t / d t  a n d  T d ~ P z / d t  a r e  los t .  For  t he  s e c o n d  p a i r  of  b o u n d a r y  

c o n d i t i o n s  w e  c a n  d r a w  s imi la r  c o n c l u s i o n s .  

b )  Am, a n d  LXP 2 a r e  g i v e n .  D e t e r m i n e  Am2 a n d  a P , .  

- R-C o r d e r ,  F i g u r e  2.2-2.2 . 

Am~ = .~mt -C dAP2 
dt 

APt = R a m l  + AP~ . 

(2.2-2.12) 

(2.2-213) 

- C-R o r d e r .  F i g u r e  2.2-2.3 . 

d&m2 = 
T --~ * Am2 &mr - C d&Pz dt (2.2-2.]4) 

T d a P ,  
d t  + a p t  = R a m t +  z~P2 (2.2-2.15) 

Now t h e  R-C o r d e r  d o e s  no t  r e p r o d u c e  t h e  d y n a m i c s  f a i th fu l ly  e n o u g h .  
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b e c a u s e  time lag  e lements  h a v e  d i s a p p e a r e d  from its d y n a m i c  model .  

Therefore,  when  we app rox im a te  a p i p e  with e lements  of r e s i s t ance  

a n d  c a p a c i t y ,  we must take c a r e  of the b o u n d a r y  condi t ions .  Where a 

p ressu re  c h a n g e  is g i v e n  we must put an  e lement  of res i s tance ,  a n d  on 

the e n d  where  flow rate is g i v e n  we put c a p a c i t y .  

In p r a c t i c e  we often use  the solut ion that the total p i p e  r e s i s t ance  is 

d i v i d e d  into input a n d  output  p i p e  r e s i s t ance  with a c a p a c i t y  e lement  in 

be tween .  This a r r a n g e m e n t  is shown on Figure  2.2-2.5. 

I:{:!:.:.{:!:| m, 

m 2  "~-- 

F i g .  2 . 2 - 2 . 5  Pipe a p p r o x i m a t e d  with input  a n d  output  r e s i s t ance  a n d  

c a p a c i t y  e lement  

The e q u a t i o n  for the c o n s e r v a t i o n  of mass a n d  two equa t i ons  for the 

c o n s e I v a t i o n  of momentum for the order  s h o w n  on Figu[e  2.2-2.5, in linear 

form, are  as follows 

Aml - Am~ = C dAPs 
dt ' (2.2-2.16) 

APt - ~Ps = R~Am, , (2.2o2.17) 

APs aP2 : R~am2 (2.2-2.18) 

c} A ml a n d  AP2 are  g iven .  Determine ~m2 a n d  AP I. 

- RI - C - R2 order ,  F igure  2.2-2.5 . 

Rea r rang ing  the last three equa t ions  we ge t  
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dams = . 
T~ ~ + Am2 Aml C dAP~dt (2.2-2.19) 

daPt dAml 
T2 ~-~ + a P ,  = R,T2 ~ + (R, + R2)am,  + ~P2 (2.2-2.20) 

T 2 = R2C 

If w e  c o m p a r e  t h e  l a s t  two  e q u a t i o n s  wi th  E q u a t i o n s  (2.2-2.14) a n d  

(2.2-2.15), w e  s e e  t h e  f o l l o w i n g  d i f f e r e n c e s .  T i m e  c o n s t a n t  T2 is s m a l l e r  t h a n  

T, a n d  t h e r e  is a l s o  a d e r i v a t i v e  d e p e n d e n c e  of  p r e s s u r e  P1 o n  m a s s  f low 

ra t e  ml. We thus  h a v e  a p r o p e r t y  tha t  is  los t  in t h e  R-C c o m b i n a t i o n .  

R e s i s t a n c e  d i v i s i o n  is a l r e a d y  a s t e p  t o w a r d s  d i s t r i b u t i o n ,  t o w a r d s  

s o m e t h i n g  tha t  is in f a c t  d i s t r i b u t e d  a l o n g  t h e  p i p e ,  b u t  in th is  p a r t  of  t h e  

b o o k  l u m p e d  in o n e  p l a c e .  T h u s  w e  mus t  b e l i e v e  tha t  t h e  a p p r o x i m a t i o n  

in F i g u r e  2.2-2.5 is b e t t e r  t h a n  tha t  in F i g u r e  2.2-2.2, a n d  t h e  m o d e l  in t h e  

form of t h e  l a s t  two  e q u a t i o n s  c l o s e r  to t h e  r e a l  b e h a v i o r  of f low r a t e  ",m2 

a n d  p r e s s u r e  APt. 

d )  AP, a n d  Amz a r e  g i v e n .  D e t e r m i n e  AP 2 a n d  Am1. 

- o r d e r  Rt - C - Rz. F i g u r e  2.2-2.5 . 

After r e a r r a n g e m e n t  E q u a t i o n s  (2.2-2.16) - (2.2-2.18) g e t  t h e  d e s i r e d  form 

d A m  I Ti ~ ÷ Aml = Am2 + C d A P t  d t  ' (2.2-2.21) 

dAP2 = _ Tt ~-~ + AP2 APt (R~Tt dams ÷ (R, + R2)Am2) (2.2-2.22) 

Tl = RIC 

Now T, is  s m a l l e r  t h a n  T in E q u a t i o n s  (2.2-2.8) a n d  (2.2-2.Q), a n d  l ike  in  

c) t h e r e  is  a d e r i v a t i v e  d e p e n d e n c e  of  p r e s s u r e  P2 o n  m a s s  f low r a t e  

c h a n g e  mr. 

H e r e  w e  mus t  b e  c o m p l e t e l y  c l e a r  a n d  e x p r e s s  our  f e e l i n g  tha t  

a p p r o x i m a t i o n  will  b e  b e t t e r  if w e  d i v i d e  t h e  p i p e  in to  e v e n  m o r e  

r e s i s t a n c e  a n d  c a p a c i t y  e l e m e n t s ,  b u t  t h e  a d d i t i o n  of  n e w  c a p a c i t y  

e l e m e n t s  w o u l d  i n c r e a s e  t he  o r d e r  of  t h e  s y s t e m .  We mus t  a l s o  s a y  tha t  

t h e r e  a r e  n o  e x a c t  a n a l y t i c a l  c r i t e r i a  a b o u t  w h e n  a n d  in to  h o w  m a n y  

e l e m e n t s  s p e c i f i c  p i p e s  s h o u l d  b e  d i v i d e d .  In t h e s e  c o n t e m p l a t i o n s  w e  
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c a n  use  the fact  that time cons tan t s  l inked with g a s  a n d  s team flow are 

small a n d  in p r a c t i c e  roughe r  approx imat ions  (R-C or C-R), or e v e n  stat ical  

relations, will satisfy. What has  just b e e n  sa id  is true unless  we h a v e  

pe r iod ic  (osci l la tory)  p r o c e s s e s ,  which are  not i n c l u d e d  in this model  

b e c a u s e  we n e g l e c t e d  inertia (I = 0). 

Finally, it is also useful to r ep resen t  the d y n a m i c  relat ions b e t w e e n  

input a n d  output  var iab les  in the mode l  g i v e n  b y  Equat ions  (2.2-2.21) a n d  

(2.2-2.22) b y  matrix transfer functions.  

AP2(s) 

AM1Cs) 

1 
Tls*l 

= 

Cs 
T,s+I 

- R - -  Ts]i Tls*I API(S) 

._/___1 AM2(s) 
Tis*l 

(2.2-2.23) 

Y(s) = O(s) U(s) 

R = RI + R2 . T -- R2 R T~ 

The u p p e r  express ion ,  if we put R1 = R a n d  R2 ; O, from which follows 

T = O. is a matrix p resen ta t ion  of c a s e  at  in this example .  

Before we de te rmine  the numer ica l  va lue  of the time cons tan t  for an  air 

p ipe  in the fol lowing example ,  we must s ay  that there  is a c o m p l e t e  

a n a l o g y  b e t w e e n  the d y n a m i c s  of a g a s  tank a n d  a p i p e  th rough  which  

ga s  flows if there  are  ve ry  small p re s su re  d i f fe rences  in the p i p e  a n d  if 

the flow is far from critical.  With r e g a r d  to the va lue  of the time constant ,  

it will b e  smaller than the cons tan t  that c h a r a c t e r i z e d  the g a s  or s team 

tank dynamics ,  not only  b e c a u s e  of the usual ly  smaller c a p a c i t y  but  a lso 

b e c a u s e  of the much smaller r e s i s t ance  the p i p e  offers to flow. 

E x a m p l e  2 Calcula t ion  of d y n a m i c  coeff ic ients .  R, C, T 

Air of dens i ty  p = 1.16 k g / m  3 a n d  kinematic  v i scos i ty  v = 15.7'I0 -6 m2/s 

flows at a ve loc i ty  of 20 m/s th rough  a p i p e  of d iameter  200 rum and  

length  100 m. The p ressu re  in the p i p e  equa l s  ex terna l  p re s su re  and  
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t e m p e r a t u r e  e = 0 *C, t h e  p i p e  r o u g h n e s s  is ~ = 0.I mm. D e t e r m i n e  t ime  

c o n s t a n t  T tha t  c h a r a c t e r i z e s  t h e  p r o c e s s  of  f low a n d  p r e s s u r e  c h a n g e  in 

the  p i p e .  

As the  p i p e  h a s  n o  p u m p  or v a l v e ,  T wil l  b e  d e t e r m i n e d  o n l y  b y  

r e s i s t a n c e  to f low t h r o u g h  t h e  p i p e .  T = RcC. 

For  f low t h r o u g h  t h e  p i p e  a n d  for s m a l l  p r e s s u r e  d i f f e r e n c e s  t h e  

c a l c u l a t i o n  of  t he  p r e s s u r e  d r o p  d u e  to f r i c t i on  in t h e  p i p e  runs  in  t h e  

s a m e  w a y  a s  in t h e  c a s e  of  l i q u i d .  T h e  c a l c u l a t i o n  i t se l f  f o l l o w s ,  in w h i c h  

x is c a l c u l a t e d  from t h e  Al t shu l  fo rmula .  

L m~ 
~Pc " X = Kc ~ 

d 2A2~ 

Rc = 2 ~iP c 
m 

R e  = w d  = 2 0 . 0 . 2  = 0 , 2 5 5  lO s 
15.7" 10 -5 

A = d2~ - 0,0314 m 2 
4 

m = Awp = 0.7285 k g  . 
S 

68 )0.25 
X = 0.11 ( - ~  • Re = 0.0174 i 

I 0 0  0.72852 
SPc = 0.0174 

0.2 2 ' 0 . 0 0 3 1 4  ~'1.16 

N/m 2 
Rc = 5533.8  kg/-----~ 

N 
- 2015.68 

m z 

C . _ _ V  . 3.14 = 3 . 7 4 7 . 1 0 - s  k g  m 2 
t~)  287.2(~2 N 

T = Rc C = 0.2073 s 

2.2-3  FLUID FLOW 

In t h e  p r e v i o u s  a n a l y s i s  of  l i q u i d ,  g a s  a n d  s t e a m  d y n a m i c s  t h e  m o d e l s  

w e r e  o b t a i n e d  a f t e r  a s s u m p t i o n s  t ha t  n a r r o w e d  c lown the i r  f i e l d  of  

a p p l i c a t i o n  a n d  v a l u e s .  H o w e v e r .  t h o s e  m o d e l s  m a d e  s e n s e  a n d  c a n  
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a n s w e r  ques t i ons  c o n c e r n i n g  b a s i c  d y n a m i c  p r o c e s s e s  for v e r y  m a n y  

d e v i c e s  a n d  plants .  Liquids,  h o w e v e r ,  d o  p o s s e s s  the  p r o p e r t y  of 

compress ib i l i ty ,  which  was  n e g l e c t e d  in 2.2-1 b y  mak ing  C = O. The  

c o n s e q u e n c e s  of that  p r o p e r t y  a r e  the  known p h e n o m e n a  of p e r i o d i c  

osc i l la t ions  of the l iquid  co lumn,  i.e. water  h a m m e r  effects .  Gase s .  in sp i te  

of their small  d e n s i t y  p, n e v e r t h e l e s s  p o s s e s s  kinet ic  e n e r g y ,  a n d  

momen tum (Mw) d u r i n g  their flow, which  was  m a d e  e q u a l  to ze ro  in 2.2-2, 

c a n n o t  a l w a y s  b e  n e g l e c t e d .  In short ,  it is d e s i r a b l e  to d e r i v e  a mode l  for 

d y n a m i c  c h a n g e s  of mass  flow ra te  a n d  p r e s s u r e  in a p i p e  for an  

a r b i { r a r  F f l u i d ,  not n e g l e c t i n g  e i ther  its compre s s ib i l i t y  or its 

momentum,  i.e. the k inet ic  e n e r g y  a f lowing mass  of fluid p o s s e s s e s .  This 

will b e  d o n e  in the fo l lowing lines,  a n d  it will b e  s h o w n  that the 

p r e c e d i n g  mode l s  a re  on ly  s p e c i a l  c a s e s  of the o n e  o b t a i n e d  for an  

a rb i t r a ry  fluid with p r o p e r t i e s  of c a p a c i t a n c e  (C), r e s i s t a n c e  (R) a n d  

i n e r f a n c e  (I). 

Also. w h e n  the p r o c e s s e s  of fluid flow a re  la ter  r e g a r d e d  as  p r o c e s s e s  

with d i s t r ibu ted  p a r a m e t e r s  in Sec t ion  3.3, we  will ge t  mode l s  w h o s e  first 

a n d  r o u g h e s t  a p p r o x i m a t i o n  will b e  e q u a l  (or, at leas t ,  similar) to the 

e q u a t i o n s  d e r i v e d  here ,  for wh ich  all the p r o p e r t i e s  w e r e  c o n s i d e r e d  

l u m p e d  in o n e  po in t  in s p a c e .  

Example I Dynamics of fluid flow. Periodic processes 

T h r o u g h  a p i p e  with sol id  walls ,  of l eng th  L a n d  c r o s s - s e c t i o n a l  a r e a  

A. flows m k g / s  fluid at a ve l oc i t y  w, dens i t y  p a n d  t e m p e r a t u r e  a. 

l) Der ive  the  l inear  m o d e l  for mass  flow ra te  a n d  p r e s s u r e  c h a n g e s  at 

the  inlet a n d  out le t  c r o s s - s e c t i o n  for the  fo l lowing b o u n d a r y  cond i t ions :  

a) AP, a n d  Am 2 a r e  g i ven ,  

b) AP2 a n d  Am1 a re  g i ven .  

2) For c a s e  a) d e r i v e  a mode l  in the  form of matrix s t a t e - s p a c e  

equa t i ons ,  a n d  a matrix t ransfer  funct ion r e p r e s e n t a t i o n .  

la) For the given input variables the pipe can be shown by an 

arrangement of elements as presented on Figure 2.2-3.1. 
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u , = A , .  R I P= r: . P, -_ 

ml i - i  i - I m l l -  I uz=mz 

F i g .  2 .2 -3 .1  Fluid flow with the p roper t i e s  of res i s tance ,  

i ne r t ance  a n d  c a p a c i t a n c e  

Here also, a n a l o g o u s l y  to the earl ier  p r o c e d u r e s ,  we formulate 

equa t ions  for the c o n s e r v a t i o n  of mass a n d  momentum 

dM d(Vp2) V dP2 
m, - m2 = d----~ = dt - R.3. dt (2.2-3.11 

(P, * ~Pp" ~Pv - ~Pc " P2) A=  
d(Mw,) 

dt 

dwl dmt 
= ALp-..--:--- = L 

dt dt 
(2.2-3.21 

The u p p e r  e q u a t i o n s  a re  nonl inear  a n d  if they  are  l inea r i zed  ( aga in  

taking ,~n - O, dAy = 01, we ge t  the fol lowing two equa t ions  

Amt - Am2 = C dAP2 dt (2.2-3.31 

L d~ml (2.2-3.41 AP, - ~Pz = RAm, ÷ A dt 

L 
I = - -  

A 

In the g e n e r a l  c a s e  R = Rc + Rv ÷ JRph c o m p a r e  the der iva t ions  for 

liquid flow from Sec t ion  2.2-1. The u p p e r  two e q u a t i o n s  g i v e  the d e s i r e d  

model  in the fol lowing form 

IC d2AP2 dAP2 
dt 2 * RC dt * ~P2 API (I d•m2 = - + R~m2) (2.2-3.5) 

dt  

IC d2~ml + RC d~ml  d~P1 
dt 2 ~ * am, - C ~ + z~m2 (2.2-3.6) 

For the first time in this b o o k  we h a v e  o b t a i n e d  d i f f e r e n t i a l  

e q u a t i o n s  o f  t h e  s e c o n d  o r d e r .  There  are  thus t w o  p o s s i b l e  m a s s  

o r  e n e r g y  s t o r a g e  e l e m e n t s .  Truly, fluid is c o m p r e s s i b l e  a n d  fluid 

mass c a n  b e  s to red  in the g i v e n  vo lume V. This p rope r ty  is r e p r e s e n t e d  
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b y  e l e m e n t  C on  F igure  2.2-3.1. But fluid mass  s t o r a g e  a l so  r e p r e s e n t s  

po ten t i a l  e n e r g y  s t o r age ,  as  will b e  s e e n  from further d i scuss ion .  Equat ion  

(2.2-3.1) c a n  a lso  b e  writ ten 

d(VPz) 1 (2.2-3.7) 
m, - m~ - dt R~ 

The  term VP~ has  the d i m e n s i o n  of e n e r g y  Nm a n d  is a m e a s u r e  for 

po ten t i a l  e n e r g y  c h a n g e  in the  p i p e  v o l u m e  V resu l t ing  from p r e s s u r e  

c h a n g e  P2- 

Similarly, an  a n a l y s i s  of the e q u a t i o n  for the  c o n s e r v a t i o n  of momen tum 

i n d i c a t e s  c h a n g e s  in kinet ic  e n e r g y .  If we  i n t r o d u c e  new symbo l s .  (2.2-3.2) 

c a n  a l so  b e  written 

~PA = F = Ivl dw-----L (2.2-3.8) 
dt 

~P d e n o t e s  the total p r e s s u r e s  d i f f e r e n c e  a c t i n g  on  the  fluid mass  in 

the  p ipe .  a n d  F the fo rce  that c a u s e s  the d i s p l a c e m e n t  of that  fluid. If the 

fluid flows at the ve l oc i t y  wl. then  it p a s s e s  the pa th  d z  = w~ dt in a time 

p e r i o d  dt. If the last  e q u a t i o n  is mul t ip l ied  b y  dz ,  we g e t  

dw,  I 
Fdz  = M ~ w~dt = M(dwl) wl = -~- Md(wl 2) (2.2-3.9) 

Let the fluid mass ,  which  is in pos i t ion  Zo at  the moment  to. m o v e  into 

pos i t ion  z u n d e r  the i n f luence  of fo rce  F, a n d  let its ve loc i t y  c h a n g e s  from 

w,0 to wl. In tegra t ion  of the u p p e r  e q u a t i o n  g i v e s  

Z w I 
j'Fdz U j'd(w$) (2.2-3.10) = ~ - -  

Zo Wl0 

W = Mw~2 Mwl°2= 
2 " 2 AEk (2.2-3 .ll) 

The  in tegra l  on  the l e f t -hand  s ide  is work W that  the  p r e s s u r e  fo rces  

wou ld  r ea l i ze  if mass  M m o v e d  from Zo to z, a n d  that  work  wou ld  b e  

t r ans fo rmed  into k inet ic  e n e r g y .  In the  c a s e  of  a p i p e  of l eng th  L, 

c h a n g e s  in a n y  of the  p r e s s u r e s  (which  r e p r e s e n t  a c h a n g e  in fo rce  F 

that  a c t s  on the fluid) d o  not c a u s e  the mass  of fluid M to move .  but  l e a d  

to the  c o m p r e s s i o n  or e x p a n s i o n  of the fluid in p i p e  vo lume  V. This, in 

turn. l e a d s  to an  e n e r g y - f o r m  c h a n g e - k i n e t i c  into po ten t i a l  for c o m p r e s s i o n  

a n d  po ten t i a l  into kinet ic  for e x p a n s i o n .  
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It is not difficult to s ee  that this is an  osci l la tory  (per iodic)  p rocess .  Let 

m 2 i n c r e a s e  b y  ~m~ ,, 1 at t ,, O. From (2.2-3.7) p re s su re  g rad ien t  P~ 

b e c o m e s  n e g a t i v e  a n d  P2 (the potent ia l  e n e r g y  of the fluid in the p ipe)  

d e c r e a s e s .  This makes  the total p re s su re  d i f f e rence  SP inc rease ,  a n d  from 

(2.2-3.8) the ve loc i ty  w! of the fluid at the e n t r a n c e  i nc r ea se s  (i.e. its 

kinetic e n e r g y  increases) .  B e c a u s e  of an i n c r e a s e  in m~ g rad i en t  d~P2/d t  

remains nega t ive ,  but  its abso lu te  va lue  d e c r e a s e s  a n d  equa l s  ze ro  at the 

moment when  m~ = m + Am2. i.e. for Am~ = Amz. The p r o c e s s  d o e s  not e n d  

here b e c a u s e  p ressu re  P2 has d e c r e a s e d  b y  AP2 a n d  ~P is still posi t ive,  

c o n s e q u e n t l y  the ve loc i ty  wl (the kinetic e n e r g y  of the fluid) con t inues  to 

grow. Kinetic e n e r g y  will i n c r e a s e  until P2 returns to its initial s t e a d y  

value. At that moment ~P ; ~ ,  or ,~sP -- 0 a n d  d(Aw~)/dt = O. However ,  the 

p rocess  d o e s  not e n d  he re  either, b e c a u s e  now ml kg / s  of fluid flows in 

from the ou ts ide  with maximum ve loc i ty  w~ ; ~ ÷ Aw~. S ince  m~ > m~, 

a c c o r d i n g  to (2.2-3.7) we h a v e  an i n c r e a s e  in Pz. This p r o c e s s  con t inues  to 

repeat  itself until friction r e d u c e s  e n e r g y  c h a n g e s  to zero  a n d  Am~ 

b e c o m e s  equa l  to ~mz. 

Figure 2.2-3.2 g ives  a qual i ta t ive  p resen ta t ion  of c h a n g e s  in the 

var iables  Am1 and  AP2 in zeal condi t ions  (friction present )  for th'e 

d e s c r i b e d  c a s e  of i nc rea se  in fluid consumpt ion  in the outlet  sec t ion  for 

Am2 ; 1 kg/s .  Figure  2.2-3.3 g ives  the c o u r s e  of the same  var iab les  in the 

case  of p ressu re  i n c r e a s e  riP1 = 1 bar  at the p i p e  inlet. 

• _ o  

~u2=1 

,,~ =0 

. , ~ T I !  . . . . . . . . . . . . .  

Fig .  2.2-3.2 Per iodic  c h a n g e s  in mas flow rate at p i p e  inlet nml a n d  

p ressu re  at p ipe  outlet  APz in the c a s e  of i n c r e a s e d  fluid 

consumpt ion  Amz = 1 kg / s  
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am2=0 

z~ 

-t 

r i g ' .  2 . 2 - 3 . 3  Per iod ic  c h a n g e s  in mass  flow ra te  at p i p e  inlet  Am1 a n d  

p r e s s u r e  at p i p e  out le t  Z~P2 in the c a s e  of i n c r e a s e d  inlet 

p r e s s u r e  API 

The  fol lowing shor ter  d e r i v a t i o n  shows  that if the re  is no |wi©|ion, i.e. 

no e n e x g y  loss.  s t a te  c h a n g e s  of fluid in a p i p e  rea l ly  c o n s e r v e  the 

e n e r g y  (it on ly  c h a n g e s  in form) the fluid con t a in s  within it. With R ; O, 

Equa t ions  (2.2-3.3) a n d  (2.2-3.4) b e c o m e  

Am,- Am2 = C dAP2 dt ' (2.2-3.12) 

aP, - AP~ = I dAml dt (2.2-3.13) 

If we  d i v i d e  the u p p e r  e q u a t i o n s  o n e  b y  the o ther  we  g e t  

Am,- Am2 C dAP2 
= (2.2-3.14) 

Ap,- Ap 2 l dam, 

If ou t s ide  d i s t u r b a n c e s  do  not i n f luence  fluid in the p i p e .  i.e. with Am2 

= 0 a n d  AP, = O. (2.2-3.14) c a n  a l so  b e  writ ten 

! C d(~m$) + ~ d ( a P 2  2) ., 0 (2.2-3.15) 

In the  last  e q u a t i o n  we  d i v i d e  b o t h  s i de s  bY fluid d e n s i t y  ~ in the 

s t e a d y  s tate .  This, of cou r s e ,  d o e s  not c h a n g e  the  result,  but  l e a d s  to the 

d e s i r e d  form for the  final e x p r e s s i o n .  From that  e q u a t i o n  it follows d i r ec t ly  

that  
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Ipam~ CpAP2 ~ 
2 * 2 ,, const ,, Eo 

'-----' I C 
KE PE (I ~ -- 7 -  ' c~ - T )  

(2.2-3.16) 

The  u p p e r  e q u a t i o n  is the law for the c o n s e r v a t i o n  of e n e r g y .  A 

d imens iona l  ana l y s i s  shows  that  bo th  the terms on  the l e f t -hand  s ide  h a v e  

the d imens ion  of e n e r g y  (Nm), the  first term r e p r e s e n t i n g  k inet ic  e n e r g y  

c h a n g e ,  a n d  the s e c o n d  po ten t i a l  e n e r g y  c h a n g e  in the fluid. In this 

fr ict ionless c a s e  the p e r i o d i c  r e s p o n s e s  s h o w n  in F igures  2.2-3.2 a n d  2.2-3.3 

would not b e  d a m p e d  a n d  osc i l l a t ions  wou ld  con t inue ,  s i nce  the initial 

e n e r g y  Eo wou ld  a l w a y s  b e  p r e s e r v e d  in the fluid, with u n d a m p e d  

ampl i tudes  until infinity. 

Equa t ions  (2.2-3.5) a n d  (2.2-3.6) a r e  the most  g e n e r a l  form of the mode l  

for fluid flow d y n a m i c s  from which  m ode l s  for g a s  or s t e a m  flow (I ~ O) or 

for fluid flow (C = O) a r e  o b t a i n e d  d i rec t ly .  If we  insert  I = O- in to  those  

two e q u a t i o n s  we ge t  Equa t ions  (2.2-2.8) a n d  (2.2-2.9) from the s ec t i on  on 

g a s  flow. If we  want  to o b s e r v e  c h a n g e s  in l iquid flow d u e  to inlet  a n d  

outlet  p i p e  p r e s s u r e  c h a n g e s ,  inser t ing  C = O into (2.2-3.5) g i v e s  us a 

model  like in Equa t ion  (2.2-1.19). 

lb) If Am, a n d  AP2 a re  g i ven ,  the fol lowing s e q u e n c e  of e l e m e n t s  

makes  it e a s i e r  to ge t  a d y n a m i c  mode l  for fluid s ta te  c h a n g e s .  

P, _ ,.. P, , o u , = ~  

. ,=m,~ "- I m . - ]  ' I -1 ~ ' l  m, 

r i g .  2 . 2 - 3 . 4  Fluid flow with the p r o p e r t i e s  of c a p a c i t a n c e ,  

i n e r t a n c e  a n d  r e s i s t a n c e  

Using the s a m e  a s s u m p t i o n s  as  in c a s e  a), a n d  a n a l o g o u s l y  with 

Equat ions  (2.2-3.3) a n d  (2.2-3.4), we  c a n  write 
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C d~_P, 
Am~-  ~m2 = - dt 

L d a m 2  
API " AP2 = RAm2 + A dt 

(2,2-3,17) 

(2.2-3.18) 

R e a r r a n g e m e n t  of t hose  e q u a t i o n s  g i v e s  the d e s i r e d  e x p r e s s i o n s  

I,.. d 2 aP ,  d a P i  dam1 
, , . ~  + RC dt ÷ aPI  = AP2 + I T ÷ Ram1 

icdSam2 RC dam2 + di  + Am 2 - Am~ - cdAP2dt 

(2.2-319) 

(2.2-320) 

2) To r e p r e s e n t  the  mode l  from la) in the form of s t a t e - s p a c e  e q u a t i o n s  

we  must first d e t e r m i n e  which  v a r i a b l e s  a r e  c o n s i d e r e d  inputs  a n d  which  

outputs ,  a n d  which  r e p r e s e n t  s t a te  v a r i a b l e s .  Now this s e l e c t i o n  is not 

difficult as  it is c o m p l e t e l y  na tura l  for the input  v e c t o r  to b e  c o m p o s e d  of 

aPi  a n d  Am2, a n d  the s t a t e  a n d  ou tpu t  v e c t o r  of AP 2 a n d  Am I. We will 

thus h a v e  

X = Y =  U =  

L~m,J LAm~ 

In formulat ing ma t r i ces  A, B a n d  C (D = 0 b e c a u s e  the re  is no d i rec t  

ac t ion  of U on Y), it i s  b e s t  to start  from Equa t ions  (2.2-3.3) a n d  (2.2-3.4) 

from which  we  i m m e d i a t e l y  g e t  e x p r e s s i o n s  for AP~' a n d  Am,'. Written 

different ly ,  those  e q u a t i o n s  a r e  

! 

LAm~J 

1 1 o [o 
I R I 
I I Lam, J T Lamz_l 

(2.2-3.21) 

X '  = A X ÷ B U  

AP21 [ 1 

Lt, m,J 0 1 Lamd 

(2.2-3.22) 

Y = C X  
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The  e i g e n v a l u e s  of matIix A point  to t ransient  p h e n o m e n a  a n d  it would  

be  useful  to de t e rmine  e x p r e s s i o n s  from which  the}, c a n  b e  c a l c u l a t e d .  

From Equa t ion  I), |  - A I = 0 we  ge t  

I 

)' " - C  = X2 ÷ X + T C  = IC + RC~ + 1 = 0 (2.2-3.23) 
1 R 
T ~+T 

It shou ld  b e  o b s e r v e d  that the u p p e r  e q u a t i o n  is the same  as  the 

charac te r i s t i c  e q u a t i o n  of the  ODE (2.2-3.5) a n d  (2.2-3.b). 

The  t rans ient  funct ions  from F igu ies  2.2-3.2 a n d  2.2-3.3 a n d  the 

differential  e qua t i ons  (2.2-3.5) a n d  (2.2-3.b) show that in this c a s e  we h a v e  

the s t a n d a r d  b e h a v i o r  of a s e c o n d - o r d e r  (propor t iona l )  sys tem that shows 

pe r iod ic  cha rac te r i s t i c s .  We will, therefore ,  i n t ro d u ce  symbols  for natural  

osci l lat ion f r e q u e n c y  (~n a n d  the d a m p i n g  coef f i c i en t  ~. 

1 
~n = ~ , (2.2-3.24) 

RC RC 
= - -  ~n (2.2-3.25) 

With those  va r i ab l e s  the cha rac t e r i s t i c  e q u a t i o n  (2.2-3.23) c a n  b e  written 

in the usua l  form for 2nd-orde r  p r o c e s s e s  

),2 + 2{¢OnX + Un 2 = 0 (2.2-3.2~) 

The  e i g e n v a l u e s  a re  d e t e r m i n e d  b y  the e x p r e s s i o n  

R ~i~ R2C ~ XI'2 = " 2"7- ~ ( - ~ -  " l) " "F,(a n * (a n 1 / ~ 2 - ~ - -  l = 0 t (OJ 

(2.2-3.27) 

H e r e  w e  w i l l  no t  e n t e r  i n to  a m o r e  d e t a i l e d  a n a l y s i s  o f  d y n a m i c  

fea tu res  b e c a u s e  t he  k e y  p r o p e x t i e s  a r e  c o m p l e t e l y  o b v i o u s  f rom the  

s o l u t i o n  o f  the  u p p e r  e q u a t i o n .  For  r e a l  cases  X w i l l  a l w a y s  h a v e  a 

n e g a t i v e  t ea ]  par t .  o < O, b e c a u s e  E~n > O. In t h e o r e t i c  cases ,  w h e n  

f r i c t i on  is n e g l e c t e d  (R = 0), ~ e q u a l s  z e r o  a n d  so does ,  t he re fo re ,  the  zeal  

part  o = O, i.e. )~l,z = ~nJ = ~:(IC) -°'S J. The  e i g e n v a l u e s  a re  

c o n j u g a t e - c o m p l e x  pairs  on  the imag ina ry  axis  a n d  the sys tem osc i l la tes  

without d a m p i n g  with f r e q u e n c y  ~n. In the p r ac t i c a l l y  most f r equen t  c a s e  
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we h a v e  0 < ~ ~ 1, a n d  these  are  the a l r e a d y  shown d a m p e d  oscil lat ions.  

I nc r ea s ing  the d a m p i n g  coeff ic ient  l e ads  to a d e c r e a s e  in osci l lat ion 

f r equency ,  a n d  in the c a s e  of ~ , l bo th  mass flow a n d  p res su re  c h a n g e s  

are  no longe r  per iod ica l .  The e x p r e s s i o n  under  the s q u a r e  root is no 

longer  imaginary  a n d  the solut ion are  two n e g a t i v e  a n d  real e i g e n v a l u e s  

X. This b o u n d a r y  c a s e  when  the pe r iod ic  c h a r a c t e r  of the transient  

p r o c e s s  ends .  i.e. when  ~ ~ 1, is de t e rmined  by  R =2 I¢'~-C . 

Finally. as p resen ta t ion  in the form of transfer funct ions has bo th  clari ty 

a n d  convic t ion ,  the mode l  g i v e n  b y  Equat ions  (2.2-3.213 a n d  (2.2-3.22) 

shou ld  be  t rans la ted  into the c o m p l e x  r eg ion  us ing  the a l r e a d y  men t ioned  

transformation G(s] = C ( s i  - A]  -1 B , D .  

Matrices C, B a n d  D h a v e  a l r e a d y  b e e n  de t e rmined  a n d  only  the 

inverse  matrix of matrix j(sl - A)J is unknown.  

R 1 
s" i -  "E 

1 
" T  s 

( s l -  A ) - '  ,, a d j C s I - A )  ,, 1 
detCsI -A)  d e t ( s l - A )  

(2.2-3.28) 

R I 
d e t C s I - A ] =  s 2 • --~-s * IC (2.2-3.29) 

The final express ion ,  after the n e c e s s a r y  multiplications d e m a n d e d  b y  

the u p p e r  transformation for ob ta in ing  G(s). is as follows 

nM,(s)J 

1 
ICs2~RCs÷I ICs2,RCs÷I 

Cs 1 L z~M2(sll 
"ICs2+RCs÷I ICs2+RCs,I 

(2.2-3.303 

YCs) - GCs) UCs) 

This is the most g e n e r a l  form of matrix transfer funct ions G[s) for fluid 

flow dynamics .  From it c a n  eas i ly  b e  o b t a i n e d  the spec i a l  c a s e s  from the 

p r e c e d i n g  two sect ions .  If we n e g l e c t  fluid mass inertia (I = O), the u p p e r  

equa t ion  g i v e s  matrix ~ s )  from Equat ion  (2.2-3.23]. into which  we must 

insert R1 -- R, Rz ; O, T ; O to make  it va l id  for c a s e  a) from Example  I. 

Sec t ion  2.2-2. on  ga s  a n d  s team flow. If, however ,  we n e g l e c t  the 

possibi l i ty of fluid mass s t o r a g e  (C = 03 in the last equa t ion ,  we get  

AP2 = AP1 - (Is ÷ R]Alvfz , (2.2-3.313 
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~M, ~ AM~ ~ AM , (2.2-3.32) 
1 
R 

~M(s) ; Ts+---'~ (AP,(s)  - AP2(s)) (2.2-3.33) 

I 
T -. 

R 

T h e  las t  e q u a t i o n  is c o m p l e t e l y  the  s a m e  a s  the  L a p l a c e  t r an s fo rma t ion  

of E q u a t i o n  (2.2-3.20) from the  s e c t i o n  on  l i q u i d  flow. w h e r e  the  p o s s i b i l i t y  

of m a s s  s t o r a g e  w a s  a l s o  n e g l e c t e d  b e c a u s e  we  w o r k e d  with 0 = cons t . ,  

i.e. C = O. In the  u p p e r  e x p r e s s i o n ,  un l ike  in (2.2-3.20), c h a n g e s  in the  

n u m b e r  of  r e v o l u t i o n s  of  p u m p  An a n d  in the  c r o s s - s e c t i o n a l  a r e a  of  the  

con t ro l  v a l v e  AAv a r e  miss ing .  T h e s e  a r e  v a r i a b l e s  that  w e r e  n e g l e c t e d  at 

the b e g i n n i n g  of  t he  p r e s e n t  s e c t i o n .  

T h e  d e n o m i n a t o r  of  all the  t ransfer  f u n c t i o n s  Gi.j (i ,, 1,2, j = 1,2) in 

E q u a t i o n  (2.2-3.30) is t he  s a m e  a n d  e q u a l  to the  c h a r a c t e r i s t i c  e q u a t i o n  of  

d i f ferent ia l  E q u a t i o n s  (2.2-3.5) a n d  (2.2-3,6), a n d  a l s o  to E q u a t i o n  (2.2-3.23) 

for d e t e r m i n i n g  the  e i g e n v a l u e s  of  the  s y s t e m  matr ix  A. T h e  w e l l - k n o w n  

fact  tha t  t he  p o l e s  of  t ransfer  f u n c t i o n s  r e p r e s e n t  the  e i g e n v a l u e s  of  the  

s y s t e m  matr ix  A is c o n f i r m e d .  

E x a m p l o  2 C a l c u l a t i o n  of  d y n a m i c  c o e f f i c i e n t s .  R, I. C, T. ~. Z 

In the  c a s e  of a i r f low t h r o u g h  a p i p e ,  u s i n g  the  d a t a  in E x a m p l e  2, 

S e c t i o n  2.2-2. d e t e r m i n e  the  d y n a m i c  c o e f f i c i e n t s  c h a r a c t e r i z i n g  that  

p r o c e s s .  

In E x a m p l e  2 from the  p r e c e d i n g  s e c t i o n ,  g a s  or s t e a m  flows t h r o u g h  a 

p i p e  of l e n g t h  L - IOO m a n d  c r o s s - s e c t i o n a l  a r e a  A - 0.0314 m 2 . We h a v e  

a l r e a d y  d e t e r m i n e d  c a p a c i t a n c e  a n d  r e s i s t a n c e  

C - 3 .7474.10 -5 kgm2/N,  N - 5533.78 ( N / m 2 ) / ( k g / s )  . 

I n e r t a n c e  I is no t  diff icul t  to o b t a i n  from 

I - L/A - 3184.7 m -~ . 
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Natural f r e q u e n c y  is 

~n " (IC) -°'s = 2.9  s -I . 

The d a m p i n g  coeff ic ient  is 

= RC ~n12 = 0.301 

The e i g e n v a l u e s  of sys tem matrix A a n d  also the po les  of the transfer 

funct ions are 

XI,~ = -0.8719 i 2.425 j . 

It is not  difficult to s ee  to which p h y s i c a l  p r o c e s s  the natural  

f r e q u e n c y  ~n is re la ted,  a n d  what  its real  mean ing  is. We must first 

remember  that the whole  ana lys i s  was ca r r i ed  out for the c a s e  of 

isothezmal s ta te  c h a n g e s  in which  the ve loc i ty  of s o u n d  (and  that is the 

s p e e d  with which  p res su re  a n d  mass flow d i s t u r b a n c e s  p r o p a g a t e  th rough  

the p ipe)  is de t e rmined  from the (gene ra l ly  known) exp re s s ion  

c s  = ~ = 2)r2-87.292 = 2 8 9 . 5  m / s  

In p r a c t i c e  fast d i s t u r b a n c e s  in fluid state p r o p a g a t e  in a d i a b a t i c  

condi t ions .  This, however ,  d o e s  not c h a n g e  any th ing  in the p resen t  

analys is .  As we sa id  earlier, we then work with po ly t rop ic  c a p a c i t a n c e  Cn 

= C/n  ins tead  of with isothermal c a p a c i t a n c e  C. In the a d i a b a t i c  c a s e  for 

n = x a n d  for the ve loc i ty  of s o u n d  we h a v e  cs = ~ • 

The time n e c e s s a r y  for the d i s tu rbance ,  p r o p a g a t i n g  with the ve loc i ty  

of s o u n d  cs  to pas s  th rough  the whole  length  of the p ipe  L, is 

TL = L = 0,345 s [2.2-3.34) c s  

The natural  f r e q u e n c y  osci l la t ion is e q u a l  to the inverse  va lue  of time 

TL 

l S-1 ~n = ~ = 2.9 
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That  the u p p e r  e x p r e s s i o n  sat isf ies  c a n  a l so  b e  s e e n  from the fol lowing 

de r iva t ion  

1 l . y r ~  = c ~ .  I (2.2-3.35) 
v ,. 

l/X R.O. 

In e n g i n e e r i n g  l i terature  we  v e r y  often e n c o u n t e r ,  b e s i d e s  the  

coef f ic ien t s  we  h a v e  a l r e a d y  i n t r o d u c e d  a n d  u s e d  a n d  the j u s t -men t ioned  

time for d i s t u r b a n c e  t ransfer  a l o n g  the  p i p e  TL, s o - c a l l e d  impedance 
d e f i n e d  as  follows for fluid t ranspor t  

cs./  Z = A (2.2-3.36) 

It is not difficult to show that  

I - Z TL (2.2-3.37) 

C = TL (2.2-3.38) 
Z ' 

IC = TL  2 (2.2-3.39) 

Finally,  to e n a b l e  c o m p a r i s o n  with the  c a s e  of spa t i a l l y  d i s t r i bu t ed  

p r o c e s s e s  for the cond i t ions  b e l o n g i n g  to F igure  2.2-3.4, we  g i v e  the 

matrix t ransfer  funct ions  

aP,(s)] _- 

aM2(slJ 

1 Is+R 
I ts 2+RCs+I ICs z÷RCs+l 

-Cs I 
[Cs z+RCs+I ICs ~+RCs *I 

aP2(s) ] 

aM,Cs)J 

(2.2-3.40) 
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2.3  HIEAT PROCESSES 

CHAP. 2 LUMPED PROCESSES 

The field c o v e r e d  b y  this term is v e r y  wide  a n d  the var ie ty  of d e v i c e s .  

ob jec t s  a n d  systems in which  p r o c e s s e s  of hea t  p roduc t ion ,  transfer and  

ac cumula t i on  o c c u r  is so g rea t  that we must limit ou r se lves  to the bas i c  

p r o c e s s e s  we meet  in t e chn i ca l  p rac t i ce .  Deriving mathemat ica!  models  

a n d  a n a l y z i n g  the d y n a m i c s  of s u c h  bas i c  p r o c e s s e s  is a s tep  in the 

d i rec t ion  of c o m p r e h e n s i v e  insight into much  more c o m p l e x  p h e n o m e n a .  

Like on the p r e c e d i n g  p a g e s ,  here  too on ly  p r o c e s s e s  with l umped  

pa rame te r s  will b e  s tudied ,  but we  will a lso  try to show |hat  the mode l s  

o b t a i n e d  are  in fact  only  roughe r  (which d o e s  not in a n y  way  mean  bad ,  

but ve ry  often of g rea t  use)  app rox ima t ions  of c a s e s  in which hea t  

p roper t i es  c h a n g e  th roughout  a s p a c e  volume.  

Heat  e x c h a n g e r s  are  one  of the most f requent ly  e n c o u n t e r e d  parts  of 

plants,  a n d  much  of this c h a p t e r  will treat the d y n a m i c s  of hea t  e x c h a n g e .  

Heat e x c h a n g e r s  are  usua l ly  d e v i c e s  with metal walls w h o s e  th ickness  is 

kept  as small as  poss ib le ,  only as much  as is n e c e s s a r y  to g i v e  s trength.  

S ince  metals  are  ve ry  c o n d u c t i v e ,  in our der iva t ions  we will often a s sume  

that the thermal conduc t i v i t y  coeff ic ient  ), is infinite. The result of this 

a ssumpt ion  is that the t empera tu re  of the wall is the same  ac ros s  its who le  

th ickness  (~)w(Z) =' const.).  

The der iva t ions  for hea t  transfer th rough  a wall will in most c a s e s  b e  

val id  bo th  for p l a n e  a n d  for c u r v e d  walls of p i p e  e x c h a n g e r s .  In them the 

wall th ickness  is so small c o m p a r e d  with the p i p e  radius  thai n e g l e c t i n g  

cu rva tu re  effects will not i n t roduce  essent ia l  errors into the models  

ob t a ined .  An e x c e p t i o n  are  h igh-pressure ,  th ick-wal led  p ipes  for which  the 

a b o v e  assumpt ion  d o e s  not hold.  

As an  e x a m p l e  of a marked ly  nonl inear  p r o c e s s  we will s tudy  radia t ion  

hea t  transfer, a n d  after l ineaf iza t ion of the initial model  the linear a n d  the 

nonl inear  time r e s p o n s e s  will b e  c o m p a r e d .  

Finally, at the e n d  of this sec t ion  d i rec t  hea t  e x c h a n g e r s  will b e  

mode led .  These  a re  usua l ly  tanks (well or not-so-well  insula ted,  a n d  with 

thicker or thinner walls, d e p e n d i n g  on the p res su re  unde r  which  the 

p r o c e s s  d e v e l o p s )  in which  severa l  mass flows are  mixed  a n d  the mixture 

h e a t e d  by  hea t ing  e lements  (electr ic ,  s team a n d  so on). In the p r o c e s s  of 



model ing  we will b e g i n  with the most e l emen ta ry  e x a m p l e  with many  

approximat ions ,  a n d  b y  g r a d u a l l y  d i s c a r d i n g  those  initial assumpt ions  it 

will be  shown  how the model  of d y n a m i c  tempera ture  c h a n g e  grows  in 

complexi ty .  

E x a m p l e  I Heat  transfer th rough  a wall 

Figure  2.3-1 shows a p r o c e s s  of hea t  transfer th rough  a wall b e t w e e n  

fluids 1 a n d  2. 

F i g .  2 . 3 - I  Heat  transfer th rough  a wall 

a) Derive a model  d e s c r i b i n g  the d y n a m i c s  of the wall t empera tu re  

d e p e n d i n g  on  c h a n g e s  in t empera tures  3, a n d  32. The bas i c  

assumpt ions  are.. 

the thermal conduc t i v i t y  coeff ic ient  th rough  the wall ), ,: co. 

which m e a n s  that 3w is cons tan t  ac ros s  the whole  width of the 

wall, 

- hea t  transfer on both  s ides  is c o n v e c t i v e .  

- the coeff ic ients  of c o n v e c t i v e  heat  transfer ~l a n d  "2 are  not 

funct ions of temperature ,  
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- mass  fluid flow rates ml a n d  mz are  cons tan t  ( therefore,  ~xl and  

cx~ are  a l so  constant) .  

b) Determine the transfer funct ions re la t ing  hea t  flow transferred onto  

fluid 2 with tempera ture .  

a) The e q u a t i o n  for the c o n s e r v a t i o n  of e n e r g y  for a wall of 

s u r f a c e - a r e a  A is 

d E  
e l  - e~ = d t  (2 .3 - I )  

e~ a n d  e~ a re  hea t  ( e n e r g y )  flow rates b rough t  to the wall a n d  led  from 

it, a n d  E hea t  ( e n e r g y )  s to red  in the wall. 

e l  -- A q l  = A(x,(,% - ,~w) . (2 .3 -2 )  

e2 = Aq~ = A~2(ew - e2) , (2.3-3) 

E = Mu = ASpcw~ w (2.3-4) 

The last three equa t ions ,  toge ther  with the first, g ive  

pSCw d 3 w  cxl tx2 (2.3-s) 

We h a v e  o b t a i n e d  a linear ODE so there is no n e e d  for l inear izat ion 

a n d  in t roduc ing  the symbols  a.  Equat ion  (2.3-5). as long  as the initial 

assumpt ions  are  true. is va l id  both  for real t empera tu re  c h a n g e s  a n d  also 

for c h a n g e s  in the dev ia t ion  of those  t empera tu res  from the initial s t e a d y  

state. 

As in the preceding case s ,  here  we c a n  also show that the cons tan t  

b e s i d e  ew has the d imens ion  of time and ,  therefore,  r ep resen t s  the time 

cons tan t  T of hea t  transfer. Its p h y s i c a l  m e a n i n g  b e c o m e s  c lear  from the 

fol lowing formulas, in which the same  defini t ions for c a p a c i t a n c e  C a n d  

res i s t ance  R are  u s e d  as in earl ier  d i scuss ion .  

C a p a c i t a n c e  C e q u a l s  the ratio of c h a n g e  in s to red  hea t  ( e n e r g y )  E to 

c h a n g e  in hea t  effort - t empera tu re  ,~w, so (2.3-4) g ives  

dE 
C = - - =  Asoc = Mc (2.S-6) 

dOw 
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R e s i s t a n c e  R e q u a l s  the  rat io of c h a n g e  in hea t  effort ( t e m p e r a t u r e )  to 

c h a n g e  in h e a t  flows el  a n d  e2. As r e s i s t a n c e  to h e a t  t ransfer  exis ts  b o t h  

on the  s i d e  of fluid I a n d  on  the  s i d e  of fluid 2, the  total  r e s i s t a n c e  will 

d e p e n d  on bo th  the ind iv idua l  r e s i s t a n c e s  R~ a n d  R2. Equa t ions  (2.3-2) a n d  

(2.3-3) g i v e  

d~w I 
RI = de---:" = " A~,-----~ 

dOw l 
R2 = de-'--2- = A=---~ 

(2.3-7a) 

(2.3-7b) 

The  fact  that Ri is n e g a t i v e  r e p r e s e n t s  the  p h y s i c a l  fact  that  w h e n  

t e m p e r a t u r e  ew i n c r e a s e s ,  the  hea t  flow ra te  et on  the  wall  d e c r e a s e s .  Now 

we c a n  show the m e a n i n g  of c o n s t a n t  T. 

T = s ~ c  = ABpc = C C = RC (2.3-8) 
~i+~z A~I÷A~ ~ + l___ = __T 

IRiI Rz R 

Equat ion  (2.3-5) c a n  c o n v e n i e n t l y  b e  s h o w n  in b l o c k  d i a g r a m  form a n d  

this s t ruc ture  of b l o c k s  is p r e s e n t  in all f i rst-order (p ropor t iona l )  sys tems .  It 

is useful  to c o m p a r e  this p r e s e n t a t i o n  with F igu re  2.1-2.7. 

B 

D 

~...~.~ . 

~l  l i .  -i 

F i g .  2 . 3 - 2  Block d i a g r a m  of t e m p e r a t u r e  c h a n g e  d y n a m i c s  

in p i p e  wail  ew 

b) The  t ransfer  funct ions  r e l a t ing  hea t  flow ra te  ez to fluid 2 d e p e n d i n g  

on t e m p e r a t u r e  c h a n g e  a r e  o b t a i n e d  af ter  c a r r y i n g  out  a L a p l a c e  

t ransformat ion  of Equa t ions  (2.3-3) a n d  (2.3-5). If the e x p r e s s i o n  for e(s)  

from the t r ans fo rmed  Equa t ion  (2.3-5) is i n se r t ed  into the  t r ans fo rmed  

Equa t ion  (2.3-3), af ter  r e a r r a n g e m e n t  we  ge t  
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K K(Tbs+l) o2(s) (2.3-9) 
Q2(s) = Tns÷] O1(s}- Tns+I 

Q2(s) is a s y m b o I  for the  L a p l a c e  t r a n s f o r m a t i o n  of h e a t  f low ra te  e2(t). 

In S e c t i o n  3.2. w h e n  the  h e a t  t r ans fe r  p r o c e s s  is o b s e r v e d  as  a p r o c e s s  

with d i s t r i b u t e d  p a r a m e t e r s ,  for the  c a s e  of a f ini te  X. E q u a t i o n  (3.2-b2) will 

b e  a n  a p p r o x i m a t e d  t r ans fe r  f u n c t i o n  i d e n t i c a l  to u p p e r  E q u a t i o n  (2.3-Q). 

H e r e  we  mus t  i n d i c a t e  that  e2(t) will h a v e  a d e r i v a t i v e  d e p e n d e n c e  on  

t e m p e r a t u r e  c h a n g e  ~)2 of the  h e a t e d  f luid.  A more  d e t a i l e d  p r e s e n t a t i o n  of 

t h o s e  t r ans fe r  p r o c e s s e s  is g i v e n  in  S e c t i o n  3.2. 

C o n s t a n t s  K. Tn a n d  Tb a r e  g i v e n  b y  the  e x p r e s s i o n s  

K = c(,c(s A (2.3-10) 
0el÷C( 2 

Tn = 8pc , (2.3-II) 
0Ct+(X 2 

Tb = 8pc (2.3-]2) 
(x! 

From Equat ion (2.3-8) for T we can see that this constant,  bes ides  

d e p e n d i n g  on other va r iab les ,  also depends  on heat transfer coef f ic ien ts  

=~ and =2. The de te rmina t ion  of these coef f ic ien ts  is the most c r i t i ca l  part  

of the ca l cu la t i on  s ince the va lues  of the other constants in (2.3-8) are not 

d i f f i cu l t  to obta in.  Here. however ,  we wi i ]  not enter the p rob lem of 

c a l c u l a t i n g  coef f ic ien ts  of c o n v e c t i v e  heat transfer. Whole books have  

been wr i t ten on this subject,  t he rmodynamic  at lases, tab les and the l ike, 

so for these needs we refer the reader  to s p e c i a l i z e d  l i terature.  But it is, 

n e v e r t h e l e s s ,  n e c e s s a r y  tc s t u d y  s o m e  t y p i c a l  t e c h n i c a l  c a s e s  a n d  s e e  the  

r a n g e  wi th in  w h i c h  t ime c o n s t a n t  T c h a n g e s  for s u c h  p r o c e s s e s .  

Let 80 "C t e m p e r a t u r e  wa te r  f lows t h r o u g h  a n  u n i n s u l a t e d  h o t - w a t e r  

p i p e  w h o s e  wa l l s  a r e  8 = 5 mm thick.  If the  h e a t  t r ans fe r  c o e f f i c i e n t  to the  

s u r r o u n d i n g  air  is 0q = IO W/m 2 ,. a n d  to the  i n t e r n a l  s u r f a c e  of the  p i p e  ~z 

,. 230 W/m 2 . for p = 7850  k g / m  ~ . c = 0 .50  kJ/kg,,  the  t ime c o n s t a n t  T is 

T = 8~c 7850.  O . 0 0 5 . 5 0 0  
= = 81.77 s 

,.,)+(x2 230+10 

T h e  s u p e r h e a t e r  p i p e  of a n  e l e c t r i c  p l a n t  s t e a m  g e n e r a t o r  of t h i c k n e s s  

8 = 0 .005 .  c = 500.  a n d  with c o e f f i c i e n t s  ~'t = bO. ~'2 = 2400 .  h a s  the  t ime 
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constant 

7850 .0 .005 .  500 
T = = 7.98 s 

60+2400 

These  two simple numerica l  examples c lea r ly  show that T will d e c r e a s e  

with an  i n c r e a s e  in the hea t  transfer coeff ic ients ,  i.e. with a d e c r e a s e  of 

the res i s t ances  to hea t  transfer. It must also be  o b s e r v e d  that in the c a s e  

of great ,  d i f fe rences  in coeff ic ients  e,. the time cons tan t  is chief ly  

de t e rmined  b y  the o n e  that is b igge r .  If we n e g l e c t  "l in the s e c o n d  c a s e ,  

T b e c o m e s  T ; 8.177, which  is on ly  2.5% more that the or iginal  time 

cons tant .  

Up to now. on the bas is  of the first a s sumpt ion  that ), is infinite, we 

comple t e ly  n e g l e c t e d  the r e s i s t ance  to hea t  c o n d u c t i o n  th rough  the wall. 

a n d  T was de t e rmined  only  b y  r e s i s t ance  to hea t  c o n v e c t i o n .  If b o u n d a r y  

c o n d i t i o n - ,  in the form of fo rced  h e a t  l l o w  are  g i v e n  on both  

b o u n d a r i e s  of the wall, a n d  if thelmal conduc t i v i t y  coeff ic ienl  ), is finite. 

in p r a c t i c e  we use  a transfer funct ion showing  the d e p e n d e n c e  of hea t  

flow rate ez(t) on  hea t  flow rate e~(t) on  the "warmer" s ide  of the wall 

O2(s)  1 
- -  = - -  (2.3-13) 
Ol(s) Tws+l ' 

(~c~2 (2.3-14) Tw " 2), 

This transfer funct ion a n d  the time cons tan t  of the p i p e  Tw will b e  

d e r i v e d  in Sec t ion  3.2. In the d y n a m i c  sense ,  the wall b e h a v e s  like a 

first-order (propor t ional)  system, a d d  for a supe rhea t e r  s t eam g e n e r a t o r  

p ipe  with ), = 46.5 W/InK 

Pc~2 ,, 1.055 s Tw = 2), 

Finally. in the weal th  of pos s ib l e  different c a s e s  one  of the more 

common  p h e n o m e n a  in p i p e  hea t  e x c h a n g e r s  is that the fluid mass flow 

rates m~ a n d  mz are  not cons tant ,  but  c a n ,  in u n s t e a d y  ope ra t ion ,  

subs tan t ia l ly  c h a n g e  in magn i tude .  In s u c h  c a s e s  the fourth a s sumpt ion  is 

no longe r  fulfilled a n d  we c a n n o t  work with cons t an t  va lues  for 

c o n v e c t i v e  hea t  transfer coeff ic ients  (,~ a n d  ~z. s ince  they d e p e n d  to a 

grea t  extent  on  the rate of fluid flow. In p r a c t i c e  we will, thus, ve ry  often 

use  the fol lowing e x p r e s s i o n  to de te rmine  (, for s i n g l e - p h a s e  fluids f lowing 

through p i p e s  
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X_-Km n 

n - 0.8 ..... liquids 

n = 0.(5 ..... gases 

(2.3-15) 

If the fourth assumpt ion  is not fulfilled. Equat ion (2.3-5) is no longer  

linear, a n d  if we insert into it the expres s ions  (2.3-15) ins tead  of (~, after 

l inearizat ion we ge t  the fol lowing mathemat ica l  formulation for the 

d y n a m i c s  of wall t empera ture  c h a n g e  for c h a n g e s  in the four poss ib le  

d i s t u r b a n c e  va r i ab les  

dd._~ '~ ~)2-%w ~pC w+ A~)w-- ~----.L A~), + ~____~2 A~)2 + _%,'~_w C,Am, + _ _ C2Am 2 
0~1+0{ 2 0{1÷~ 2 O{I+(X 2 O~÷I{X 2 (XI+(X 2 

(2.3-10) 

Ci "= K i n i m i  n i ' l  . i = l, 2 (2.3-17) 

If we c a n c e l  the fourth assumpt ion ,  the e x p r e s s i o n  for T d o e s  not 

c h a n g e ,  but  b e c o m e s  d e p e n d e n t  on the initial s t e a d y  state a n d  two new 

d i s t u r b a n c e  va r iab les  a p p e a r  - mass flow rates mt a n d  m2. 

Many more different c a s e s  c o u l d  be  a n a l y z e d ,  which  will not be  d o n e  

here  b e c a u s e  we c o n s i d e r  that this would  not br ing  any  essen t ia l ly  new 

d i scove r i e s .  If the r eade r  wants  to ga in  d e e p e r  insight into the models  

shown here.  he s h o u l d  turn his at tent ion to an ana lys i s  of the results i n  

Sec t ion  3.2. There  the different p h e n o m e n a  are  e x a m i n e d  in more detai l  

b e c a u s e  of different b o u n d a r y  cond i t ions  on the su r faces  of the walls. In 

this sec t ion,  to con t inue  our a n a l y s i s  of p r o c e s s e s  of hea t  transfer, we wiIl 

show the typ ica l  nonl inear  c a s e  of hea t  radia t ion a n d  c o m p a r e  the 

r e s p o n s e s  of the original  nonl inear  model  with the r e s p o n s e s  of the linear 

model .  

E x a m p l e  2 Radiat ion hea t  transfer 

The two n e a r b y  paral le l  walls in Figure  2.3-3 e x c h a n g e  hea t  by  

radia t ion after, at t ,, O, the t empera tu re  of wall I u n d e r g o e s  s tep i n c r e a s e  

from O °C to 85 °C. At t ,, 0 the t empera tu re  of wall 2 is 0 °C. The mass of 
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the wall  2 is 0.1 kg  a n d  its s pec i f i c  hea t  c = 1000 ] /kg  ,. The  coef f i c ien t  of 

emiss ion  a re  e q u a l  a n d  a r e  ~1 = ~2 = 0.065. Both the walls  a r e  i n su l a t ed  

towards  their s u r r o u n d i n g s  a n d  on ly  e x c h a n g e  h e a t  with e a c h  other.  A, = 

A2 = I m 2. 

a) De te rmine  the time cons t an t  s h o w i n g  the  s p e e d  of wall  t e m p e r a t u r e  

increase. 

b) C o m p a r e  the rea l  non l inea r  r e s p o n s e  with the r e s p o n s e  of the l inear  

mode l  for c a s e s  of s t ep  i n c r e a s e  in wall  I t e m p e r a t u r e  by:  8.5 °C a n d  

85 °c. 

O= 

x X \ ' %  

,-~,, 

Fig.  2 . 3 - 3  Rad ia t ion  h e a t  e x c h a n g e  b e t w e e n  pa ra l l e l  walls  

a) The  c o n s e r v a t i o n  of e n e r g y  e q u a t i o n  for wall  2 is 

Oz = dE2  
d t  ' 

(2.3-18) 

Oz = C12 (~I 4 - ~24) I 
1004 

E2 = M2c2~2 

(2.349) 

(2.3-20) 

The  th ree  u p p e r  e q u a t i o n s  g i v e  the m o d e l  d e m a n d e d  

M da'2 Ct2 4 CI2 4 
2c2d-- U- , i-5-6z 2 = 

The result is an ODE of pronounced 

dynamics of wall 2 temperature change ~)2. 

equation gives 

(2.3-21) 

non l inea r i ty  d e s c r i b i n g  the 

Linearization of the upper 
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M2c2 dAB2 
~23 dt 

4C 12'i-0--~- 4 

T 

8~ 
(2.3-22) 

Time c o n s t a n t  T, if b o t h  the  numera to r  a n d  

e x p a n d e d  b y  82. h a s  a c l e a r  p h y s i c a l  m e a n i n g  

I M2c2~2 a c c u m u l a t e d  h e a t  
T = ~ To . To = = heat flow rate 

CI~ ~24 
1004 

the d e n o m i n a t o r  a r e  

(2.3-23) 

If wall  l is a b l a c k  b o d y ,  i.e. C~ = Cz, the e x p r e s s i o n  in the 

d e n o m i n a t o r  rea l ly  d o e s  r e p r e s e n t  the hea t  flow ra te  b e t w e e n  s u r f a c e s  1 

a n d  2~ For the  g i v e n  v a r i a b l e s  it is not difficult to d e t e r m i n e  that  C12 will 

b e  CI~ = 0.1904, a n d  

T = 0.I. I000 .273  = b 4 6  s 
4 .0 .1904.2 .734 

b) The  a n a l y t i c  non l inea r  so lu t ion  of Equa t ion  (2.3-21) has  the fo l lowing 

exp l i c i t  form for t ime t 

M2c210s ( a r c t g  82 32 ~ St - 82 t Clz" 2813 ~ - a rc tg  ~ * 2 I n  81 + 82-- } . (2.3-24) 

The  l inear  so lu t ion  is in the  a l r e a d y  known  form for a f i rs t -order  s y s t e m  
1 

a,% A,% (I - e b45  t = ) (2.3-25) 

If we  u s e  Equa t ions  (2.3-24) a n d  (2.3-25) to c a l c u l a t e  the i e s p o n s e s  for 

i n c r e a s e s  ~8 = 8.5 °C a n d  85 °C , a n d  show them g r a p h i c a l l y ,  we ge t  the 

d i a g r a m  on  F igure  2.3-4. 

From the fo l lowing r e p r e s e n t a t i o n ,  wh ich  is a g r a p h i c a l  so lu t ion  of 

Equa t ions  (2.3-24) a n d  (2.3-25) for the  g i v e n  d i s t u r b a n c e s ,  w e  c a n  s e e  that  

the d i f f e r e n c e  b e t w e e n  the non l inea r  a n d  the l inear  r e s p o n s e s  i n c r e a s e s  

with a n  i n c r e a s e  of the d i s t u r b a n c e  va lue .  
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r i g .  2 . 3 - 4  R e s p o n s e  of the nonl inear  a n d  the linear model  

in radia t ion hea t  e x c h a n g e  

NL z~,% = 85 °C . . . . .  NL z~,S+ = 8.5 °C 

....... L ........ L 

The ord ina te  has  va lues  for bo th  the d i s t u r b a n c e s  a n d  as the s c a l e  is 

the same  (only I0 times larger)  o n e  c u r v e  is sufficient for both  c a s e s  of 

l inear mode l  r e sponse .  For the nonl inear  model ,  however ,  we ge t  two 

different cu rves  and .  as we e x p e c t e d ,  the d i f fe rence  from the linear 

r e s p o n s e  is g rea te r  for the g rea te r  dev ia t ion  Ae, = 85 °C from the s t e a d y  

state. 

E x a m p l e  3 Direct hea t  e x c h a n g e r  

In d i rec t  e x c h a n g e r s ,  heat  is t ransferred  b y  the d i rec t  mixing of 

severa l  mass  flows of different temperature .  In the tank itself add i t iona l  

hea t ing  also takes p l a c e  b y  electr ic ,  s team or other heaters .  F igure  2.3-5 

shows one  s u c h  e x c h a n g e r ,  a n d  the s ign for a mixer s y m b o l i z e d  the 

c o m p l e t e  stirring of the l iquid in the tank a n d  a h o m o g e n e o u s  hea t  field, 

fie. it is c o n s i d e r e d  that the t empera tu re  is the same  in the  whole  vo lume 

of the e x c h a n g e r  a n d  that l iquid of that t empera tu re  flows out of the tank. 

Derive a mode l  of d y n a m i c  tempera ture  c h a n g e  at the tank outlet with the 

fol lowing assumpt ions :  

- inlet a n d  outlet mass flow rates are  cons tant ,  i.e. m i ,, mo = m, 
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- t h e  t a n k  is i n s u l a t e d ,  

- | h e r e  is  i d e a l  m i x i n g  e ,, eo, 

t h e  l i q u i d  h a s  a c o n s t a n t  s p e c i f i c  h e a t  c p  = c o n s t . ,  

- t h e  t e rm P v in t h e  e x p r e s s i o n  for i n t e r n a l  s p e c i f i c  h e a t  is n e g l e c t e d  

for t he  l i q u i d ,  u = i - Pv.  i .e .  u = i = c p s  . 

o_-o 
°Qe I 

mo~ 0 

] F i g .  2 . 3 - 5  I n s u l a t e d  d i r e c t  h e a t  e x c h a n g e r  

T h e  e q u a t i o n  for t h e  c o n s e i v a t i o n  of h e a t  h a s  t h e  u s u a l  form 

d E  
e l  + O e l  " e o  = d t  ' (2.3-26) 

el  -- m c p  ei (2.3-27) 

eo  = mcp  eo  (2.3-28) 

E = MCpeo (2.3-29) 

W h e n  w e  a r r a n g e  t h e  l a s t  e x p r e s s i o n ,  w e  g e t  

I 
T * S o  -- ~i ÷ - -  Oel (2.3-30) 

mCp 

T ime  c o n s t a n t  T = M/re.  a n d  if b o t h  t h e  d e n o m i n a t o r  a n d  t h e  n u m e r a t o r  

a r e  e x p a n d e d ,  w e  g e t  

T = MCpeo = s t o r e d  ( a c c u m u l a t e d )  h e a t  (2.3-31) 
mcp,~o h e a t  f low r a t e  

T h e  u p p e r  a s s u m p t i o n s  g i v e  a s t a n d a r d  l i n e a r  ODE for a f i r s t - o r d e r  

( p r o p o r t i o n a l )  p r o c e s s e s .  If m ; c o n s t ,  is no t  s a t i s f i e d ,  t he  e q u a t i o n  is n o  

l o n g e r  l i n e a r  b e c a u s e  t h e  p r o d u c t s  m~oCp a n d  m~lCp a r e  n o  l o n g e r  l i n e a r  

e x p r e s s i o n s .  
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To e n a b l e  c o m p a r i s o n  with the a p p r o x i m a t e d  transfer  funct ions  in 

Sec t ion  3.2, Equat ion  (2.3-30) will b e  t rans formed into 

1 

l e l (s)  + mCp oo(s) = M M Qel(S) (2.3-32) 
s+l s+! 

m m 

The  fol lowing l ines will show how "insignif icant"  c h a n g e s  in 

assumpt ions  c h a n g e  essen t i a l ly  the mathemat ica l  model ,  thus showing  all 

the im por t a nc e  of a ca re fu l  c h o i c e  of simplifications w h e n  the mode l  is 

b e i n g  formulated.  

Der ive  a d y n a m i c  model  us ing  all the initial assumpt ions  e x c e p t  that 

the s e c o n d  o n e  is c h a n g e d  a n d  two new o n e s  a re  a d d e d  

- the  tank is not insu la ted ,  

- the a c c umula t i on  of (he tank wall is n e g l e c t e d  (a th in-wal led  tank), 

- the coef f i c ien t  of thermal  c o n d u c t i v i t y  th rough  the wall is infinite. 

o Oo 

F i g .  2 . 3 - 6  Uninsula ted  d i rec t  hea t  e x c h a n g e r  

The  e q u a t i o n  for the c o n s e r v a t i o n  of hea t  has  the fol lowing form 

clso 
mCp~'i + Qel " ~vAv(,~o - ~v) " mCpSo = ]ViCp dt  

Af ter  a r r a n g e m e n t  w e  g e t  

~ t  o mc p l ~xvA_.__~v 
T + 8o = mCp+=vAv ,~1 + mcp+=vAvQel + mcp+=vAv~V 

T = MCp 
mcp+~vAv 

(2.3-33] 

(2.3-34) 

(2.3-35) 
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Again this is the d y n a m i c s  of the usual  first-order (propor t ional)  system. 

e x c e p t  that the cons tan t  T has  c h a n g e d .  

If we l e a v e  out the a s sumpt ion  a b o u t  the neg l i g ib t e  a c c u m u l a t i o n  of 

the e x c h a n g e r  wail ( a n d  k e e p  all the other  assumptions) ,  we must 

formulate t w o  b a l a n c e  e q u a t i o n s  since we now h a v e  two pos s ib l e  

hea t  tanks - the l iquid in the tank a n d  the wall of the hea t  e x c h a n g e r  

itself, 

- l iquid 

mCpSi + Oel " "iAl(,9'o - 8w) - mCpSo = Mcp dSo 
dt 

(2.3-36) 

- wal l  

d 8  w 
=iAi(,.q'o" aw)- cxvAv(,~w- ,~v) = Mwcw dt (2.3-37) 

As long  as the c o n v e c t i v e  hea t  transfer coeff ic ients  ~v a n d  oq d o  not 

d e p e n d  on temperature ,  the u p p e r  sys tem of equa t i ons  is l inear a n d  c a n  

be  written d i rec t ly  in the form of matrix state s p a c e  equa t i ons  

, mco+oqAi cxiA i m 1 

(xiAI oqAi+cxvAv ~y~oy 
aw Mwcw .... Mwcw JLawJ 0 w Lay J 

(2.3-38) 

To c o n c l u d e  our ana lys i s  of the d y n a m i c s  of direc t  hea t  e x c h a n g e r s .  

we wil! now show a mode l  which  a s sumes  that l iquid stirring is ve ry  

intense.  This insures a l a r g e  h e a l  t r a n s f e r  c o e f f i c i e n t  ,,j on the 

interior su r face  of the w a i l  ew = 80, a n d  with ), = ,= we  a s sume  that there  

is only  o n e  equa t ion  for the conse rva t i on  of hea t  

d,9, o 
mcp'9' i  + O e l  - mCp~o = (Mcp+ Mwcw) dt [2.3-39) 

After the L a p l a c e  transformation we ge t  the fol lowing form 

1 
eoCs) = 1 (e~Cs) * --~-~-2elCS)) (2.3-40) 

Mcp+Mwcws + 1 
mcp 

i p 

Gis) 
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It is useful  to o b s e r v e  that the transfer funct ion o b t a i n e d  G(s) is the 

same  as  the a p p r o x i m a t e d  transfer funct ion g i v e n  in Equat ion  (3.2-27) in 

the sec t ion  on t reat ing the d i rec t  hea t  e x c h a n g e r  with thick walls as  a 

sys tem with d is t r ibuted  parameters .  

At the e n d  of our ana lys i s  of the d y n a m i c s  of ba s i c  hea t  p r o c e s s e s  we 

must stress that t empera tu re  c h a n g e s  are  d e s c r i b e d  as a rule b y  the 

a l r e a d y  known e q u a t i o n s  for proportional systems.  Time cons tan t  T is he re  

a lso  equa l  to the p r o d u c t  of thermal c a p a c i t a n c e  C and  r e s i s t ance  R, T 

CR. From this a s p e c t  hea t  p r o c e s s e s ,  which  are  in the p h y s i c a l  s e n s e  

r e d u c e d  to p r o c e s s e s  of hea t  s to rage ,  are  d y n a m i c a l l y  similar to p r o c e s s e s  

of mass s t o r a g e  in tanks, a n d  the main d i f fe rence  b e t w e e n  these  a n d  flow 

p r o c e s s e s  is that hea t  p r o c e s s e s  h a v e  no inertia. Thus the ie  will be  no 

per iod ic ,  osc i l la tory  state  c h a n g e s  in their c a se .  

2 .4  MECHANICAL P R O C E S S E S  

The motion d y n a m i c s  of the r igid b o d y ,  mass point  (par t ic le)  or more 

c o m p l e x  mechan i sms  is a c l a s s i ca l  t echn ica l  s c i e n c e  a n d  a d i sc ip l ine  that 

is s tud ied  in many  institutions. T o d a y  there  is a ve ry  va r i ed  se l ec t ion  of 

textbooks ,  h a n d b o o k s ,  co l lec t ions  of e x a m p l e s  a n d  books  from that field in 

the world, which  show both bas i c  a n d  also ve ry  e l a b o r a t e  methods  and  

mode l ing  p r o c e d u r e s .  As a rule, all these  books  con ta in  numerous  

e x a m p l e s  (from the simplest  to ve ry  c o m p l e x  mechanisms)  a n d  a re  h igh ly  

spec i a l i z ed ,  so it must immedia te ly  be  e m p h a s i z e d  that this sec t ion  of our 

book  is not in any  w a y  i n t e n d e d  as a supp lement ,  subst i tute  or p e r h a p s  

compet i t ion  to s u c h  books  a n d  co l lec t ions .  Its b a s i c  pu rpose ,  like that of 

the p r e c e d i n g  sec t ions ,  is to d e s c r i b e  the d y n a m i c s  of m e c h a n i c a l  

p r o c e s s e s  of the r igid b o d y  motion in mathemat ica l  forms usual  in this 

book,  a n d  to thus show unity in the d y n a m i c s  of these  a n d  other 

p r o c e s s e s .  With that in mind, the d y n a m i c  coeff ic ients  of res i s tance ,  

c a p a c i t a n c e  a n d  ine r t ance  will be  r e d e f i n e d  a n d  their p h y s i c a l  m e a n i n g  

g iven .  

In this w a y  we will d e v i a t e  to a ce r ta in  ex tent  from the usual  form of 

mathemat ica l  models  in c l a s s i ca l  d y n a m i c s  to which  some r eade r s  are  
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p r o b a b l y  more  than  a c c u s t o m e d ,  but  all the e x a m p l e s  will b e  p r e s e n t e d  in 

the (he re  wide ly  u s e d )  form of matrix s t a t e - s p a c e  e q u a t i o n s  or, s imply,  b y  

sy s t ems  of f irst-order DE. This no ta t ion  has  s h o w n  itself to b e  of g r e a t  u s e  

in d e s i g n i n g  cont ro l  p r o c e d u r e s  for m o d e r n  robo t  m e c h a n i s m s  a n d  

manipu la to rs .  For that  p u r p o s e ,  n a m e l y ,  to s y n t h e s i z e  the  who le  con t ro l l ing  

a s s e m b l y  from s e n s o r s  a n d  l og i ca l  d e v i c e s  that  a re  built  of 

m i c r o p r o c e s s o r s  or small  c o m p u t e r  units,  to a c t u a t o r s  (e lec t r ica l .  h y d r a u l i c  

or p n e u m a t i c  motors)  - it is e s s e n t i a l  to h a v e  a mode l  in the v e r y  form 

that is u s e d  in m o d e r n  cont ro l  theory ,  a n d  that  is nota t ion  in the form of 

s t a t e - s p a c e  e q u a t i o n s .  

T h r e e  b a s i c  p r o c e d u r e s  h a v e  b e c o m e  s t a n d a r d  in o b t a i n i n g  m o d e l s  for 

the d y n a m i c s  of the r ig id  b o d y  motion in m e c h a n i c s :  

- the  u s e  of Newton ' s  law for the  c o n s e r v a t i o n  of momen tum 

- the  u s e  of d 'A lember t ' s  p r inc ip l e ,  

- d e r i v i n g  Lagrange's e q u a t i o n s  of motion.  

Here  we  must s a y  that  d 'A lember t ' s  p r i n c i p l e  is in fact  on ly  a skilful 

t ransformat ion  of Newton ' s  law, whi le  L a g r a n g e ' s  e q u a t i o n s  of motion a r e  

b a s e d  on c o n s i d e r a t i o n s  c o n c e r n i n g  the c o n s e r v a t i o n  of e n e r g y .  It c a n  b e  

s h o w n  that L a g r a n g e ' s  e q u a t i o n s  c a n  b e  d e r i v e d  from Newton 's  laws,  a n d  

without c a r r y i n g  out  a cr i t ica l  c o m p a r i s o n  of the  methods ,  we  will on ly  

a d d  that in d e r i v i n g  a mode l  for the  d y n a m i c s  of motion of more  

c o m p l i c a t e d  sy s t em s  it is a d v i s a b l e  to do  so  b y  the  s imu l t aneous  u s e  of 

L a g r a n g e ' s  e q u a t i o n s  a n d  of Newton ' s  laws. Both me thods  must  g i v e  the 

s a m e  result .  

Before  b e g i n n i n g  the a n a l y s i s  of s pec i f i c  e x a m p l e s ,  we  must poin t  to 

the  a n a l o g y  b e t w e e n  the two b a s i c  forms of motion in m e c h a n i c s  - the  

similari t ies b e t w e e n  t rans la t ion  a n d  rotation.  Without a n y  more  e x t e n s i v e  

e x p l a n a t i o n ,  t h e s e  a n a l o g i e s  a re  g i v e n  in the fol lowing tab le .  
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T a b l e  2.4-! 

Translation Rotat ion 

d i s p l a c e m e n t  Z 

w-- z' 

a = w' = z" 

M 

F 

Im=Mw 

v e l o c i t y  

a c c e l e r a t i o n  

mass 

force  

momen tum 

a n g u l a r  d i s p l a c e m e n t  ~, 

a n g u l a r  ve loc i t y  ~ - 9' 

a n g u l a r  a c c e l e r a t i o n  ~ = w'= ~," 

momen t  of iner t ia  J 

t o rque  Mz 

a n g u l a r  momen tum I.~ = J 

- - ~ t  ~ = Mz 

| ! 
T -- ~ -  MW ~ kinet ic  e n e r g y  T = - ~  

W = .[Fdz work W = .[Mzd~ 

P -- Fw power P -- IVfz~ 

In m e c h a n i c a l  s y s t em s  the re  is dua l i ty  in the  s e l e c t i o n  of the v a r i a b l e s  

of effort (potent ia l ) ,  flow a n d  s t o r e d  v a r i a b l e s ,  a n d  thus a l so  d i f f e r e n c e s  in 

the  p h y s i c a l  m e a n i n g  of d y n a m i c  coef f ic ien ts .  This dua l i ty  resul ts  from 

whe the r  we  s e l e c t  fo rce  or ve l oc i t y  in t rans la t ion ( to rque  or a n g u l a r  

ve loc i t y  in rotat ion)  for the v a r i a b l e  of effort, a n d  it will b e  s h o w n  on  a n  

e x a m p l e  of a s imple  m e c h a n i c a l  system., m a s s - s p r i n g - d a m p e r .  

We will b e g i n  this c h a p t e r  b y  d e s c r i b i n g  the mot ion d y n a m i c s  of a 

b o d y  u s ing  the s imples t  e x a m p l e  of t rans la t ion a n d  the usua l  m a t h e m a t i c a l  

tools.  Eve ry th ing  that is d o n e  in further e x a m p l e s  for c a s e s  of t rans la t ion  

can ,  without  a n y  r e se rva t i ons ,  b e  a p p l i e d  to rota t ion as  well.  u s ing  the 

a b o v e  a n a l o g y  tab le .  

Before  se t t ing  up  the e q u a t i o n s  it must b e  p o i n t e d  out that this s e c t i o n  

will in most  c a s e s  a n a l y z e  l inear  p r o c e s s e s .  This m e a n s  that the v a r i a b l e  

c h a n g e s  will b e  c o n s i d e r e d  small  e n o u g h  to m a k e  non l inea r  in te r re la t ions  

u n n e c e s s a r y .  It follows that  there  will b e  no l inear iza t ion ,  which  a l so  

m e a n s  that there  will b e  no d e v i a t i o n  nota t ion  ,~ b e s i d e  l i n e a r i z e d  

v a r i a b l e s .  In c a s e s  whe re  we  d o  ca r ry  out l inear iza t ion ,  h o w e v e r ,  
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previously used symbols will be retained but then it must not be forgotten 

that the original model was in fact nonlinear. 

I E x a m p l o  I Trans la t ion  d y n a m i c s  

Cons ider  a b o d y  of mass  M, u n d e r  the  i n f luence  of fo rce  F(t), in 

t rans la t iona l  mot ion on a flat su r f ace .  [n the g e n e r a l  c a s e  the fol lowing 

fo rces  resist  motion: the  fo rce  of d r y  (s l iding)  friction F~. a fo rce  

p ropo r t i ona l  to the v e l o c i t y  of the  b o d y  ( the fo rce  of v i s c o u s  friction) F3 

a n d  a fo rce  p r o p o r t i o n a l  to t h e  b o d y ' s  d i s p l a c e m e n t  F4. Der ive  a mode l  

that d e s c r i b e s  the d y n a m i c s  of d i s p l a c e m e n t  z a n d  v e l o c i t y  w if at t ; 0 

there was: 

1st IC z = 0 

dz 
2nd IC ~ -~ w = w o (IC ... initial condition) 

and for the following cases: 

a) idea l  f r ic t ionless  motion,  

b)  mot ion with the  p r e s e n c e  of s l id ing  friction. 

c) mot ion with the p r e s e n c e  of a r e s i s t a n c e  fo rce  p r o p o r t i o n a l  to the 

v e l o c i t y  w. 

d) r e s i s t a n c e  fo rce  to mot ion p r o p o r t i o n a l  to b o d y  d i s p l a c e m e n t  z. 

z 

I - ~ - . -  w -  ~ i -  
I 
I 

Fig. 2.4-1  A b o d y  in mot ion with d r iv ing  a n d  r e s i s t a n c e  fo rces  

For e a c h  c a s e  the mode l  will b e  o b t a i n e d  from the fol lowing b a s i c  

e x p r e s s i o n  d e s c r i b i n g  Newton ' s  law for the c o n s e r v a t i o n  of momen tum 
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4 
~=.z~F I = d ( M w )  = M d._~._w ( 2 . 4 - ] )  

d t  d t  

a) in the c a s e  of i dea l  motion without  a n y  forces ,  i.e. FI = 0 (i=l.4), 

(2.4-1) b e c o m e s .  

d w  
M--w-, = 0 (2.4-2) 

G !  

This is a n  e q u a t i o n  with a "pure"  in tegra l  term fol ve loc i t y  w c h a n g e ,  

which  with the g i v e n  initial cond i t ions  b e c o m e s  

w = Wo = const. 

Since  the  g e n e r a l l y - k n o w n  re la t ion  b e t w e e n  v e l o c i t y  w a n d  

d i s p l a c e m e n t  z is (a l so  an  in tegra l  m e m b e r  without  t ime lag)  

d z  = w (2.4-3) 
dt 

it follows that  z will c o n t i n u o u s l y  i n c r e a s e  to infinity, i.e. 

Z = W o t  

b) T h e r e  is a r e s i s t a n c e  fo rce  of d ry  (s l iding,  Coulomb)  friction, so  that  

(2.4-1) b e c o m e s  

d w  
M ~ - -  = - ~Mg (2.4-4) 

A s y s t e m  d y n a m i c a l l y  e q u i v a l e n t  to this e x a m p l e  of t rans la t ion  is g i v e n  

b y  Equa t ion  (2.2-1.2) for the c a s e  w h e n  the input  p u m p  c e a s e s  o p e r a t i o n ,  

i.e. for m = O. Like l iquid  l eve l  H in that  e x a m p l e ,  he re  ve loc i t y  l inear ly  

d e c r e a s e s  to zero.  It c a n  e a s i l y  b e  shown  that  the fo l lowing e x p r e s s i o n  is 

the solut ion of (2.4-4) for the  g i v e n  IC 

d z  
w = d---[- = Wo - # g t  ( 2 . 4 - 5 )  

Equat ion  (2.4-5) g i v e s  the ana ly t i c a l  e x p r e s s i o n  for d i s p l a c e m e n t  z 

z = w o t  - 2 - ~ t  2 ( 2 . 4 - b )  
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This p r o c e s s  of free t ranslat ion with the p r e s e n c e  of d ry  friction c a n  

also b e  shown in b lock  d i a g r a m  form. 

w 

-1MI i , i  
z--y 

L 

F i g .  2 . 4 - 2  Block d i a g r a m  of t ranslat ion with dry  friction 

If we se lec t  d i s p l a c e m e n t  z ,, x~ a n d  ve loc i ty  w = x~ for state 

var iab les ,  the sys tem of Equat ions  (2.4-3) a n d  (2.4-4) c a n  eas i ly  b e  g i v e n  

in the form of matrix s t a t e - s p a c e  equa t ions  

' 0 

(2.4-'i') 

X '  = A X ÷ B U  

The e i g e n v a l u e s  of matrix A are  e q u a l  to zero,  x l = ;~2 = 0, ind ica t ing  

the p r e s e n c e  of the two integral  terms without a time lag  shown  on Figure  

2.4-2. 

c) Driving force F a n d  a force  of r e s i s t ance  propor t iona l  to ve loc i ty  

ac t  on the b o d y  

Fa - - Dw (2.4-8) 

D is the coeff ic ient  of that l inear d e p e n d e n c e  a n d  is a lso c a l l e d  the 

coeff ic ient  of v i scous  friction. Now (2.4-1) b e c o m e s  

dw M - ~ .  • Ow = F (2.4-9) 

This e q u a t i o n  is the c l a s s i ca l  a n d  a l r e a d y  seve ra l  times o b t a i n e d  

e x a m p l e  of a first-order p ropor t iona l  sys tem for the d y n a m i c s  of a b o d y ' s  

ve loc i ty  w. in which  time cons t an t  T equa l s  

M 
T = y (2.4-10) 
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At initial moment t = 0 the ve loc i ty  is We a n d  if the numerator  a n d  

denomina to r  are  e x p a n d e d  b y  that ve loc i ty ,  the phys i ca l  m e a n i n g  of the 

cons tan t  T b e c o m e s  c learer .  

T = MwQ = I m = momentum (2.4-11) 
Dwo F force  

T is thus the ratio of the total momentum s tored  to the force that ac t s  

on the b o d y  in the s t e a d y  s ta te  o b s e r v e d .  If d i s p l a c e m e n t  z is important,  

it can .  as in the p r e c e d i n g  ca se ,  be  o b t a i n e d  by  the s imple in tegra t ion  of 

ve loc i ty  w. 

If (2.4-9) is c o m p a r e d  with the other  e q u a t i o n s  of p ropor t iona l  

first-order systems in p r e c e d i n g  sect ions ,  it c a n  b e  s e e n  that ve loc i ty  w is 

the va r i ab le  of effort or potent ial ,  a n d  force  F the va r i ab le  of flow. The 

s tored  va r i ab le  is momentum Im = Mw. In this c a s e  the c a p a c i t a n c e  a n d  

res i s t ance  are  

C = A__~V = M__._~w = M (2.4-12) 
E w 

R = E__ = : = I___ (2.4-13) 
F F D ' 

a n d  the time cons tant ,  as  until now, is 

T=RC= M 
D 

If coef f ic ien ts  C a n d  R that h a v e  just b e e n  i n t r o d u c e d  are  used .  the 

fol lowing b lock  d i ag ram  shows t ranslat ional  motion in the c a s e  of a 

r e s i s t ance  force propor t iona l  to veloci ty .  

FCtl • 

_ - 6 "  I - -  _ 

Z 
I _  

F i g .  2 . 4 - 3  Block d i a g r a m  of t ranslat ional  motion if the r e s i s t ance  

force  is l inear ly  d e p e n d e n t  on ve loc i ty  
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The  motion d e s c r i b e d  b y  two OLDE of the  first o rder  (2.4-3) a n d  (2.4-9) 

c a n  b e  g i v e n  as  follows b y  s ta te  e q u a t i o n s  

! 

X' = A X + B U  

(2.4-14) 

It is not difficult to s o l v e  the c h a r a c t e r i s t i c  e q u a t i o n  to 

e i g e n v a l u e s  of matrix A. T h e y  differ from e a c h  other  a n d  a r e  

~1 : 0 

D 1 
)~2: " - - : "  M T 

o b t a i n  the 

The  first e i g e n v a l u e  shows  the  in tegra l  c h a r a c t e r  of the  p r o c e s s  of 

pos i t ion  c h a n g e  in time, i.e. d i s p l a c e m e n t  z. The  s e c o n d  shows  a s t a b l e  

t rans ient  p r o c e s s  of a f i rs t -order  (p ropor t iona l )  sy s t em d e s c r i b i n g  ve loc i t y  

w c h a n g e  d u e  to c h a n g e s  in force  F a c t i n g  on the b o d y .  

If we subs t i tu te  (2.4-3) into (2.4-9), the mode l  is t r ans fo rmed  into the 

fol lowing OLDE of the s e c o n d  order ,  wh ich  is the usua l  m a t h e m a t i c a l  

p r e s e n t a t i o n  of the d y n a m i c s  of t rans la t iona l  motion a n d  shows  

d i s p l a c e m e n t  z 

d2z d z  M-~- + D-~- = F (2.4-15) 

This w a y  of formula t ing  the mode l  with s e c o n d - o r d e r  d e r i v a t i v e s  of the 

d i s p l a c e m e n t  v a r i a b l e  z is usua l  a n d  w i d e s p r e a d  in c l a s s i c a l  m e c h a n i c s .  

T h e r e  is, n e v e r t h e I e s s ,  s o m e  s i m i l a r i t y  in the  different  w a y s  in which  

mode l s  a r e  fo rmula t ed  b y  the s t a t e - s p a c e  m e t h o d  a n d  in c l a s s i c a l  

m e c h a n i c s .  It l ies in the  fact  that  bo th  a p p r o a c h e s  try to ob t a in  a sy s t em 

c o m p r i s i n g  DE, on ly  in m e c h a n i c s  it is u sua l  for them to b e  DE of the 

s e c o n d ,  a n d  in the  s t a t e - s p a c e  m e t h o d  DE of the first o rder .  

T h e  m e t h o d  w e  u s e d  u p  to now to p r e s e n t  the d y n a m i c s  of a b o d y  in 

t rans la t iona l  mot ion is in a w a y  u n u s u a l  in c l a s s i c a l  m e c h a n i c s .  There fo re ,  

this last  c a s e  will b e  p r e s e n t e d  in the m a n n e r  usua l  in that  d i sc ip l ine .  
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As a rule, th ree  s t a n d a r d  e l e m e n t s  a r e  u s e d  to r e p r e s e n t  m e c h a n i c a l  

s t ructures .  With their he lp  it is p o s s i b l e  to c o m b i n e  a n d  r e p r e s e n t  

d y n a m i c a l l y  e v e n  the most  c o m p l e x  m e c h a n i s m s ,  a s  has  b e e n  shown,  to a 

sa t i s fac to ry  d e g r e e .  T h e y  are:  an  iner t ia  e l e m e n t  of m a s s  M, a sp r i ng  of 

cons t an t  c a n d  a d a m p e r  of coef f i c ien t  of v i s c o u s  friction D. (Somet imes  

a n d  pa r t i cu la r ly  in a n g l o s a x o n  l i tera ture  the sp r ing  c o n s t a n t  is d e n o t e d  

with S, but  in t h e s e  l ines we  will re ta in  the s t a n d a r d  s y m b o l  usua l  in 

m e c h a n i c s  - c.) The  b a s i c  p r o p e r t i e s  of e a c h  of t he se  e l e m e n t s  a r e  

r e p r e s e n t e d  on  the  fol lowing f igures  a n d  g i v e n  with the e x p r e s s i o n s  

b e s i d e  them. 

• Z~ _ Z z  

- I - - ' - - -  
I _ _  

Spr ing  ~ . . . 5 . _ ~  l.._t_ ~ F : oz = cCz,- z2) (2.4-I(5) 

F I F F = D ( w ~ -  w2) 
l | ~..__ (2.4-17) 
T II  - D ( z ' ,  - z '2 )  

D a m p e r  

, _ dZz 

. d2z 
Mass F - Ma = M--T-~- (2.4-18) 

a t  ~ 

All the e l e m e n t s  s h o w n  h e r e  a r e  a l so  p r e s e n t  in the c a s e  of rotat ion,  

a c c o r d i n g  to the a n a l o g i e s  g i v e n  in T a b l e  2.4-1. 

Tors iona l  s p r i n g  

Tors iona l  d a m p e r  

~°t ct ~z 

GNz Mz 

M z  = CI.({PI "ll)2)" 
(2.4-19) 

M z  " Dt(ol " (~2) (2.4-20) 

B o d ,  w, h m o m . n   z, ,d2.d 
of iner t ia  J (2.4-21) 
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(ct .... torsional spr ing  cons tant ,  D t .... torsional coeff ic ient  of v i scous  

friction). 

The a b o v e  e lements  are  l inear approx imat ions  of real  m e c h a n i c a l  

ob jec t s  a n d  are  as  a rule val id  for small d i sp l acemen t s .  In the c a s e  of the 

spr ing  the app rox ima t ion  is co r rec t  if we do  not c ross  the propor t iona l  

limit. The v i scous  d a m p e r  is a g o o d  subst i tute for e n e r g y  loss and  

res i s t ance  forces  on ly  in the reg ion  of real  l inear d e p e n d e n c e  of 

r e s i s t ance  force to motion on veloci ty .  S ince  this is not  a book  w h o s e  

p u r p o s e  is to exam ine  the val idi ty of in t roduc ing  these  linear e lements  

into an ana lys i s  of m e c h a n i c a l  systems,  nor to s t udy  the r a n g e  within 

which  s u c h  l inear approx imat ions  are  sa t is factory,  these  e lements  will in 

the further text be  u s e d  in the way  usual  in m e c h a n i c s ,  taking into 

a c c o u n t  the fact that their app l i ca t i on  in fact  a l r e a d y  rep resen t s  

l inear izat ion of the task. The last c a s e  c a n  thus be  shown by  the fol lowing 

combina t ion  of e lements  of inertia a n d  d a m p i n g  - Fig. 2.4-4. 

I ' - - - - - - -  Z 

- dz 

I 0 ~-- 
F(t] --I M ~ . ~  

-I ° o l  " '  
"////7////////////////////, 

F i g .  2 . 4 - 4  Translat ion shown as a combina t ion  of e lements  

of inertia a n d  d a m p i n g  

d) Driving force F a n d  a r e s i s t ance  force p ropor t iona l  to d i s p l a c e m e n t  

z ac t  on the b o d y .  

~4 = CZ 

This c a s e ,  when  r e s i s t ance  is p ropor t iona l  to d i s p l a c e m e n t  z, is shown  

by  the simplest  element ,  a spr ing,  a n d  the fol lowing f igure represen t s  this 

type  of translation. 
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I - - Z  
I 
I dz r /  

, F ( t )  ,._~ 
/11/i11/1II/I/111/11111111111/I/'/~, 

Fig. 2 . 4 - 5  Trans la t ion  s h o w n  as a c o m b i n a t i o n  of e l emen t s  

of iner t ia  a n d  sp r i ng  

For small  d i s p l a c e m e n t s  whe re  the p r i n c i p l e  of l inear i ty  is va l id .  

Equat ion  (2.4-1) b e c o m e s  

dw (2.4-22) FI - F4 : Mdt 

i.e. 

dw M-~-- ÷ cz  : F (2.4-23) 

The  mode l  of mot ion now c o m p r i s e s  Equa t ions  (2.4-3) a n d  (2.4-23). with 

w h o s e  h e l p  it is e a s y  to show that 

M d2z + cz  = F (2.4-24) 
tit 2 

It is not difficult to c o m b i n e  t he se  two OLDE of the  first o rder  into 

matrix s t a t e - s p a c e  form [0 [0] 
A 

The  e i g e n v a l u e s  of matrix A a re  now a c o m p l e x  c o n j u g a t e  pa i r  

x 1.2 = ~/--~-  J (2.4-26) 



[20 CHAP. 2 L U M P E D  PROCESSES 

which  shows  that  the  t r ans ien t  p r o c e s s  will b e  p e r i o d i c .  The  rea l  par t  

e q u a l s  ze ro  (which  is a d i r ec t  c o n s e q u e n c e  of the a s s u m p t i o n  that there  

a r e  no  r e s i s t a n c e  frict ion forces) ,  s o  this is the  a l r e a d y  known  c a s e  of 

u n d a m p e d  osc i l l a to ry  motion.  Equa t ion  (2.4-24) is a DE of a s e c o n d - o r d e r  

(p ropor t iona l )  s y s t e m  ( p e r i o d i c  sys t em)  in wh ich  the d a m p i n g  par t  e q u a l s  

zero .  The  fact  that the p r o c e s s  is osc i l l a to ry  i n d i c a t e s  that  the re  must b e  a 

poss ib i l i ty  for c h a n g e  in e n e r g y  form in this combina t i on .  Intui t ively,  this is 

c lea r .  The  k inet ic  e n e r g y  c o n t a i n e d  in the motion of mass  M b y  v e l o c i t y  w 

c h a n g e s  into the po ten t i a l  e n e r g y  s t o r ed  in the sp r i ng  b y  its c o m p r e s s i o n  

a n d  s t re tch ing ,  i.e. b y  c h a n g e s  in d i s p l a c e m e n t  v a r i a b l e  z. Howeve r ,  the 

d y n a m i c  coef f ic ien t ,  i n e r t a n c e  I, must a l so  b e  found.  This i n e r t a n c e  is par t  

of the osc i l l a to ry  p r o c e s s  b e c a u s e ,  as  we  a l r e a d y  s h o w e d  in Sec t ion  2.2. 

s u c h  p r o c e s s e s  a r e  p o s s i b l e  on ly  if there  is a link b e t w e e n  e l e m e n t s  of 

c a p a c i t a n c e  a n d  i n e r t a n c e .  The  p a t h  l e a d i n g  to that  i n e r t a n c e  I will, 

n e v e r t h e l e s s ,  not b e  intui t ive s i n c e  it is more  su i t ab l e  to u s e  m a t h e m a t i c a l  

e x p r e s s i o n s  a n d  def in i t ions  from which  it follows d i r ec t l y  

I = ~ = Ed__.~t = wd___t = d__~z = I__. (2.4-27) 
dF dF dF dF c 
dt 

Fit) --l" ' I ,  1:.=+1, 1 - I l l  
:1 :1 -I : l : l  

Z 

]Fig. 2 . 4 - 6  Block d i a g r a m  of t rans la t iona l  mot ion of a b o d y  if 

r e s i s t a n c e  d e p e n d s  l inear ly  on d i s p l a c e m e n t  

We h a v e ,  thus, u s e d  the def in i t ion  b y  which  I e q u a l s  the  rat io of effort 

to g r a d i e n t  of flow, a n d  a little c a l c u l a t i o n  g a v e  us that  coef f ic ien t .  The  

d y n a m i c  p r o c e s s  of c h a n g e  in pos i t ion  z d u e  to fo rce  F is g i v e n  in the  

b l o c k  d i a g r a m  as  s h o w n  in F igure  2.4-6. Coeff ic ients  C a n d  I a r e  g i v e n  b y  

(2.4-12) a n d  (2.4-27) . 
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The  p r e c e d i n g  e x a m p l e  has  b r o u g h t  us c lo se r  to c o n s i d e r i n g  as  o n e  

whole  the  d y n a m i c s  of m e c h a n i c a l  a n d  o ther  p r o c e s s e s .  E x a m p l e s  h a v e  

b e e n  p r e s e n t e d  in the form of s t a t e - s p a c e  e q u a t i o n s  a n d  b l o c k  d i a g r a m s ,  

coef f ic ien ts  of c a p a c i t y ,  r e s i s t a n c e  a n d  iner t ia  h a v e  b e e n  g iven ,  a n d  in 

this w a y  we d e v i a t e d  from the usua l  a n a l y t i c a l  tools of c l a s s i c a l  

m e c h a n i c s .  

The fol lowing e x a m p l e  will show the ear l ier  m e n t i o n e d  dua l i ty  wh ich  

a p p e a r s  in m e c h a n i c s  as  a result  of the s e l e c t i o n  of d y n a m i c  v a r i a b l e s  

a n d  coef f ic ien ts .  A similar dua l i ty  a lso  ex i s t s  in e l ec t r i c a l  circuits .  

• - x a m p l e  2 Duali ty of d y n a m i c  v a r i a b l e s  a n d  coef f i c i en t s  in 

m e c h a n i c s  

F igure  2.4-7 shows  two m a s s - s p r i n g - d a m p e r  sys tems .  Der ive  DE 

d e s c r i b i n g  their d y n a m i c s ,  d e t e r m i n e  their d y n a m i c  v a r i a b l e s  a n d  d y n a m i c  

coef f ic ien ts ,  a n d  d raw  their b l o c k  d i a g r a m s .  The  d ry  friction r e s i s t a n c e  is 

n e g l e c t e d ,  i.e. F2 ; 0. 

The  s y s t e m s  s h o w n  in F igure  2.4-7 a r e  similar in d y n a m i c  

cha rac t e r i s t i c s .  The  e s sen t i a l  d i f f e r e n c e  is that in F igure  a) the 

d i s p l a c e m e n t s  z, i.e. ve loc i t i e s  w = z '  a r e  e q u a l ,  which  d o e s  not  hold  for 

F igure  b). On that F igure  the ve loc i t i e s  a re  di f ferent  but  the fo rces  a r e  

equa l .  

" ~ I - i l l  

Z m = Z 0 = Z d 

z~  : z~ : z~ 

a] 

Z o I ~ Z d ~ Z m  
I ! 
I c ! 0 

Y / i / i / i / i / / / / / / / / / / / / / / / / / / / / / / / / / / / / / . , ,  

z,,.  F" z o ~ z d 

bl 

F i g .  2 . 4 - 7  M e c h a n i c a l  s y s t e m s  with~ 

a) e q u a l  ve loc i t i e s  

b) e q u a l  forces  
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App]ying Newton's law for the conservation of momentum to the system 

on Figure 2.4-7a (where Zm = zo = Zd = z) yields 

d2z 
F - cz - ~dD-~--~ = M L-T£,2 (2.4-28) 

U.[ 

F, F+ F3 

i.e. 

M d2z D d z  
dtz * d t  * cz  = F (2.4-29) 

In the s y s t e m  on F igu re  2.4-Yb the  ve loc i t i e s ,  i.e. the d i s p l a c e m e n t s ,  a re  

no longe r  equa l .  Here  the  fo rces  a r e  equa l .  If we  d e r i v e  d 'A lember t ' s  

e q u a t i o n s  for the equJ] ibr ium of fo rces  for poin t  A a n d  for mass  M. we  g e t  

the fo l lowing two e q u a t i o n s  

C(Zo  " Zd) = D (Z 'd  - Z'm) , (2 .4-30)  

D(z' d - Z'm)= MZr~ (2.4-31) 

R e a r r a n g e m e n t  y ie lds  

M |1 M i 
" ~ - W  m + "-~'W m + W m = W 0 ( 2 . 4 " 3 2 )  

The  c a s e  o n  f igure  2.4-7a. d e s c r i b e d  b y  (2.4-29). h a s  a l r e a d y  b e e n  

a n a l y z e d  in the p r e c e d i n g  e x a m p l e  a n d  m a t h e m a t i c a l l y  d e s c r i b e d  b y  

(2.4-24), on ly  h e r e  the  r e s i s t a n c e  fo rce  Dw, r e p r e s e n t e d  b y  a d a m p e r ,  is 

a l so  i n c l u d e d .  The  d y n a m i c  v a r i a b l e s  a n d  coe f f i c i en t s  d e f i n e d  ear l ier  a l so  

sat isfy in this c a s e .  Now they  must  b e  d e t e r m i n e d  for the s y s t e m  on  F igure  

2.4-Tb. 

It ha s  a l r e a d y  b e e n  m e n t i o n e d  that  force  F is a c o m m o n  a n d  e q u a l  

v a r i a b l e  for all the th ree  e l emen t s ,  a n d  h e r e  it is the v a r i a b l e  of effort. 

The  v a r i a b l e  of flow, a l so  a n  input  v a r i a b l e ,  is now v e l o c i t y  w. This is the 

c h a n g e  from the p r e c e d i n g  e x a m p l e ,  w h e r e  the d y n a m i c  v a r i a b l e s  w e r e  

the o p p o s i t e  - the v a r i a b l e  of effort was  v e l o c i t y  w a n d  of flow fo rce  F. 

The  s t o r ed  v a r i a b l e  is the  v a r i a b l e  of s p r i ng  s t r e t ch ing  a n d  c o m p r e s s i o n  

~Z = Z o - Zd- 

The dynamic coefficients (capacitance. resistance and inertance) are 

obtained directly from their definitions 
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AV z I 
C = - -  

E F c 

E F 
R . . . . .  D 

F w 

E F F 
l . . . . . . .  M 

dF d._ww z" 
dt dt 

[2.4-33) 

(2.4-34) 

(2.4-35) 

The Table  2.4-2 shows the d y n a m i c  va r i ab les  a n d  coeff ic ients ,  i.e. their 

poss ib le  dual i ty  in m e c h a n i c s  (the c a s e  of rotat ional  motion is a lso 

p resen ted) .  

T a b l e  2 . 4 - 2  

AV 

F 

E 

Translat ion 

I m =  MW 2 

F w 

w F 

I 
C M c 

R l D 
D 

I 
I M 

C 

Rotation 

L z = J w  %o 

M z 

Mz 

j 1 
C t  

l 
Dt Dt 

! 
I 

C t  

Figure  2.4-8 represen t s  a b lock  d i ag ram for the desc r ip t ions  g i v e n  b y  

Equat ions  (2.4-2Q) a n d  (2.4-32). 

The e x a m p l e  in which force  F is the flow va r i ab le  is more natural  a n d  

eas ier  to unde r s t and ,  a n d  this is the c a s e  for which we will de r ive  

s t a t e - s p a c e  e q u a t i o n s  a n d  a n a l y z e  e i g e n v a l u e s .  If state va r i ab les  a n d  

inputs are  s e l e c t e d  as follows 

X(=Z 

X 2 = W = Z' 

u = F . 

two first-order OLDE ate obtained 

XI ~ z Z ~ = W = X 2 
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c D , 1 c D I 
= Z" = - ~-Z " 4- -- + 

which it is easy to set down .in the form of matlix state-space 

e q u a t i o n s  [:] [0 ][:] [el 

F=F~ - '  I ' 
- - %  

Wo - -  
IL  

GF ! Z..Mw 1_. w 

Wm ~ !  

6w ! 6z ~ F 

o) 

b) 

I m = M W  m 

Fig. 2 . 4 - $  B l o c k  d i a g r a m s  of the  m e c h a n i c a l  s y s t e m  

m a s s - s p r i n g - d a m p e r  

It is not  diff icult  to e s t a b l i s h  that  (2.4-T), (2.4-14) a n d  (2.4-25) a r e  o n l y  

s p e c i a l  c a s e s  of  the  u p p e r  e q u a t i o n s .  T h e  e i g e n v a l u e s  a r e  o b t a i n e d  b y  

s o l v i n g  E q u a t i o n  (X I - A) = 0 so  that  

-D , ~/D ~ - 4 c M  
Xl.2 = 2M (2.4-37) 

An a n a l y s i s  of  the  las t  e x p r e s s i o n  po in t s  to t h r e e  p o s s i b l e  se t s  of 

v a l u e s  for the  e i g e n v a l u e s  ),: 
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a) D 2 < 4 cM, x l,~ is a pa i r  of c o m p l e x  c o n j u g a t e  v a l u e s  with a 

n e g a t i v e  rea l  par t ,  the  r e s p o n s e  is of d a m p e d  p e r i o d i c  c h a r a c t e r .  

b) D 2 = 4 cM, ),~ = ),2 is a pa i r  of e q u a l  n e g a t i v e  rea l  roots,  the 

r e s p o n s e  is u n p e r i o d i c .  

c) D ~ > 4 cM~ ),1 " ),2, the  roots  a re  real .  n e g a t i v e  a n d  different ,  the 

r e s p o n s e  is u n p e r i o d i c  a n d  s t l ong ly  d a m p e d .  

The  fol lowing s t a n d a r d  coe f f i c i en t s  for p e r i o d i c  p r o c e s s e s  a I e  v e r y  

often u s e d  in p r a c t i c e .  

The  na tura l  b e q u e n c y  of u n d a m p e d  (D = O) osc i l la t ion  

60 n i s 

The d a m p i n g  rat io 

a c t u a l  d a m p i n g  coe f f i c i en t  D 

= cr i t ica l  d a m p i n g  coe f f i c i en t  2-~c--M 

Subs t i tu t ing  t he se  v a r i a b l e s  into (2.4-2"/) for e i g e n v a l u e s  

(2.4-38) 

(2.4-39) 

(2.4-40) 

The  a n a l y s i s  that  was  c a r r i e d  out  for Equa t ion  (2.2-3.27) is va l id  h e r e  

also.  e x c e p t  that in this c a s e  undamped osc i l l a t ions  (D = 0). a n d  (2.4-13) 

m a k e s  r e s i s t a n c e  R infinite. In the  m e n t i o n e d  a n a l y s i s  w e  must.  therefore .  

t ake  the  coe f f i c i en t  of v i s c o u s  friction D i n s t e a d  of R in s u c h  c a s e s .  

E x a m p l e  3 Dynam i c  m ode l s  of d i f ferent  m e c h a n i c a l  sy s t ems  

F igure  2.4-9 shows  th ree  s imple  m e c h a n i c a l  sy s t ems  with g i v e n  input  

a n d  ou tpu t  v a r i a b l e s .  De r i ve  a d y n a m i c  m o d e l  for those  s y s t e m s  a n d  

d e t e r m i n e  the e i g e n v a l u e s  of s y s t e m  matr ix  /~. T h e  b a s i c  a s s u m p t i o n s  for 

the ind iv idua l  sy s t em s  are .  

a) the cy l i nde r  rolls without s l iding.  
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b) the dr iv ing torque is transferred, without sl iding, from drum 1 to drum 

2, which lifts a load by winding a stiff, uns t re tchable  rope, 

c) the mass and moment of inertia of the lever  are neg lec ted .  

~ '- Z I : U  

i 
ol 

T . / / / / / / , ~ / 2 / / / / / / / / / / / / / / .  

Z ~.tj [ . . . . . .  -4 

~z = tJI 

M=U 2 

" / / / / / / / / i t ,  

b) 

¢3 

F i g .  2 .4-9  Three simple mechanica l  systems 

a) The equat ion descr ib ing  relations be tween  displacement  z of the 

cyl inder  and d isplacement  z~ of the end  of the spring are ob ta ined  by 

deriving the equat ions of equilibrium for horizontal forces and torques 



sEc. 2.4 127 

a round  the cen t r e  of the cy l inder  (d 'Alembert ' s  pr inciple)  with the help  of 

Figure 2.4-10. 

}/////////,~W.X.Z~ 

~ F,=clzl-z} 
X.~:.Z/////////W//F 

N 

Fig.  2 . 4 - I 0  The forces  ac t i ng  on the cy l inder  

The equil ibrium of forces  y ie lds  

Mz" ; F o -  F = c(z~ -z) - F , (2.4-41) 

a n d  the equil ibrium of torques  a r o u n d  the cy l inder  cen t re  y ie lds  

J,p" = Fr (2.4-42) 

S ince  there  is no s l id ing z = r,~, so (2.4-42) b e c o m e s  

Jz "=  Fr 2 (2.4-43) 

For the c y l i n d e r  J = Mr2/2. so if F is expressed from the last equat ion.  
(2.4-41} b e c o m e s  

2 c  2 c  
z" , -~-~-z = ~- - -~z l  (2.4-44) 

With the state variables xt = z and x2 = w, it follows that 

| 

[ z , ]  (2.4-45) '  
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The  e i g e n v a l u e s  of matrix i~ a r e  a c o m p l e x  c o n j u g a t e  pa i r  

= • 2~32~ ~ . j (2.4-4~) X1,2 

which  shows  that this is a t yp i ca l  p e r i o d i c  u n d a m p e d  p r o c e s s  of 

s e c o n d - o r d e r  (p ropor t iona l )  sys tem.  

b)  F igu re  2.4-11 shows  all the  p o s s i b l e  fo rces  a n d  to rques  on e a c h  of 

the par t s  of the load- l i f t ing  sys tem.  

F N]E 

%01 ' ~'11 ~ )  

l~l,=U 

C 

Mg Mz"  

z,z~z N 

]Fig .  2 . 4 - U  F o r c e s  a n d  to rques  on a load- l i f t ing  s y s t e m  

The  e q u a t i o n s  for to rque  equ i l ib r ium a r o u n d  the c e n t r e s  of rota t ion A 

a n d  B a n d  for the equa l i t i e s  of the ver t i ca l  fo rces  a c t i n g  on mass  M a re  

Jl ~01" = Mz - Frl . ( 2 . 4 - 4 T )  

J2~2" = Fz2 - Sr~ (2.4-48) 

Mz" = S - Mg (2.4-49) 

Point C of d rum 2, a s s u m i n g  the  r o p e  is stiff a n d  u n s t r e t c h a b l e ,  m o v e s  

at the s a m e  ve loc i t y  as  the ra i s ing  l o a d  w = z °. a n d  s i n c e  there  is no  

s l id ing,  the ve loc i t i e s  of po in ts  E a n d  D will b e  equa l .  The  fol lowing 

re la t ions  a r e  thus fulfilled 
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r 2 ~  ~ : Z '  ]'2~a~ : Z "  I'2%o2" : Z "  

r2G) 2 : r | o !  z2G) ~ = ziG,} I '  r2~o2" : ] l~1  'i 

(2.4-50) 

Using the a b o v e  equa l i t i e s  a n d  e l imina t ing  the e x p r e s s i o n s  for F a n d  S 

from the p r e c e d i n g  th ree  e q u a t i o n s ,  g i v e s  the final mode l  fox the  l o a d ' s  

he igh t  c h a n g e  in the  form of the fol lowing s e c o n d - o r d e r  OLDE 

J_.~ J2 
(M , r~ + '~--o ) r t z "  = Mz - Mgr l  

T 

a l  

or the s t a t e - s p a c e  e q u a t i o n  
i 

0Jill [0 
a l  

A bz~ 

a !  

bzz 

(2.4-51) 

(2.4-52} 

The  e i g e n v a l u e s  of matr ix  A a re  e q u a l  

Xl : X2 : 0 (2.4-53) 

Thus we  h a v e  a se r i e s  of two "pure"  in tegra l  sy s t ems  with no t ime lag .  

T h e s e  in ter re la t ions  a r e  c la r i f ied  in the b l o c k  d i a g r a m  p r e s e n t a t i o n  in 

F igure  2.4-12. 

M 

G Z" Z 

F i g .  2.4-12 Block d i a g r a m  of load- l i f t ing  s y s t e m  

F igure  2.4-12 shows  qui te  c l e a r l y  that  a l o a d  of mass  M will rest  on ly  if 

Mzb2t + Mb22 = 0 

i.e. for 
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Mz = Mg r, (2.4-54) 

In all o ther  c a s e s  the l o a d  r a i se s  or d e s c e n d s  c o n t i n u o u s l y  to 

( theore t ic )  infinity, which  is a t yp i ca l  a n d  g e n e r a l l y  known  p r o p e r t y  of 

in tegra l  sys t ems .  

c) The  forces  c a u s e d  b y  motion of this m e c h a n i c a l  s y s t e m  ar i se  in the 

d a m p e r  a n d  in the spr ing .  A c c o r d i n g  to (2.4-17), the  fo rce  in the d a m p e r  is 

p ropor t i ona l  to the v e l o c i t y  d i f f e r e n c e  b e t w e e n  the  p is ton  a n d  the 

cy l i nde r  

Fp = D(z '  - L~') (2.4-55) 

The fo rce  in the s p r i ng  is p r o p o r t i o n a l  to its c o m p r e s s i o n  

Fo = cL~, (2.4-56) 

The  e q u a l i t y  of those  two fo rces  g i v e s  

D(z '  - L~') = cL~ (2.4-57) 

i.e. 

D , ._D (2 4-58)  --%0 + @ = Z' 
c c]/ 

If we use the .first column of Table 2.4-2 and introduce dynamic 

coefficients of inertia and resistance (2.4-~8), becomes 

I I I --~-,p' ÷ ,~ = --~--~z' (2.4-59) 

i.e. 

d~o 1 , 
T--~-- + ~ = ---~-Tz (2.4-60) 

The time constant T = I/R has already been obtained (see (2.2-1.24)), 

and the right-hand side of Equation (2.4-60) shows that the relationship 

between the displacement of cylinder piston z and angle of displacement 

%0 is given by a derivative system with first-order lag. In the dynamic 

sense this relationship is completely analogous to that existing between 

outflow mo and pressure Po or the cross-sectional area of valve A o, given 

by Equation (2.2-2.30) in the case of the gas storage tank. There is also a 

dynamic analogy with the process of heat conduction, with the 
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re la t ionship  b e t w e e n  hea t  flow rate q2 a n d  t empera tu re  of h e a t e d  fluid 0f, 

which  is shown with an a p p r o x i m a t e d  transfer funct ion (3.2-51), i.e. (3.2-61). 

E igenva lue  ),1 = I/T. but the d y n a m i c s  of this p r o c e s s  is a l so  

c h a r a c t e r i z e d  b y  the ze ro  va lue  of the transfer funct ion nominator,  which  

is now in the origin,  n, = 0. 

We must also s ay  that d y n a m i c  p r o c e s s e s  in m e c h a n i c a l  sys tems will 

a lways  b e  of a de r iva t ive  c h a r a c t e r  when  the input va r i ab le  is the 

d i sp l acemen t  of the d a m p e r  piston. 

The next  a n d  last e x a m p l e  in this sec t ion  shows a c a s e  that in fact  

b e l o n g s  to the fol lowing part  of this c h a p t e r  abou t  p r o c e s s e s  with l umped  

parameters ,  the part  in which  c o m p o s e d  p r o c e s s e s  of h igher  order  will b e  

shown.  This e x a m p l e  c a n  se rve  as a kind of transition to the desc r ip t ion  

of s u c h  p r o c e s s e s ,  which  c a n  b e  b roken  d o w n  into severa l  ba s i c  ones  

a n d  w h o s e  model  is (at least) of s e c o n d  or h igher  order .  Besides ,  we also 

want to show an e x a m p l e  here  of a p r o c e s s  that is or iginal ly  nonl inear  

a n d  has  two states of equilibrium. One  of those  equi l ibr ium points  of 

ope ra t ion  is uns tab le ,  a n d  the other  marginal ly  s tab le  in this i d e a l i z e d  

frictionless ca se ,  but s tab le  in p rac t i ce .  We a lso  wish to show that the 

same models  for the motion of c o m p o s e d  m e c h a n i c a l  sys tems can  be  

o b t a i n e d  if we use  L a g r a n g e ' s  equa t i ons  of motion or Newton 's  laws. 

Although the e x a m p l e  will be  rather i d e a l i z e d  a n d  s e e m i n g l y  only  of 

theoret ic  impor tance ,  we must s ay  that these  are  c a s e s  that a p p e a r  as  

problems of control  in modern  t e chn i ca l  p rac t i ce .  

Example 4 Dynamics  of a c o m p o s e d  m e c h a n i c a l  system. Stability of 

moving  p e n d u l u m  equi l ibr ium state  

Figure  2.4-13 shows an i d e a l i z e d  p e n d u l u m  whose  mass is c o n c e n t r a t e d  

at its end,  a t t a c h e d  to a cart  that  c a n  move  in the ver t ical  z -y  p l a n e  

unde r  the in f luence  of d r iv ing  force  F in the d i rec t ion  of the hor izontal  z 

axis. Two bas ic  posi t ions are  shown in which the p e n d u l u m  must b e  

ma in ta ined  by  c h a n g e s  in force  F. (The first, upr igh t  posi t ion rep resen t s  

the simplest  one -d imens iona l  mode l  that is u s e d  for cont ro l l ing  rockets  
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d u r i n g  takeoff ,  w h e n  they  must b e  m a i n t a i n e d  in a n  upr igh t  posi t ion.  The  

s e c o n d  is the c a s e  of a s u s p e n d e d  p e n d u l u m ,  t o d a y  often u s e d  as  a 

mode l  for p l a n n i n g  cont ro l  p r o c e d u r e s  w h e n  l oads  a r e  t r a n s p o r t e d  b y  

c r a n e  a n d  the task of their op t imum cont ro l  c a n  b e  r e g a r d e d  ei ther  as  a 

ques t ion  of the  smal les t  p o s s i b l e  s w i n g i n g  of the load ,  or a s  con l ro l l ing  

l oad  t ranspor t  in minimum time.) Los s e s  d u e  to friction in the  joints a n d  

the b o d y ' s  r e s i s t a n c e  to mot ion a r e  n e g l e c t e d .  

Der ive  the non l inea r  mode l  of mot ion d y n a m i c s  for the mov ing  

p e n d u l u m ,  l i nea r i ze  it, formulate  s t a t e - s p a c e  e q u a t i o n s ,  d e t e r m i n e  

e i g e n v a l u e s  of the  s y s t e m  matrix A a n d  on their ba s i s  c o n c l u d e  a b o u t  the 

c h a r a c t e r i s t i c s  of the t rans ient  p r o c e s s  a n d  the s tabi l i ty  of the equi l ib r ium 

point .  Der ive  the  mode l s :  

a - u s ing  Newton ' s  l aws  (upr igh t  p e n d u l u m )  

b - formulat ing L a g r a n g e ' s  e q u a t i o n s  of motion ( s u s p e n d e d  p e n d u l u m )  

M 2 : = Z 

o) b) 

F i g .  2 . 4 -13  Moving  p e n d u l u m  

a) F igure  2.4-14 shows  the g e o m e t r i c a l  re la t ions  which  will b e  u s e d  to 

d e r i v e  the laws of motion. We must immed ia t e ly  o b s e r v e  that if the car t  

m o v e s  a l o n g  the p a t h  z, the d i s p l a c e m e n t  of the p e n d u l u m  in the 

d i rec t ion  of the z ax is  e q u a l s  z + L sin ~ . 
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z Lsin~O 

LCOS~p mn~ 
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Fig.  2.4-14 Geometrical relations in an upright moving pendulum 

The application of Newton's laws of motion for translation in the 
direction of the z axis yields 

d2z d 2 
h/i, ~-~ + M 2 ~  (z + Lsin~,) = F (2.4-61) 

For rotation of the pendulum about point A the law for the conservation 

of momentum is 

d 2 d 2 
[Mzd---~-(z ÷ L s i n e ) ] L c o s e -  [Mz dt--d~--(2 Lcose)]Lsine = MzgLsine 

(2.4-62) 

Before differentiating the above  expressions we must mention that the 
pendulum's angular displacement  is a time function (a dynamic variable), 
which means 

d 
dt sine = cose'e' 

d 2 
dt  2 s ine  = -sin,p.q, '~ + c o s e  e"  (2.4-63) 

d 
d! cose = -sinq,.e' 

d 2 
dt2cose = -cos~o.e .2 - sin~o.~p" 
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Referring to the a b o v e  exp re s s ions  a n d  different iat ing the equa t ions  

y ie lds  

(M~ + M2 ]z "  - M2L (s i n~ )~  '2 + M2L(cos~)~0" = F (2 .4 -64)  

M z z " c o s e  ÷ M z L e "  = M 2 g s i n e  (2 .4-65)  

These  two equa t ions  are the n e n | | n o a l "  model  for the motion 

d y n a m i c s  of an upr ight  mov ing  p e n d u l u m  under  the in f luence  of force F. 

The simplest way  to l inear ize  this model  is to use  the fact that for 

small dev ia t i ons  from the upright ,  equi l ibr ium posi t ion sin,p = ~, cos~0 ; I. 

a n d  b e c a u s e  of its small va lue ,  the p r o d u c t  ~0 • ,p,2 c a n  be  m a d e  e q u a l  to 

zero.  This g ives  us the following linear model  for the motion of this 

system, which  is sa t i s fac tory  foi small angu la r  d i sp lacemen t s .  

(MI ÷ M z ) z "  ÷ M2Le"  = F . (2.4-66)  

M~z" * M2L~"  = M2g~  (2.4-b7)  

To obta in  models  in the form of matrix s t a t e - s p a c e  equa t i ons  the state 

va r i ab les  must b e  se l ec t ed .  As until now, in m e c h a n i c a l  p r o c e s s e s  of 

motion the most natural  se lec t ion  will a lso b e  made.  Here s tate  var iab les  

are  the d i s p l a c e m e n t s  a n d  veloci t ies  of the car t  and  the pendu lum.  Thus 

for 

XI = Z 

x2 = z'  = w (2.4-68] 

X3  = ~ 

the linear model  o b t a i n e d  c a n  b e  t ransformed into this final form 

r Z 
!w 
I 

W 

0 

0 

0 

0 

1 0 0- 

0 --~g 0 

0 0 1 

0 MI+M2 
M1L g 0 

"z- 0 -~ 

l ] !, , [F] (2.4-6Q) 
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X '  = A X 4 " B U  

Solv ing  e q u a t i o n  (XI A) ; 0 g i v e s  the  fol lowing 

e q u a t i o n  for that mode l  

MI+M2 , 

)2()2 E g J  " 0 

from which  the  fol lowing e i g e n v a l u e s  follow d i r ec t ly  

c h a r a c t e r i s t i c  

(2.4-'ro) 

k1=0 

~2 = 0 

/ MI÷M2 - 

/ MI÷M2 - 

(2.4-71) 

As until now in the c a s e  of t rans la t ion ,  the e i g e n v a l u e s  X I = k 2 - 0 

b e l o n g  to c h a n g e s  in the pos i t ion  z a n d  v e l o c i t y  w of the car t .  T h e  

e i g e n v a l u e  X3 i s  p o s i ( i v e ,  a n d  shows  that the e q u i l i b r i u m  p o s i t i o n  
o f  t h e  u p r i g h t  p e n d u l u m  i s  u n s t a b l e  in the s e n s e  that  if o n e  

v a r i a b l e  (in this c a s e  the a n g u l a r  d i s p l a c e m e n t  of p e n d u l u m  ,p) is 

d i s t u r b e d  for e v e n  the smal les t  amoun t  it will i r r eve rs ib ly  d e p a r t  further 

a n d  further a w a y  f r o m  the equ i l ib r ium pos i t ion  ,p = O. k4 is a rea l  a n d  

n e g a t i v e  v a r i a b l e  a n d  r e l a t e d  to c h a n g e s  in a n g u l a r  ve loc i ty .  

b) The  L a g r a n g e  e q u a t i o n s  of mot ion a r e  g i v e n  as  follows 

d 3L . aL aD 
,.~, o~..1 - ~ '  ~ )  " ~q--/- ÷ ~ '~ O I ,  (i = 1. 2 . . . . .  k) (2.4-72) 

L ... 

T ... 

V ... 

D ... 

O ... 

q ... 

k _. 

L a g r a n g i a n .  L - T - V 

kinet ic  e n e r g y  

po ten t i a l  e n e r g y  

Ray le igh ' s  d i s s ipa t ion  funct ion 

ex t e rna l  ( g e n e r a l i z e d )  fo rce  in the d i rec t ion  of the  i-th c o o r d i n a t e  

g e n e r a l i z e d  c o o r d i n a t e  

d e g r e e  of f r e e d o m  of the m e c h a n i c a l  sy s t em 

Equa t ion  (2.4-72) shows  a s y s t em  of k (in the g e n e r a l  c a s e  non l inear )  

different ia l  e q u a t i o n s  of the s e c o n d  order .  
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The  

sys tem 

motion 

for the 

m o v i n g  s u s p e n d e d  p e n d u l u m  is a n  e x a m p l e  of a m e c h a n i c a l  

with two d e g r e e s  of f r eedom.  The  g e n e r a l i z e d  c o o r d i n a t e s  of that 

a re  v a r i a b l e  z for t h e  t rans la t ion  a n d  the a n g u l a r  d i s p l a c e m e n t  ,p 

rota t ion of the p e n d u l u m .  

The  

T =  

kinet ic  e n e r g y  of the  s y s t e m  is 

l 2 1 2 ~-M,w, + ~-M2w.  (2.4-73) 

The v e l o c i t y  of the  ca r t  wt = z, a n d  w2 is the  a b s o l u t e  v e l o c i t y  of mass  

M2 which  is o b v i o u s l y  c o m p o s e d  of v e l o c i t y  c o m p o n e n t s  in the  d i r ec t i on  

of the  z ax i s  a n d  the  y axis .  There fo re .  F igu re  2.4-14 a n d  Equa t ion  (2.4-63) 

y i e ld  

w22 - (z + L s i n ~ )  '2 * ( L c o s ~ )  '2 = z '2 ÷ LZ~ 'z ÷ 2z 'Lcos~. ,p '  (2 .4-74)  

Subst i tu t ing  this e x p r e s s i o n  for ve l oc i t y  into (2.4-73) y i e lds  

1 2 l .  . ,2  T = ~-Mtwl  + -~mzlZ + L2~o '2 + 2z'Lcos~o'~')  (2 .4-75)  

The  po ten t i a l  e n e r g y  of the s y s t e m  is 

V -- MzgL(1 - cose )  (2 .4-75)  

It is c l e a r  that in the  equ i l ib r ium s ta te  V = O. wh ich  resul ts  from the 

u p p e r  e q u a t i o n  for ,p = O. 

The  L a g r a n g i a n  is now not difficult to c a l c u l a t e  

1 , / 
L = T - V - - -~-M,wl  + M 2 ( z ' 2 +  L2,p '2 ÷ 2z 'Lcos~0. ,p ' ) -M2gL( I  - cosec) 

The  e q u a t i o n s  of mot ion  a l o n g  

d i r ec t ly  from (2.4-72) 

dt  az' az ' 

d aL aL 
(__3 - = 0 

d t  

(2.4-77) 

the  g e n e r a l i z e d  c o o r d i n a t e s  follow 

(2.4-78) 
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Subs t i tu t ing  Equa t ion  (2.4-77) for L into this s y s t e m  of e q u a t i o n s  a n d  

c a r r y i n g  out  the n e c e s s a w  o p e r a t i o n s  g i v e s  the d e m a n d e d  d e s c r i p t i o n  of 

the  motion d y n a m i c s  of a m o v i n g  s u s p e n d e d  p e n d u l u m  

(M, * M2)z" - M2L(sin~o)~o '2 * M2L(cos~o)~o" = F (2.4-79) 

Mzz"cos~o + M2L~" : - Mzgsin,p (2.4-80) 

Again  this is a mode l  c o m p o s e d  of two non l inea r  s e c o n d - o r d e r  ODE, 

which  differs from the m o d e l  of the  up r igh t  p e n d u l u m  in the  s ign  of the 

f i gh t -hand  s ide  of the s e c o n d  equa t ion .  Howeve r .  this "small'* d i f f e r e n c e  

l e a d s  to e s sen t i a l l y  di f ferent  resul ts  in the w a y  in which  this s y s t e m  
moves .  

L ineaf iza t ion  a n d  the s e l e c t i o n  of s ta te  v a r i a b l e s  is c a r r i e d  out in the 

s a m e  w a y  as  in the p r e c e d i n g  c a s e .  which  g i v e s  the fol lowing l inear  

mode l  for a m o v i n g  s u s p e n d e d  p e n d u l u m  in the form of matrix s t a t e - s p a c e  

e q u a t i o n s  

[ " Z  

[ 
i W 
I 
i 
: '#  

(.,O 

0 l 

0 0 

= 0 0 

0 0 

0 O- 

- ~ - g  0 

0 1 

MI*M2 
M~L g 0 

- z  o 1 

w M~ 

* [ F ]  

f~ 

(2.4-81) 

The c h a r a c t e r i s t i c  e q u a t i o n  of matrix ~ is now 

X2(X 2 - a,3)  = 0 (2.4-82) 

from which  follow the e i g e n v a l u e s  for a m o v i n g  s u s p e n d e d  p e n d u l u m  

}, l=O 
x 2 = O  

/ M,*M2 

(2.4-83) 

/ Ml*Mz 
= _ l / : g  J 
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The  e i g e n v a l u e s  )̀ ~ a n d  )`2 b e l o n g  to t ransla t ional  motion of the car t  

a n d  h a v e  not c h a n g e d ,  which was to b e  e x p e c t e d  s ince  there  was no 

c h a n g e  in that motion. 

However .  the c h a n g e  in the s e c o n d  pair  of e i g e n v a l u e s  is essent ia l .  )`3 

a n d  ),4 a re  a c o m p l e x  c o n j u g a t e  pair  ~on the imaginary  axis (their zeal 

par t  e q u a l s  zero) ,  which means  they  c h a r a c t e r i z e  an  u n d a m p e d  p e r i o d i ca l  

t ransient  p r o c e s s  similar to p r o c e s s e s  that h a v e  a l r e a d y  b e e n  e n c o u n t e r e d .  

The  f r e q u e n c y  ~, of the  osc i l la t ion  (swinging)  is 

/ M,÷M2 
: 1 / ~ g  (2.4-84) 

T h e s e  e i g e n v a l u e s ,  ne i ther  of which  is in the r igh t -hand  s e m i p l a n e  of 

the c o m p l e x  p l a n e  of cha rac t e r i s t i c  Equat ion  (2.4-82) solutions,  show that 

the posi t ion  of equi l ibr ium for the s u s p e n d e d  p e n d u l u m  (~0 = O) is no 
longer  uns tab le .  All the same,  s ince  all p o s s ib l e  r e s i s t an ce s  h a v e  b e e n  

n e g l e c t e d ,  we must s a y  that this posi t ion is not a sympto t i ca l ly  s t ab le  in 

the s e n s e  that after a d i s t u r b a n c e  the angu la r  d i s p l a c e m e n t  of the 

p e n d u l u m  will g r a d u a l l y  return to its initial v a lu e  ~ = O. With this c h o i c e  
of assumpt ions ,  after d i s t u r b a n c e  the  p e n d u l u m  will swing with f r e q u e n c y  

a r o u n d  the initial posi t ion of equi l ibr ium without damping .  
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B. COMPLEX SYqTEMS OF HIGHER ORDER 

2 .5  EXAMPLE -q OF COMPLEX SYSTEMS 

In all the p r e c e d i n g  s ec t i ons  of this c h a p t e r  on  p r o c e s s e s  with t u m p e d  

p a r a m e t e r s  (with the e x c e p t i o n  of the last  e x a m p l e  in Sec t ion  2.4, which  

r e p r e s e n t s  a t ransi t ion to d e s c r i p t i o n s  of h i g h e r - o r d e r  p r o c e s s e s )  we  met 

with p r o c e s s e s  w h o s e  d y n a m i c s  was  d e s c r i b e d  b y  DE of no more  than  

s e c o n d  order .  S u c h  p r o c e s s e s  h a v e  b e e n  n a m e d  b a s i c ,  which  a l lows  us  to 

c o n c l u d e  that they  c o u l d  b e  pa r t s  of e v e n  the most  c o m p l e x  sys tems ,  i.e. 

that c o m p l e x  s y s t e m s  c a n  b e  r e d u c e d  to va r i ous  c o m b i n a t i o n s  of t hose  

b a s i c  p r o c e s s e s .  This is v e r y  f r equen t ly  d o n e  in p r a c t i c e  w h e r e  m o d e l s  of 

e x t r e m e l y  c o m p l i c a t e d  t e c h n o l o g i c a l  s y s t e ms  a re  e n c o u n t e r e d .  For c e r t a i n  

p u r p o s e s  of a n a l y s i s  or syn thes i s  of cont ro l  a lgor i thms  s u c h  sy s t ems  a re  

d e s c r i b e d  b y  mode l s  of fourth, third, a s  well  as  s e c o n d  or first order .  

D e p e n d i n g  on the d e m a n d s  a n d  g o a l s  that  must b e  sa t is f ied ,  o p p o s i t e  

s i tuat ions  a l so  exis t  w h e n  a s e e m i n g l y  s imp le  ob j ec t  is d e s c r i b e d  b y  a 

d y n a m i c  mode l  of h igh  order .  The  c o n c e p t s  of s imp le  a n d  c o m p l e x  a r e  

o b v i o u s l y  r e l a t ive  a n d  we must d is t inguish ,  e s p e c i a l l y  from the a s p e c t  of 

s implici ty,  the p r o c e s s  from its mode l .  All c o m b i n a t i o n s  a r e  p o s s i b l e ,  

c o m p l e x  p r o c e s s  - s imp le  model ,  s imple  p r o c e s s  - c o m p l e x  model ,  a n d  so 

on. This s ec t i on  will. therefore ,  a n a l y z e  c a s e s  w h e n  the  m o d e l  is of 

s e c o n d  or of more  than  s e c o n d  order ,  a n d  the p r o c e d u r e  for o b t a i n i n g  

mode l s  a n d  the  usua l  a n a l y s i s  will b e  s h o w n  on  s e v e r a l  s imp le  c a s e s .  

C o m p l e x  p r o c e s s e s  d e s c r i b e d  b y  h i g h e r - o r d e r  m o d e l s  a r e  met  in 

va r ious  s i tuat ions.  In m o d e l i n g  the  d y n a m i c s  of a l a r g e  p lan t  it is usua l  to 

b r e a k  its s t ruc ture  d o w n  into e l e m e n t a r y  d e v i c e s :  p u m p s ,  r eac to r s ,  p ipe s ,  

v a l v e s  a n d  the like, a n d  then  mode l  e a c h  of t hose  pa r t s  s e p a r a t e l y .  

I n t e r c o n n e c t i n g  all the b a s i c  m ode l s  g i v e s  a h i g h - o r d e r  mode l  for the 

whole  plant .  Another  c a s e  w h e n  a h igh -o rde r  m o d e l  is o b t a i n e d  is for 

p r o c e s s e s  that  o c c u r  in ob j ec t s  of s imp le  g e o m e t r i c a l  s t ruc ture  within 

which  s imu l t aneous  mass ,  e n e r g y  a n d  m o m e n t u m  c h a n g e s  t ake  p l a c e .  

Der iv ing  all the d e m a n d e d  e q u a t i o n s  l e a d s  to a h i g h e r - o r d e r  mode l .  

Finally.  in t e c h n i c a l  p r a c t i c e  the d y n a m i c s  of p r o c e s s e s  with d i s t r i bu t ed  



140 CHAP. 2 LUMPED PROCESSES 

paramete r s  is usua l ly  i nves t i ga t ed  us ing  spat ia l  discret izat ion.  This means  

that a con t inuous  p r o c e s s  is d i v i d e d  into e lements  of finite d imens ion  a n d  

then b a l a n c e  (conse rva t ion)  e q u a t i o n s  a re  d e r i v e d  for e a c h  of those 

e lements .  There  is a lso  ano the r  way:  first PDE are  formulated d e s c r i b i n g  

the d y n a m i c s  of the d is t r ibuted p r o c e s s  a n d  then mathemat ica l  

d iscre t iza t ion  is pe r fo rmed  with r e s p e c t  to the spat ia l  var iab les .  Both 

p r o c e d u r e s  l ead  to the same  result in the s e n s e  that ins tead  of one  or 

severa l  PDE a sys tem of ODE is ob ta ined ,  which  c a n  then be  e l a b o r a t e d  

further ana ly t i ca l ly  or b y  numer ica l  p r o c e s s i n g  on a computer .  

Thanks to c a l cu l a t i ng  a ids  computers ,  t o d a y  models  of very  high 

order  are  d e r i v e d  and  p r o c e s s e d .  However .  for u n d e r s t a n d i n g  the bas i c  

proper t ies  of a model  it is i r relevant  whether  it is of 5th. 55th, 105th or 

lO05th order.  With ve ry  h igh orders  new problems c o n n e c t e d  with 

compu te r  p r o c e s s i n g  are  e n c o u n t e r e d ,  but these  are  not the c o n c e r n  of 

this book.  Therefore .  the fol lowing e x a m p l e s  will remain simple so as to be  

c lear  a n d  e a s y  to unde r s t and .  They  cer ta in ly  i nc lude  the e x a m p l e  of the 

moving  p e n d u l u m  from the p r e c e d i n g  sect ion.  

E x a m p l e  I Three  l iquid tanks in ser ies  

Derive a mathemat ica l  model  of d y n a m i c s  for three l iquid tanks in 

series,  Figure  2.5-1, a n d  after l inear izat ion de te rmine  sys tem matrix A input 

matrix ]8 a n d  find the e i g e n v a l u e s .  Neglec t  l iquid inertia in tanks and  

p ipes .  The following d a t a  are  g iven:  

A i  = I m 2 d l  = 0 . 0 4 5  m L I  = 4 0  m )`t = 0 . 0 4  m h  = 3 k g  
S 

A2 = 0.5 m 2 d2 = 0.O5 m L~ = 1 m X~ = 0.04 mi2 = 2 kg 
s 

A3 = 1 m 2 d3 = 0.06 m L3 = 20 m ),3 = 0.04 mi3 = 2 kg 
S 

The p ressu re  d rop  on the va lve  is ~Pv = 1 bar  a n d  the mean  

c ross - sec t iona l  a r e a  of the v a l v e  is av " O.OOl m 2. 

The d y n a m i c  model  i s  o b t a i n e d  in the usual  way  by  de r iv ing  

equa t ions  for the c o n s e r v a t i o n  of mass for e a c h  of the tanks. Bes ides  

those  equa t ions ,  however ,  it is also n e c e s s a r y  to de r ive  a l g e b r a i c  
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e x p r e s s i o n s  for l iquid  flow th rough  the  s y s t e m  us ing  Bernoul l i ' s  equa t i ons .  

_ rail 

1 

I,.I I . h.o, H_. 

L! It= -~1 =0 

mi3 
rot2 l 

- - -  : _  __.. .--_~ 

Iz=O I3= L-'I =0 O) 

AH! ~Hz ~ 2  ~'t3 ,e}"J3 

, . o . . _  . . . .  

/ L..IK.H / 

F i g .  2.5-1  T h r e e  l iquid  tanks  in s e r i e s  a n d  a b l o c k  d i a g r a m  

of the in te r re la t ions  

A dH: mh - mot = ,p. ~ -  (2.5-I) 

dH2 mi2 + too, - mo~ = A 2 p ~  . (2.5-2) 

dH3 
mi3 ÷ too2 - m o 3  = A3p dt ( 2 . 5 - 3 )  

L, 1 2 
pg(H i "  H2) = ~Pc: = ), ldl  2a~pmol (2.5-4) 

pg(Hz " H3) -- ~Pv . (2.~-6) 

w~ m2o3 L~ I pm2o3 (2.5-b} 
pgH3 = - ~ p  + ~Pc3 = ~ + X3d3 2- 

The s t e a d y  s ta te  for the  g i v e n  mass  flow ra te  v a l u e s  a n d  the tank 

sys t em must first b e  d e t e r m i n e d ,  a n d  then  l inea r i za t ion  a b o u t  that  

o p e r a t i n g  point  p e r f o r m e d .  Equa l i z ing  the r i g h t - h a n d  s ides  of the first 

three  e q u a t i o n s  with z e r o  y ie lds  
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mi, = mo~ = 3 -kg 
S 

mo2 = mil ÷ mi~ = 5 kg 
S 

m.o3 = ml, ÷ mI2 ÷ mi3 -- T k g  
S 

T h e  f o l l o w i n g  l i q u i d  l e v e l s  will  b e  e s t a b l i s h e d  in  t h e  t a n k s  

I:I3 = ( ) , ,  :} ~ + ~ Pg = 4 .57  m 

~2 = ~Pv + ~3 = 14.77 m , 
pg 

I mZ°' + R2 = 21.21 m 

L i n e a H z i n g  t h e  m o d e l  a s  s h o w n  in S e c t i o n s  2.1-I a n d  2.2-] g i v e s  the  

f o l l o w i n g  l i n e a r  m e d e l  

Ami l  - Amol = C~ dAHi 
dt (2.5-7) 

Ami2 + Z~mo, - Amo2 = C2 d~'H~ d t  (2.5-8) 

Ami3 + Am02 - Am03 = C3 dAH3 dt (2.5-9) 

aH~ - AH2 = RCXmol (2.5-10) 

AH2 - AH3 = Rzamo2 - R2KAAav (2.5-li) 

~H3  = R3~mo3 (2.5-12) 

T h e  r e s i s t a n c e  a n d  c a p a c i t a n c e  a r e  o b t a i n e d  from t h e  k n o w n  

e x p r e s s i o n s  

RI = 2 ( lq r [q2}  = 4 .3  CI -- A10 ; I 0 0 0  T i  = 4 3 0 0  
mot 

R~ = 2 ( ~ ' ~ 3 )  = 4 . 0 8  C z = 5 0 0  Tz  = 2 0 4 0  
too2 

R3 = ~ 21213 = 1.3 C3 = I 0 0 0  T3 = 1300 
mo3 

KA - mo2 = 5 0 0 0  
a v  
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If the in ternal  v a r i a b l e s  tool, too2 a n d  mos a r e  e x c l u d e d  from the last  

sys tem of equa t i ons ,  a little 

desc r ip t ion  
I 

: ~H, I  

A H 2 1  " 

i 

I i 

l l 
TI T~ 

R) R~ .(_=~=i +i) I 

T2 T2 T2 

R3 -(,~-- ÷I) 
0 R2 

T3 T3 

r e a r r a n g e m e n t  y i e lds  this s t a t e - s p a c e  

° 

AH~ 

AH2 

AH3 

A 

I 
0 0 O 

1 KA 
0 - -  0 

C~ C2 

] KA O 0 
C3 C~ 

A m i !  

Aml2  

Amia  

A a v  

(2.s-13) 

After subs t i tu t ing  into matrix A the  v a l u e s  of the coef f ic ien ts ,  a 

compu te r  c a n  b e  u s e d  to ob t a i n  the numer i ca l  v a l u e s  of the e i g e n v a l u e s  

for this c a s e  

),; = - 0 . 0 0 0 0 8 6 .  ),2 = - 0 . 0 0 0 7 3 6 ,  X3 = - 0 . 0 0 1 3 7 8  

Three  n e g a t i v e ,  rea l  e i g e n v a l u e s  show that  this is a s t a b I e  equ i l ib r ium 

s ta te  of th ree  first-order p ropo r t i ona l  sys t ems  in ser ies ,  w h e r e  there  is 

f e e d b a c k  ac t ion  of e a c h  s u c c e s s i v e  m e m b e r  on the p r e c e d i n g  one .  This 

c a n  b e  s e e n  on  the  b l o c k  d i a g r a m  on  F igure  2.5-1. 

E x a m p l e  2 T w o - p h a s e  fluid t ank  

F igure  2.5-2 shows  a t w o - p h a s e  fluid t ank  with c o m p l e t e l y  s e p a r a t e d  

p h a s e s .  It is f ed  b y  mj~ k g / s  s a t u r a t e d  wa te r  a n d  mi2 water  a n d  s t e a m  
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mixture  with s t e a m  q u a l i t y  x a n d  e n t h a l p y  h2. mm k g / s  d ry  s a t u r a t e d  

s t e a m  a n d  me2 k g / s  s a t u r a t e d  water  a r e  t a k e n  from the tank. D e v i c e s  that  

a r e  not  s h o w n  on F i g u r e  2.5-2 c o m p l e t e l y  s e p a r a t e  the  mixture  miz into the 

l i q u i d  a n d  the v a p o r  p h a s e .  Der ive  the  m o d e l  for u n s t e a d y  c h a n g e s  of 

p r e s s u r e  P a n d  the l i q u i d  p h a s e  l e v e l  H, i.e. the  wa te r  v o l u m e  Vw. All the 

t h e r m o d y n a m i c  s t a t e  e q u a t i o n s  for s a tu r a t i on  v a r i a b l e s  a r e  known,  i,e. 

the re  a r e  a n a l y t i c  e x p r e s s i o n s  of the  t y p e  h'  = h'(P), e' = 0' (P), v" = v"(P) 

a n d  so on. The  b a s i c  a s s u m p t i o n ,  b e s i d e s  the  m e n t i o n e d  p h a s e  s e p a r a t i o n ,  

is that  the re  is no  mass  t ransfer  on  the  c o n t a c t  s u r f a c e  d u e  to p r e s s u r e  

c h a n g e ,  a n d  that  bo th  p h a s e s  a r e  h o m o g e n e o u s ,  i.e. t h e r e  a r e  no  water  

d r o p s  in the  s team,  nor c a n  s t e a m  b u b b l e s  form in the  water .  

The  m o d e l  will b e  d e r i v e d  b y  the s a m e  m e t h o d  that  was  u s e d  in 

E x a m p l e  I. S e c t i o n  2.1-2. w h e n  a d y n a m i c  m o d e l  was  o b t a i n e d  for a g a s  

s t o r a g e  tank.  In that  c a s e ,  h o w e v e r ,  b e c a u s e  i so the rmal  p r o c e s s e s  in the 

tank we re  a s s u m e d ,  no e n e r g y  e q u a t i o n  was  formula ted ,  S i n c e  t e m p e r a t u r e  

d y n a m i c s  was  n e g l e c t e d  in Equa t ion  (2.1-2.4) the  m o d e l  for p r e s s u r e  

d y n a m i c s  was  of first o r d e r  a n d  o b t a i n e d  on ly  from the law for the 

c o n s e r v a t i o n  of mass  a n d  the g a s  e q u a t i o n .  Here  the s i tua t ion  is s o m e w h a t  

more c o m p l e x .  

The  total  mass  M of the f luid a n d  its in te rna l  e n e r g y  U, i,e. the  hea t  

within the tank of c o n s t a n t  v o l u m e  V, a re  c o m p l e t e l y  d e t e r m i n e d  b y  two 

v a r i a b l e s :  p r e s s u r e  P a n d  the  vo lume  of l i q u i d  p h a s e  Vw, M = g l ( P , V w ) .  U 

= g2(P,Vw). In c o n d i t i o n s  of mass  a n d  e n e r g y  flow e q u i l i b r i u m  t h e s e  a r e  

c o n s t a n t  v a l u e s .  If the flows b e c o m e  u n b a l a n c e d  u n s t e a d y  p h e n o m e n a  

o c c u r  a n d  to d e s c r i b e  them e q u a t i o n s  f o r  t h e  c o n s e r v a t i o n  o f  

m a s s  a n d  e n e r g y  must b e  formula ted .  For the  tank  u n d e r  c o n s i d e r a t i o n  

h e r e  t hey  a r e  

dM 
mi, + mi2 - mol - mo2 = d t  (2.5-14) 

d U  (2.5-I5) mi2h2 - (moz - m i l ) h '  - m m h "  = d t  

The total mass and energy in the tank comprises the mass and energy 

of the liquid and the vapor phase 

M = Vwp' * (V - Vw)p" , (2.5-1~) 

U = Vwp'U' + (V - Vw)p"u" (2.5-17) 
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Fig. 2 . 5 - 2  T w o - p h a s e  f lu id  t a n k  

S u b s t i t u t i n g  t h e  k n o w n  e q u a l i t y  

eu = 0h - P . (2.5-18) 

in to  t he  p r e c e d i n g  e x p r e s s i o n ,  w e  g e t  

U ; Vwp'h '  * (V - Vw)p"h" - VP (2.5-19) 

H e r e  w e  mus t  p o i n t  o u t  t ha t  in  l i t e za tu r e ,  i n t e r n a l  e n e r g y  is o f t e n  

s u b s t i t u t e d  b y  e n t h a l p y ,  w h i c h  w o u l d  ( h a d  it b e e n  d o n e  in th is  de f i ;~a t ion )  

l e a d  to t h e  d i s a p p e a r a n c e  of  t h e  l a s t  t e rm o n  t h e  r i g h t - h a n d  s i d e  of  

E q u a t i o n  (2.5-19). This  s u b s t i t u t i o n  l e a d s  to t h e  a p p e a r a n c e  of a " d y n a m i c "  

er ror  in  t h e  " d y n a m i c "  t e rm of E q u a t i o n  (2.5-15) ( t he  t e rm o n  its r i g h t - h a n d  

s i d e )  thus  i n f l u e n c i n g  t h e  t r a n s i e n t  p r o c e s s  b u t  n o t  t he  s t e a d y  s t a t e  a s  

wel l .  

For  t h e  n e e d s  of  fur ther  d e r i v a t i o n  w e  mus t  r e m e m b e r  tha t  t he  s t a t e  

v a r i a b l e s  on  t h e  b o u n d a r y  c u r v e s  a r e  f u n c t i o n s  of  p r e s s u r e  o n l y ,  a n d  for 

a l l  of t h e m  w e  c a n  wr i t e  

d 0 d P  
d---t = aP d t  (2.5-20) 
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Subs t i tu t ing  (2.5-161 a n d  (2.5-191 into the  first two e q u a t i o n s  of this 

e x a m p l e ,  i e f e n i n g  to (2.5-201. after a little r e a r r a n g e m e n t  we  ge t  the  mode l  

for the d y n a m i c s  of p r e s s u r e  a n d  vo l um e  of the  l iquid  p h a s e  in the form 

of the  fo l Iowing two non l inea r  DE 

d___P= (mi,+mi2-mo,-mos)({)'h'-~"h") (mi2h 2-(mos-mh)h'-mo,h")(9'- p") 
dt N N 

I I I  

" ( - ~ - V w  ÷ dt dVw (mi'+m~'m°"m°2] 00 -~(p  V-Vw)} dP 

dt p ' -  p'° 

(2.5-21) 

(2.5-22) 

N = N~ - N2 (2.5-23) 

N, (0'h' p"h") a~' '~__~_ = - (--~--Vw ÷ (V-Vw)1 , (2.5-24) 

N" , , ,,~r ap',, ,_, ah', ,.~" Oh" 2=~(~-~ &--~-Fvwn +--~FVw() (V-Vw)h"+-~-~!~ V-Vw)g"-V ] (2.5-25) 

Equa t ions  (2.5-211 a n d  (2.5-22) a r e  the d e m a n d e d  non l inea r  m a t h e m a t i c a l  

mode l  of d y n a m i c  p r o c e s s e s  o c c u r r i n g  in the t w o - p h a s e  fluid tank. As the 

g i v e n  e x p r e s s i o n s  show,  to s o l v e  them it is n e c e s s a r y  to h a v e  all the 

func t iona l  d e p e n d e n c i e s  of t h e r m o d y n a m i c  sa tu ra t ion  v a r i a b l e s  a n d  their 

d e r i v a t i v e s  with r e f e r e n c e  to p r e s s u r e  P. By their na tu re  t he se  a r e  c l umsy  

e x p r e s s i o n s ,  a n d  e v e n  in the c a s e  of their s imples t  l inear  a p p r o x i m a t i o n  

the  a b o v e  s y s t e m  of DE is p r a c t i c a l l y  i n s o l v a b l e  without a digi ta l  

c o m p u t e r .  

But in this c a s e  the s t e a d y  s ta te  c a n  a l so  b e  c a l c u l a t e d  ana ly t i ca l l y .  

After the r i gh t -hand  s i d e s  of (2.5-141 a n d  (2.5-15) a r e  m a d e  e q u a l  to zero .  

t h e s e  o b v i o u s  equa l i t i e s  resul t  

m i ,  * ml2 = t o o l  ÷ moz (2.5-20) 

mi2h'2 = (mo2 - ~..)E' + ~'otE" (2.5-27) 

The  last  e x p r e s s i o n s  a r e  c o m p l e t e l y  c l e a r  a n d  r e p r e s e n t  the 

equi l ib r ium of mass  a n d  e n e r g y  flows in the g i v e n  s t e a d y  s tate .  Here  it is 

impor tant  to po in t  out that a n e w  s t e a d y  s t a t e  will e s t a b l i s h  itself on ly  in 

the c a s e  of l imited c h a n g e  in h 2. In the c a s e  of a finite c h a n g e  in a n y  

other  input  ( d i s t u r b a n c e )  v a r i a b l e  (mil, mi2. mol. mo2) no s t e a d y  s ta te  c a n  

b e  e s t a b l i s h e d  a n d  the  t ank  shows  p r o p e r t i e s  of an  in tegra l  sys tem.  In 

s u c h  c a s e s  mass  a n d  e n e r g y  equ i l ib r ium a re  p e r m a n e n t l y  d i s t u r b e d  a n d  
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the v a r i a b l e  Vw c o n v e r g e s  to t heo re t i ca l l y  infinite c h a n g e ,  which  wou ld  in 

p r a c t i c e  l e a d  to the c o m p l e t e  d i s a p p e a r a n c e  of the l iquid  or the v a p o r  

p h a s e  in the tank. 

The s a m e  c o n c l u s i o n  is r e a c h e d  after the  m o d e l  Is  l l n e r l z e d .  T h e  

funct ional  d e p e n d e n c e  of v a r i a b l e s  Vw a n d  P g i v e n  in the  m o d e l  c a n  a l so  

b e  e x p r e s s e d  as  follows 

dVw 
dt : f~ (Vw. P. rail. mlz. mot. moz. h2} (2.5-28) 

(2.5-29) 
dP 
dt = f2 (Vw. P. mi,, ml~. tool, mo2, h2} 

q w 

s t a t e v a r i a b l e  s inpu t  

L inear iza t ion  is c a r r i e d  out in the usua l  m a n n e r  b y  d i f fe ren t ia t ing  the 

a b o v e  e q u a t i o n s  ( s e e  Appendix} .  but  h e r e  we  will not  write out the 

c o m p l e t e  a n a l y t i c a l  e x p r e s s i o n s  for e a c h  s p e c i f i c  coe f f i c i en t  b e c a u s e  of 

their a w k w a r d n e s s .  It is, n e v e r t h e l e s s ,  useful  to show what  ma t r i ces  A a n d  

B a re  buil t  of in this c a s e  of a t w o - p h a s e  fluid tank.  

AVw : / aVw ~P AV 

[Ap ] [~-V-ja~ ~r~p o Ap, j 
A 

a{', a~', air~ ai r , 

amis aml2 amo, amo2 

amit ami2 amot amoz 

B 

~h2 Amol l 

a/2 amo21 
ahz O /,h 2 J 

(2.5-3o] 

The par t ia l  d e r i v a t i v e s  s h o w n  in Equa t ion  (2.5-30) a r e  the  d i f ferent ia t ion  

of the r i gh t -hand  s ide  of Equa t ion  (2.5-22} for the  first row of mat r ices  A 

a n d  B, a n d  of the  r i gh t -hand  s i d e  of Equa t ion  (2.5-21) for the s e c o n d  row 

of these  mat r i ces ,  with r e s p e c t  to the v a r i a b l e s  of s t a te  a n d  input.  

The  l ine a b o v e  the funct ions  a n d  the s u b s c r i p t  O show that the par t ia l  

d e r i v a t i v e s  must b e  c a l c u l a t e d  in a s p e c i f i c  o p e r a t i o n a l  ( s t e a d y )  s ta te .  It 

must a l so  b e  s a id  that the first co lumn of matrix A is c o m p o s e d  of ze ros .  

i.e. the coef f i c i en t s  a, ,  a n d  a2, a r e  e q u a l  to zero .  which  shows  that  o n e  of 
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the matr ix  e i g e n v a l u e s  will b e  ze ro  a n d  to it will c o r e s p o n d  an  infinitely 

g r e a t  time cons tan t .  In other  words ,  the  v a r i a b l e  to which  that e i g e n v a l u e  

is r e l a t e d  n e e d s  an  infinitely l ong  time to r e a c h  a new s t e a d y  s tate .  Or to 

put  it e v e n  more  c l e a r l y  - that v a r i a b l e  c a n n o t  r e a c h  a new s t e a d y  v a l u e  

in a finite p e r i o d  of time. That  v a r i a b l e ,  as  has  a l r e a d y  b e e n  sa id .  is the 

vo lume  of the l iquid  p h a s e  Vw. The  s e c o n d  e i g e n v a l u e  e q u a l s  the 

coef f i c ien t  a~2 a n d  in p r a c t i c e  this is a n e g a t i v e  real  v a l u e  cha r ac t e r i s t i c  

of a p e r i o d i c  p i o p o r t i o n a l  first- o rder  sys tems .  The  p r o c e s s  of p r e s s u r e  P 

c h a n g e s  in the tank  will show the se  d y n a m i c  cha rac t e r i s t i c s .  

Finally,  it must b e  r e p e a t e d  that s i n c e  bo th  mass  a n d  e n e r g y  are  

s t o r ed  in the  tank. this is a s e c o n d - o r d e r  mode l  for c h a n g e s  in the  vo lume  

of l iquid  p h a s e  Vw (or in the l iquid  l eve l  H. b e c a u s e  those  two v a r i a b l e s  

a re  u n i q u e l y  l inked  b y  a l g e b r a i c  e x p r e s s i o n s )  a n d  p r e s s u r e  P in the tank. 

In this c a s e ,  Vw shows  p r o p e l t i e s  of an  in tegra l  a n d  P of a p ropor t iona l  

sys tem.  

w - - x a m p l e  3 Gear  train s y s t e m  

°'I N 

J,i 

'21 U @ U 

F i g .  2 . 5 - 3  Gear  train s y s t e m  

Der ive  a mode l  for d y n a m i c  c h a n g e s  of a n g u l a r  d i s p l a c e m e n t s  a n d  

angulax  ve loc i t i e s  for the g e a r  train s y s t e m  s h o w n  on  F igure  2.5-3. if the 

in ter re la t ions  a re  l inear.  All the g e o m e t r i c  v a r i a b l e s  a n d  the coef f i c i en t s  ct  

a n d  Dt ( tors ional  s p r i n g  c o n s t a n t  a n d  tors ional  coe f f i c i en t  of v i s cous  

friction) a r e  g i v e n .  Loss d u e  to the friction of shaft  1 a n d  the stiffness of 
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shaft 2 a r e  n e g l e c t e d .  The  input  d i s t u r b a n c e  v a r i a b l e s  a r e  d r iv ing  to rque  

Mzp a n d  l o a d  to rque  Mzt. The  mode l  is to b e  s h o w n  in the form of 

s t a t e - s p a c e  e q u a t i o n s .  

To d e r i v e  the d y n a m i c  mode l  of this m e c h a n i c a l  s y s t e m  we must  

formulate e q u a t i o n s  for m o m e n t u m  c o n s e r v a t i o n  for the  ro ta t ion  of shaf ts  1 

and  2. 

For shaft  l 

]1 'v~ ' =  " ct~ol " Mz l  + Mzp . (2.5-31) 

where  Mzl is the to rque  t ransmi t ted  to shaft  2. for wh ich  

J2~o~ = - D t ~  - Mz t  ÷ Mz2 (2.5-32) 

Mz2 is t r ansmi t t ed  to shaft  2 th rough  g e a r s .  

The re  is a l so  

h e ,  = r2 ,(,2 ( 2 . 5 - 3 3 )  

Mzl  e~ = Mz~ e~, (2 .5-34)  

The  last  e q u a t i o n  e x p r e s s e s  the equa l i t y  of the work d o n e  b y  g e a r  I 

a n d  g e a r  2. The  a b o v e  e q u a t i o n s  y i e ld  

Mzl ~o2 rl (2.5-35) 
Mz~ ~ot r2 

Referr ing to (2.5-35). we  s e e  that  (2.5-32) b e c o m e s  

]2qo~ + Dt~o~ + Mzt = Mz2 = Mz1~ (2.5-30) 

If Mz, is e x p r e s s e d  from (2.5-3I) a n d  subs t i t u t ed  into the  a b o v e  

e x p r e s s i o n ,  after subs t i tu t ing  ~P2 = (rl/r2) ~i. the  DE d e s c r i b i n g  the 

d y n a m i c s  of the g e a r  train s y s t e m  is o b t a i n e d  

(It * ( ) 12)q~'* Dr (  ) ~ ' +  c t ~  = M z p -  Mzt  • 

] 

(2.5-37) 
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The  last  e q u a t i o n ,  with the  e q u i v a l e n t  subst i tu t ion of mt b y  ~'z g i v e s  a 

mode l  for the d y n a m i c s  of the g e a r  train s y s t e m  e x p r e s s e d  b y  the angu l a r  

d i s p l a c e m e n t  of the shaf t  mz 

(], + ( ) t~)'p~+ Dr( ) ~ +  c t 'P~ :bLMT~,  - (  ) Mzt (2.5-38) 
r 2 

It shou ld  b e  o b s e r v e d  that  the  d y n a m i c  mode l  of this g e a r  train sy s t em 

is of the s e c o n d  order ,  bu t  is e x p r e s s e d  in two w a y s  - t h rough  the 

a n g u l a r  d i s p l a c e m e n t  of shaft  I a n d  th rough  the a n g u l a l  d i s p l a c e m e n t  of 

shaft  2. T h e  mode l  is thus e i t h e r  Equa t ion  (2.6-37) o r  Equa t ion  (2.5-38). 

a n d  it would  b e  wrong  to c o n s i d e r  that bo th  e q u a t i o n s  at o n c e  r e p r e s e n t  

the mode l  d e m a n d e d .  In that  c a s e  this wou ld  b e  a four th-order  system,  

which  it is not. We c a n  c h o s e  e i ther  t h e  pair  ~, a n d  ,p', or the  pa i r  ,#2 a n d  

'P'2 for the s ta te  v a r i a b l e .  If we  c o n s i d e r  that  the d i s p l a c e m e n t  a n g l e s  ,Pi 

a n d  ~2 a n d  the a n g u l a r  ve loc i t i e s  ~'1 a n d  ~'2 a re  ou tpu t  v a r i a b l e s ,  the 

fol lowing two no ta t ions  in the form of s t a t e - s p a c e  e q u a t i o n s  a re  p o s s i b l e .  

XI = @! • )[2 = '0~ = G)| 

State equation: 

I:l I 0 1 
ct "Dt(~ )~ 
J J 

Output equation: 

[;;] 0 0 

r__L 
l r2 

J ! Mzt ] 

(2.5-39) 

b31 

"PZ 

~2 

I 0 
0 l 

" rl 0 
r2 

rl 
0 

I2 

]E::I 
X I  = %o2. X2  = ~2 '  = ~ 2  

(2.5-40) 
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State  e q u a t i o m  

| 

0 

c t  

J 

.Dt(-~2) 2 + r_L 
j ~2 jr~ 

(2.5-4 l )  

Output  equa t ion :  

[ ~ol 

~ 2  

(.')2 

L r~ 0 
[ i  
0 r2 

= r !  

1 0 

0 1 

~2 

(2.5-42) 

Both t he se  s e l e c t i o n s  of s t a te  v a r i a b l e s  a re  a c c u r a t e  a n d  this e x a m p l e  

is useful  to show how the s e l e c t i o n s  c a n  often b e  m a d e  in s e v e r a l  ways .  

There  is more  on this sub jec t  in the A p p e n d i x ,  a n d  h e r e  we must 

e m p h a s i z e  that in this c a s e  matrix A has  r e m a i n e d  u n c h a n g e d ,  which  is 

not a l w a y s  so. Howeve r ,  the b a s i c  p r o p e r t i e s  of the  p r o c e s s  shown  b y  the  

e i g e n v a l u e s  a r e  a l w a y s  p r e s e r v e d .  Here ,  in matrix A of Equa t ions  (2.5-39) 

and  (2.6-41), they  h a v e  o b v i o u s l y  r e m a i n e d  the same .  

The fol lowing e x a m p l e  will show how a h igh -o rde r  mode l  c a n  b e  

o b t a i n e d  b y  the d i sc re t i za t ion  of a spa t i a l l y  d i s t r ibu ted  p rocess ,  w h o s e  

model  is of infinite order .  This infinite o rde r  resul ts  from the fact  that e v e r y  

( e v e n  the s imples t )  d i s t r ibu ted  p r o c e s s  is d e s c r i b e d  b y  a par t ia l  DE 

showing  the c h a n g e  of a ce r t a in  v a r i a b l e  in e v e r y  point  in the s p a c e  in 

which that p r o c e s s  occu r s ,  a n d  the re  is an  unl imited n u m b e r  of s u c h  

points.  The  o rder  of the p r o c e s s e s  t h e m s e l v e s ,  for the s imples t  PDE, is no 

p rob l em w h e n  a n  ana ly t i c  solut ion c a n  b e  o b t a i n e d .  An e x a m p l e  of how 

such  a solut ion is o b t a i n e d  in a c l o s e d  form is g i v e n  in the fol lowing 

chap te r ,  but  it must b e  s a id  that  s u c h  c a s e s  axe rare .  Usual ly  this is not 

the w a y  to ob t a i n  a solu t ion  a n d  the u s e  of c o m p u t e r s  is u n a v o i d a b l e .  

The first s t ep  is in most c a s e s  to r e d u c e  the model ,  i.e. to d e c r e a s e  its 

order .  Disc re t i za t ion  with r e s p e c t  to the  spa t i a l  v a r i a b l e  is the  usua l  w a y  

to t ransform o n e  or s e v e r a l  PDE into a finite s y s t e m  of ODE. 
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In the  fol lowing e x a m p l e  a h y p e r b o l i c  f i rs t-order  PDE (3.1-28) from the 

first s ec t i on  of the fo l lowing c h a p t e r  has  b e e n  s e l e c t e d  for d i sc re t iza t ion .  

It d e s c r i b e s  the d y n a m i c s  of c o n v e c t i v e  h e a t  t ransfer  to a fluid f lowing 

th rough  an  u n i n s u l a t e d  p i p e .  This is a l inear  PDE, wh ich  is su i t ab le  

b e c a u s e  p r o b l e m s  of d i sc re t i za t ion  will not u n n e c e s s a r i l y  b e  c o m p l i c a t e d  

b y  p r o b l e m s  of l inea~izat ion.  T h e s e  two p r o c e d u r e s  a r e  c o m p l e t e l y  

i n d e p e n d e n t  from the a s p e c t  of the o rde r  in which  they  a re  pe r fo rmed ,  

a n d  w h e n  we n e e d  to formula te  a non l inear  spa t i a l ly  d i s t r i bu t ed  p r o c e s s  

in the fo~m of s ta te  s p a c e ,  this c a n  b e  clone e i ther  b y  first pe r fo rming  

d i sc re l i za t ion  a n d  then the l inea r iza t ion  of the s y s t e m  of ODE o b t a i n e d ,  or 

b y  p r o c e e d i n g  in the o p p o s i t e  order .  After the  PDE has  b e e n  l inea r i zed ,  a 

sys t em"  of ODE is o b t a i n e d  th rough  d i sc re t i za t ion ,  wh ich  is then  eas i ly  

t r ans fo rmed  into matrix s t a t e - s p a c e  nota t ion.  

We must  a l so  s a y  that  d i s c r e t i z a t i o n  will b e  p e r f o r m e d  b y  the 

m e t h o d  o f  b a c k w a r d  d i f f e r e n c e  which  is on ly  o n e  of the m a n y  

w a y s  in which  it c a n  b e  d o n e .  

E x a m p l e  4 Disc re t i za t ion  of d i s t r i bu t ed  process 

For p u r p o s e s  of n u m e r i c a l  s imulat ion a h y p e r b o l i c  f irst-order PDE 

(3.1-28) must  b e  m a t h e m a t i c a l l y  d i s c r e t i z ed .  The  e q u a t i o n  d e s c r i b e s  the 

d y n a m i c s  of the c o n d e n s e r  hea t  e x c h a n g e r  (ew # f(z). sw = ~w(t)) 

d e v e l o p e d  a n d  s h o w n  on  F igure  3.1-5 in the form of a p ipe .  For 

d i s c re t i za t i on  into four e l emen t s ,  show the r e d u c e d  mode l  in the form of 

s t a t e - s p a c e  e q u a t i o n s .  

Also show how the s a m e  mode l  c a n  b e  o b t a i n e d  if the p r o c e s s  is 

p h y s i c a l l y  d i v i d e d  first a n d  the c o n s e r v a t i o n  e q u a t i o n s  fo rmula t ed  for 

e a c h  of the thus o b t a i n e d  finite e l ement s .  

The  d i sc re t i za t i on  of the fol lowing h y p e r b o l i c  PDE 

8 8  8 8  =U 
- -  + w + k~ = k~w (k = ) (2.5-43) 
~t ~ z  ' Apc ' 

will b e  c a r r i e d  out b y  the  m e t h o d  o f  b a c k w a r d  d i f f e r e n c e  b y  

which  the g r a d i e n t  of a s pec i f i c  funct ion  with r e s p e c t  to the s p a c e  

v a r i a b l e  z ,  i n  t h e  s e c t i o n  n ,  is s u b s t i t u t e d  in the  fo l lowing m a n n e r  
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(~ f )  fn " fn-I (2.5-4,43 

fn  

fn  o l 

Sz 

funct ion va lue  in the sec t ion  n 

funct ion va lue  in the sec t ion  n-I 

d i s t a n c e  b e t w e e n  sec t ions  n-1 a n d  n (or, l eng th  of 

e lement  o b t a i n e d  through discret izat ion)  

Besides  this me thod  there a re  also many  other methods  (for e x a m p l e  

the methods  of forward a n d  centra l  d i f fe rence)  and  manners  which are  

essent ial ly  no different. We will not enter  into an  ana lys i s  of the 

a d v a n t a g e s  a n d  d i s a d v a n t a g e s  of such  p r o c e d u r e s  nor will any  other 

methods be  shown here.  

App ly ing  (2.5-44) to the g iven  PDE. the fol lowing sys tem of n first-order 

ODE is o b t a i n e d  

d0ndt + w- OT~ ~z- en-~ + ken = kew , n = 2, NE + 1 (2.5-45) 

NE is the number  of e lements  o b t a i n e d  by  d iscre t iza t ion  ( see  Figure  

2.5-4). The sys tem of four ODE in the c a s e  of the d ivis ion of the hea t  

e x c h a n g e r  into four e lements  follows 

de~ 
dt ~" ki82 = k23t * kew 

de3 
d ~  + k,~)3 = k2e2 * kew 

dt * k,84 = k2~)3 + ka-w 

des 
dt + k,es = k284 + kew 

(2.5-46) 

(k, w ..~_z) =--+k. k2= 
~z 

If va r i ab les  w. k a n d  ew d e p e n d e d  on spat ial  c o o r d i n a t e  z, they would  

also h a v e  subsc r ip t  n in (2.5-45), or a c o r r e s p o n d i n g  subsc r ip t  in the 

system of e q u a t i o n s  (2.5-46). This sys tem is not difficult to show in the 

form of matrix s t a t e - s p a c e  equa t ions  if the on ly  t empera tu re  of interest.  

temperature  es, is s e l e c t e d  as  the output  va r i ab le  
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! ° 
~3 = k2 -k, 
O, k2 

O S 0 

X' - - A X + B U  

o ol ] 0 0 o3 

-k, 0 04 

k2 -kl S 

(2.5-47) 

I l[:,] [o~]--[ o o o l ]  ~' • [o o (2.~-48~ 
~4 

5 

Y = C X + D U  

This shows how discre t iza t ion  transforms an inf ini te-dimensional  p r o c e s s  

whose  d y n a m i c s  is d e s c r i b e d  by  PDE into a mode l  of finite d imensions .  

Intuitively it is c lea r  that a sys tem of ODE will d e s c r i b e  a p r o c e s s ,  the 

more faithfully the h igher  the d e g r e e  of d iscre t iza t ion,  i.e. the "thicker" the 

division. But in that c a s e  the model  o b t a i n e d  is of h igher  order  a n d  more 

difficult to p rocess ,  so it is up  to the model  bui lder  to d e c i d e  on its final 

size. 

1 
I 
I 

LI z 

°'°."'~,~ i o , ?, ?, I o,~.,,°o, 
-I ! - 

1 2 3 /. 5 

1~0. 1 ~ 1 ~ 10. 
u,:~, [ - 7 - ' ]  ~, F - T - I  ~, F T - l  ~, F T - I  ,~,--y 

NE=& xl  x :  x 3 x4=y 

F i g .  2 . 5 - 4  Discret izat ion of a spat ia l ly  d is t r ibuted  p r o c e s s  a n d  

i ep re sen t a t i on  of state, input  a n d  output  va r i ab les  
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The  p a t h  l e a d i n g - t o  the mode l  (2,5-45) c o u l d  h a v e  b e e n  different .  It is 

p o s s i b l e  to d i v i d e  the p i p e  into e l em en t s  of finite v o l u m e  first, a n d  then  

formulate e n e r g y  c o n s e r v a t i o n  e q u a t i o n s  for e a c h  of those  e l e m e n t s  

s e p a r a t e l y ,  or for o n e  t y p i c a l  e l e m e n t  if all the  s u b s y s t e m s  a re  al ike.  This 

will b e  d o n e  in the  fo l lowing l ines for an  e l e m e n t  b e t w e e n  c r o s s - s e c t i o n s  

n-I a n d  n a n d  that d e r i v a t i o n  will b e  a su i t ab l e  i l lustrat ion of what  

d i sc re t i za t ion  b y  the m e t h o d  of b a c k w a r d  d i f f e r e n c e  rea l ly  r e p r e s e n t s ,  i.e. 

where  an  error is c o n s c i o u s l y  m a d e  in the  a p p l i c a t i o n  of that method .  

1 

L V///~ B~ _j,\ } 
F v~-,, - i_~,/ 

' I ' 
% 

]Fig .  2 . 5 - 5  Finite p i p e  e l e m e n t  of the  c o n d e n s e r  hea t  e x c h a n g e r  

F igure  2.5-5 shows  the (n-l)st e l ement ,  for which  a n  e q u a t i o n  for the 

c o n s e r v a t i o n  of e n e r g y  must b e  formula ted .  A b o v e  it is shown  an  

e x p o n e n t i a l  fluid t e m p e r a t u r e  c h a n g e  a l o n g  that  e lement ,  g i v e n  b y  

Equat ion  (3,1-29) in the s t e a d y  s ta te .  

The  e n e r g y  c o n s e r v a t i o n  e q u a t i o n  for the e l e m e n t  is 

mcan., + ~U~z(aw- afsr) - mCan = IV[c dOfsr (2.5-4Q) 
dt 

8fsr d e n o t e s  the m e a n  fluid t e m p e r a t u r e  b e t w e e n  c r o s s - s e c t i o n s  n-I a n d  

n. a n d  the  error  resu l t ing  from d i sc re t i za t i on  o c c u r s  in the s e l e c t i o n  of this 

t empera tu re .  It is p o s s i b l e  to m a k e  m a n y  different  s e l e c t i o n s  a n d  write 

O f s r  = ~ ' n - I  , Or  

~)n-! + ~n 
Ofsr = 2 , o r  
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a f s r  = ~n , Or 

a f s  r = a s r l o g  . . . .  

The thicker the division,  the smaller the tempera ture  d i f fe rence  b e t w e e n  

the c ross - sec t ions  n-I a n d  n. which  r e d u c e s  the error i n t r o d u c e d  into 

discret izat ion.  At the limit when  divis ion into an  infinite number  of 

e lements  has  b e e n  made .  we h a v e  

a f s r  = ~ n - !  = 8n = vasrlog , 

and  the error b e c o m e s  e q u a l  to zero.  A sys tem of an  infinite number  of 

first- order  ODE (2.5-49) has b e e n  ob ta ined ,  which  is equ iva l en t  to PDE 

(2.S.-43). 

If the number  of e lements  is finite (I. 3. 9, IT) a n d  the tempera ture  at 

the output  of the n-th c ros s - sec t ion  c h o s e n  for the mean  fluid temperature ,  

i.e. 

a#sr = an (2.5-50) 

the same sys tem of ODE is o b t a i n e d  as the one  d e r i v e d  b y  the method  

of b a c k w a r d  d i f fe rence  a n d  shown in Equat ion  (2.5-45). Substi tution of 

(2.5-50) into (2.5-49) for m = Awp a n d  M = Ap~z a n d  shorter r e a r r a n g e m e n t  

y ie lds  the e q u a t i o n  d e s c r i b i n g  the d y n a m i c s  of t empera tu ie  of the (n-1)st 

e lement  

d ~ n  8n  - 8n-  
d ~  + w ~z + kan = kaw (2.5-51) 

Therefore,  the method  of b a c k w a r d  d i f fe rence  represen t s  a substi tut ion 

of mean  fluid tempera ture  in a finite e lement  o b t a i n e d  through 

discret izat ion,  with the output  fluid tempera ture  of that element .  

The mathematical discretization shown here can, as a rule. be applied 

to all the PDE that appear in this book. If it is, for example, applied to the 

system of three PDE (3.3-53) - (3.3-55), a system of 3. NE first-order ODE is 

obtained which can then be processed (simulated) on a digital computer. 
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Here we h a v e  c o m p l e t e l y  left out an ana lys i s  of all the many  prob lems  

linked with methods  of d i sc re t iza t ion  themselves ,  abou t  which many  

~pec ia l i zed  works, s tudies  and  books  h a v e  b e e n  written. We must at least  

mention that this primarily c o n c e r n s  the a c c u r a c y  of the mode l  (in the 

sense  of it a p p r o a c h i n g  as c l o se ly  as  poss ib le  the real  d y n a m i c s  of the 

und i sc re t i zed  sys tem of PDE) its stabili ty a n d  size,  which  is c o n n e c t e d  

with the cos ts  of simulation a n d  the difficulties of numerica l  p r o c e s s i n g .  

This e n d s  the desc r ip t ion  of d y n a m i c  models  of p r o c e s s e s  with l u m p e d  

parameters ,  a n d  the last e x a m p l e  is a transition to the mode l ing  of 

p rocesses  in which  some va r i ab le s  show spat ia l  d e p e n d e n c e  as well. Most 

of them c a n n o t  be  c o m p l e t e l y  d e s c r i b e d  by  one  or more ODE, so from 

now on part ial  DE will a p p e a r .  This will b e  e x p l a i n e d  in more deta i l  on  

the fol lowing p a g e s .  



C H A P T E R  

T H R E E  

D I S T R I B U T E D  P R O C E S S E S  

In p r e v i o u s  d i s c u s s i o n  we a n a l y z e d  a n d  d e s c r i b e d  the d y n a m i c  

p r o p e r t i e s  of p r o c e s s e s  in which  t h e  d e p e n d e n c e  of s ta te  v a r i a b l e s  on the 

spa t ia l  c o o r d i n a t e  was  n e g l e c t e d ,  i.e. in which  we  c o n s i d e r e d  that  a n y  

c h a n g e  in s t a te  v a r i a b l e  o c c u r s  s imu l t aneous ly  a n d  e q u a l l y  in the whole  

par t  of the p l an t  u n d e r  o b s e r v a t i o n .  Strictly s p e a k i n g ,  in b y  far the 

g r e a t e s t  n u m b e r  of c a s e s  that a p p e a r  in e n g i n e e r i n g  p r a c t i c e  the 

ve loc i t i es ,  t empera tu re ,  flows, c o n c e n t r a t i o n s ,  forces ,  p r e s s u r e s  a n d  so on 

c h a n g e  dif ferent ly  bo th  in time a n d  in the s e p a r a t e  par t s  of the p lants .  

The  d y n a m i c s  of ce r t a in  v a r i a b l e s  thus d e p e n d s  on  the  spa t i a l  c o o r d i n a t e  

a n d  in t he se  c a s e s ,  w h e n  the time n e e d e d  for d i s t u r b a n c e  p r o p a g a t i o n  

Cchanges  in s ta te  v a r i a b l e s )  th rough  the p lan t  c o r r e s p o n d s  to the time 

cons t an t s  c h a r a c t e r i z i n g  o ther  t rans ient  p r o c e s s e s ,  that  spa t i a l  dis t r ibut ion 

must not b e  n e g l e c t e d .  The re  a r e  m a n y  e x a m p l e s  of s u c h  sys t ems  in 

which  the re  is o b v i o u s  spa t i a l  d is t r ibut ion a n d  d e p e n d e n c e  of va r i ab l e s :  

p i p e  hea t  e x c h a n g e r s ,  g a s  p i p e s  a n d  p ipe l ines ,  t r anspor t  c o n v e y e r s  a n d  

so on, a r e  e x a m p l e s  in which  s t a te  v a r i a b l e s  d e p e n d  on  o n e  spa t i a l  

c o o r d i n a t e  ( the spa t i a l  c o o r d i n a t e  z), a n d  the osc i l la t ion  of m e m b r a n e s  

a n d  shel ls ,  h e a t i n g  s l abs ,  s p r e a d i n g  of Oil p a t c h e s  on  the s e a  or forest  

fires a re  t yp i ca l  c a s e s  w h e r e  the re  is p r o c e s s  v a r i a b l e  d e p e n d e n c e  on  

two spa t i a l  c o o r d i n a t e s .  (The last  two c a s e s  h a v e  r e c e n t l y  b e c o m e  

e s p e c i a l l y  in te res t ing  a n d  theii  d y n a m i c s  is the s u b j e c t  of i n t ense  s t udy  in 

m a n y  countr ies . )  Final ly.  d y n a m i c  t e m p e r a t u r e  c h a n g e s  in h e a t i n g  l a r g e  

cas t s  ( ingots)  or the  d y n a m i c s  in s t e a m  g e n e r a t o r  e v a p o r a t o r  p i p e s  a r e  
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t oday  of ten a n a l y z e d  b y  o b s e r v i n g  v a r i a b l e  c h a n g e  in the whole  vo lume  

of the  c a s t  or p ipe .  which  m e a n s  d e p e n d e n c e  on  three  spa t i a l  

coo rd ina t e s .  

In the fol lowing text  we h a v e  l imited o u r s e l v e s  to p r o c e s s e s  that  

d e p e n d  on on ly  o n e  spa t i a l  c o o r d i n a t e  (z) a n d  on  time (t), For most  

t echn ica l  d e v i c e s  a n d  p lan t s  this a p p r o a c h  c o m p l e t e l y  sat isf ies  the 

d e m a n d s  p l a c e d  b e f o r e  the ana l y s i s  of d y n a m i c  p r o c e s s e s .  It will b e  

shown that  e v e n  for t hose  " s impIes t "  c a s e s  of spa t i a l  d e p e n d e n c e  the 

ma thema t i ca l  a p p a r a t u s  a n d  m e t h o d o l o g y  of solut ion a re  of a h igher  

d e g r e e  of c o m p l e x i t y  a n d  with less  poss ib i l i t i es  for g e n e r a l  so lu t ion  than  

was the c a s e  up  to now. 

Here  too the d e s c r i p t i o n  of d y n a m i c  p h e n o m e n a  a n d  the solut ion of the 

part ial  d i f ferent ia l  e q u a t i o n s  (PDE) o b t a i n e d  from that d e s c r i p t i o n  will b e  

b e g u n  from the b a s i c  a n d  s imples t  p r o c e s s e s  a n d  m a t h e m a t i c a l  s t ructures ,  

after which  we will p r o c e e d  to more  c o m p l e x  p h e n o m e n a  a n d  

ma thema t i ca l  nota t ion.  In c a s e s  w h e r e  c o m p l e x  a n d  v e r y  e x t e n s i v e  

e x p r e s s i o n s  a n d  s t ruc tures  a re  not o b t a i n e d ,  we  will a l so  show the 

ana ly t i ca l  p r o c e d u r e s  for o b t a i n i n g  solut ions  of PDE. 

At the  v e r y  b e g i n n i n g  of this third c h a p t e r  it will b e  of a d v a n t a g e  to 

r e m e m b e r  some  b a s i c  a n d  g e n e r a l  c h a r a c t e r i s t i c s  of PDE. T h e y  d e s c r i b e  

time c h a n g e s  "of s ta te  v a r i a b l e s  ( concen t r a t i on .  t empe ra tu r e s ,  flows, 

p res su res ,  dens i t i e s  a n d  so on) th roughou t  the d e v i c e  or p lan t  o b s e r v e d .  

i.e. in e v e r y  a rb i t r a ry  point  in s p a c e ,  of which  the re  a r e  of c o u r s e  

infinitely many.  PDE the re fore  d e s c r i b e  p r o c e s s e s  of infinite order .  The  fac t  

that in p r a c t i c e  a s ta te  v a r i a b l e  c h a n g e  is impor tan t  on the ou tpu t  ( input)  

or in on ly  s e v e r a l  sec t ions ,  a n d  not in an  infinite n u m b e r  of them. is not of 

g rea t  h e l p  in this c a s e  b e c a u s e  s ta te  v a r i a b l e  c h a n g e s  in the s ec t i on  

unde r  o b s e r v a t i o n  d e p e n d  on the  v a r i a b l e  g r a d i e n t s  with r e s p e c t  to the 

spa t ia l  c o o r d i n a t e ,  wh ich  makes  it n e c e s s a r y  to know the v a r i a b l e s  that 

are  inf ini tes imally c l o s e  to that  s e c t i o n  also.  Ana logous ly ,  for that  

infini tesimally c l o s e  s e c t i o n  the p r o b l e m  b e c o m e s  (or r ema ins )  of infinitely 

high order .  For e v e r y d a y  t e c h n i c a l  p r a c t i c e ,  therefore ,  the task of 

d e c r e a s i n g  the  m ode l ' s  o r d e r  will b e  o n e  of p r imary  impor t ance ,  a n d  will 

as a rule b e  r e d u c e d  to the  poss ib i l i ty  of a c c u r a t e l y  c a l c u l a t i n g  the 

g r ad i en t  of s ta te  v a r i a b l e s  with r e s p e c t  to the spa t i a l  c o o r d i n a t e  with the 

he lp  of a finite n u m b e r  of points .  



The  fol lowing must a l so  b e  s a i d  in c o n n e c t i o n  with PDE that  will b e  

the  b a s i c  tools u s e d  to d e s c r i b e  a n d  a n a l y z e  d y n a m i c  p r o c e s s e s  

o c c u r r i n g  in d e v i c e s  a n d  p l an t s  a l o n g  which  p a r a m e t e r s  c h a n g e .  This par t  

of the b o o k  is not i n t e n d e d  to be ,  nor s h o u l d  it b e  c o n s i d e r e d ,  a 

s h o r t e n e d  ve r s i on  or the  repe t i t ion  of b o o k s  from m a t h e m a t i c a l  p h y s i c s  or 

s p e c i a l  c h a p t e r s  from t h e r m o d y n a m i c s ,  fluid m e c h a n i c s  a n d  m e c h a n i c s ,  in 

the s e n s e  that it g i v e s  a n s w e r s  a n d  shows  me thods  for c l a s s i fy ing  PDE. 

a n a l y z e s  p r o b l e m s  of e x i s t e n c e  a n d  u n i q u e n e s s  of solut ions ,  shows  

different  m e t h o d s  for so lv ing  ce r t a i n  t y p e s  of PDE a n d  the like. Here .  on  

m a n y  e x a m p l e s  that  a r e  e n c o u n t e r e d  in e v e r y d a y  t e c h n i c a l  p r a c t i c e ,  we  

will pr imar i ly  try to i n d i c a t e  some  b a s i c  d y n a m i c  p r o p e r t i e s  a n d  

c h a r a c t e r i s t i c s  of p r o c e s s e s  d i s t r i bu t ed  in s p a c e  a n d  show me thods  of 

d e r i v i n g  mode l s  for u n s t e a d y  s t a t e  c h a n g e s .  To d o  this, in a n a l o g y  with 

l u m p e d  p a r a m e t e r  p r o c e s s e s ,  we  will u s e  L a p l a c e  t ransformat ion  a n d  

t ransfer  funct ions .  Wishing e v e r y  mode l  o b t a i n e d  to b e  s o l v a b l e  a n d  

usal~le in p r a c t i c e ,  in m a n y  e x a m p l e s  we  will a l so  show how a mode !  of 

finite d i m e n s i o n  is o b t a i n e d ,  wha t  is lost w h e n  the  o rder  of the  mode l  is 

r e d u c e d  a n d  how t r a n s c e n d e n t a l  t ransfer  funct ions  a r e  a p p r o x i m a t e d  b y  

t ransfer  funct ions  in the  form of p r o p e r  ra t ional  funct ion.  

From the a s p e c t  of p r o c e s s  l ineari ty ,  the u s e  of L a p l a c e  t ransformat ion  

a n d  the formal iza t ion  of symbo l s ,  we  must r e p e a t  a n d  b e a r  in mind the 

r emark  that  was  a l r e a d y  m a d e  at the b e g i n n i n g  of Chap t e r  2. In all the 

fol lowing c a s e s  w h e n  the  P D E  o b t a i n e d  a r e  l i n e a r ,  for the s t a te  

v a r i a b l e s  o b s e r v e d  they  c a n  a l s o  b e  c o n s i d e r e d  as  the  e q u a t i o n s  o f  
t h e  d e v i a t i o n  of those  v a r i a b l e s  from s o m e  s t e a d y  state.  In the  p r o c e s s  

of o b t a i n i n g  t ransfer  funct ions ,  w h e n  the initial cond i t ions  a re  t aken  to 

e q u a l  ze ro  this a l so  m e a n s  that  the  initial d e v i a t i o n s  e q u a l  zero.  i.e. that  

the  s y s t e m  is in s t e a d y  s ta te .  Transfer  funct ions  o b t a i n e d  in this w a y  a re  

va l id  bo th  for a b s o l u t e  v a l u e s  of v a r i a b l e  c h a n g e  from the initial z e ro  

s t a te  (from initial cond i t i ons  e q u a l  to zero) ,  a n d  a l so  for c h a n g e s  of 

v a r i a b l e  d e v i a t i o n  from the initial s t e a d y  s ta te .  In s u c h  l inear  c a s e s  this 

l inear i ty  will. therefore ,  not b e  s p e c i a l l y  s t r e s s e d  b y  in t roduc ing  d e v i a t i o n  

symbo l  A b e s i d e  the v a r i a b l e  s y m b o l s  (for e x a m p l e ,  we will not write 

am.  z~. Ae. a n d  so  on, but  s imply  m. p. e). 

Finally.  we  must a d d  that the  m a t h e m a t i c a l  mode l  for t h e s e  p r o c e s s e s  

will also b e  d e r i v e d  from the e q u a t i o n s  f o r  t h e  c o n s e r v a t i o n  o f  
m a s s .  e n e r g y  a n d  m o m e n t u m ,  but  s i n c e  the  a s s u m p t i o n  of s ta te  

v a r i a b l e  e q u a l i t y  t h roughou t  the  who le  finite v o l u m e  o b s e r v e d  no longe r  
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holds, t h e s e  e q u a t i o n s  will b e  f o r m u l a t e d  f o r  t h e  i n f i n i t e s i m a l l y  

s m a l l  p a r t  of the v o l u m e  dV for which  the  u p p e r  a s s u m p t i o n  is fulfilled• 

3.1  M A S S  A N D  E N E R G Y  T R A N S P O R T A T I O N  P R O C E S S E S  

B A S I C  H Y P E R B O L I C  F I R S T - O R D E R  

P A R T I A L  D I F F E R E N T I A L  E Q U A T I O N  

The t r anspor ta t ion  of bulk  mater ia l  on c o n v e y e r  be l t s  a n d  the p r o c e s s  

of fluid flow th rough  p i p e s ,  w h e r e  h e a t  e n e r g y  is c a r r i e d  c o n v e c t i v e l y  

from the p i p e  inlet to its outlet,  a r e  f requen t ,  a n d  the s imples t  e x a m p l e s  of 

p r o c e s s e s  with spa t i a l l y  d i s t r ibu ted  p a r a m e t e r s .  F igures  3.1-1 a n d  3.1-2 show 

such  p r o c e s s e s  of mass  a n d  e n e r g y  t ranspor ta t ion ,  a n d  in the fol lowing 

lines we  will show that t h e  d y n a m i c  p r o p e r t i e s  of t hose  p r o c e s s e s  a re  

d e s c r i b e d  b y  the s a m e  PDE. 

Z=O Z=~  

A(z) 

rn m÷ -~-dz 

. 1 
I 

z * d z  I 
I 

F i g .  3.1-1 Bulk mater ia l  t r anspor ta t ion  

• .  • ° ,  . . . • .  • ° , ° . ,  - . - j , , -  . •  . • .  • - ° - •  

F i g .  3 .1-2 C o n v e c t i v e  hea t  t ransfer  b y  l iquid  flow 

In d e r i v i n g  the mode l  the a s s u m p t i o n s  for F igure  3.1-1 a r e  : 

- there  is no s ide  d i s s ipa t ion .  
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t he  t r a n s p o r t  v e l o c i t y  w is c o n s t a n t .  

T h e  e q u a t i o n  for t h e  c o n s e r v a t i o n  of m a s s  in  t h e  v o l u m e  

b e t w e e n  z and dz is 

s e g m e n t  

Mass f low rate m and mass between s, and dz are 

m = A ( z )  o w  ( 3 . 1 - 2 )  

d M  : A(z)  odz  (3.1-3) 

T h e  l a s t  e q u a t i o n s  g i v e  a h y p e r b o l i c  f i r s t - o r d e r  PDE 

~m(z.t) am(z.t) 
* w : 0 ( 3 . 1 - 4 )  

at ,~z 

Before deriving the model that describes the propagation of heat 

disturbances along the pipe. the following assumptions are made: 

- t he  p i p e  is i n s u l a t e d ,  

t h e  h e a t  c a p a c i t y  of  t h e  p i p e  w a l l s  is n e g l e c t e d .  

t h e  l i q u i d  f l o w i n g  t h r o u g h  t h e  p i p e  is  i n c o m p r e s s i b l e ,  i .e .  

u = i - P v  ; i ; c e ,  

- t he  f low v e l o c i t y  w is c o n s t a n t .  

T h e  e q u a t i o n  for t h e  c o n s e r v a t i o n  of e n e r g y  for t h e  f lu id  b e t w e e n  z 

and dz is  

~u(z. t) dU 
d z ]  = dt  (3.l-S) u ( z .  t) - [ u ( z ,  t) + az 

H e a t  f low r a t e  u a n d  i n t e r n a l  e n e r g y  U a t e  g i v e n  b y  

u = mc ,~  (3.1-6) 

U = Mc~ = Adz0c~) (3.1-7) 

F i n a l l y .  t h e  s a m e  h y p e r b o l i c  f i r s t - o r d e r  PDE is o b t a i n e d  

,~(z,t) ~o(z.t) 
- -  + w -  = 0 ( 3 . 1 - 8 )  

at ~z 

re(z, t) - [m(z, t) + 
~m(z. 0 d z ]  = d M  

~z d t  (3.1-I) 
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In b o t h  c a s e s  t he  s t e a d y  s t a t e  is d e t e r m i n e d  b y  ,)/,~t = O, i .e .  

= const, and ,~ = c o n s t .  

E q u a t i o n s  (3.1-4) a n d  (3.1-8) s h o w  tha t  a l t h o u g h  t h e  p r o c e s s e s  a r e  in  

fact  d i f f e r en t ,  d y n a m i c a l l y  t h e y  a r e  o b v i o u s l y  t h e  s a m e .  In b o t h  s y s t e m s  

s o m e  v a r i a b l e s  ( m a s s .  h e a t  e n e r g y )  a r e  t r a n s f e r r e d  c o n v e c t i v e l y  a l o n g  a 

s p a t i a l  c o o r d i n a t e ,  s o  b o t h  p r o c e s s e s  a r e  d e s c r i b e d  b y  a h y p e r b o l i c  
f i r s t - o r d e r  P D E .  As a ru le .  o n l y  t h e  a m o u n t  of  u n l o a d e d  m a t e r i a l ,  or  t h e  

l i q u i d  t e m p e r a t u r e ,  in  s e c t i o n  z = L is i m p o r t a n t ,  a n d  if t h e s e  v a r i a b l e s  a r e  

to b e  r e g u l a t e d  (for t h e  c a s e  w = c o n s t . )  it is d o n e  b y  a c t i n g  o n  m(O,t) or 

,~(O,t). It w o u l d  thus  b e  a d v a n t a g e o u s  to f i nd  t h e  r e l a t i o n  b e t w e e n  t h o s e  

two s e c t i o n s .  

T h e  d i s c u s s i o n  in E x a m p l e  1 wil l  b e  c a r r i e d  o u t  for t h e  c a s e  of b u l k  

m a t e r i a l  t r a n s p o r t ,  b u t  if w e  w a n t  to g e t  e x p x e s s i o n s  for t he  c a s e  o n  

F i g u r e  3.1-2, it is e n o u g h  to r e p l a c e  m b y  ~) in t he  m o d e l s  o b t a i n e d .  

B e f o r e  o b t a i n i n g  a n  e x p r e s s i o n  for mCL,t), w e  mus t  p o i n t  ou t  t ha t  t h e  

a m o u n t  of  m a t e r i a l  u n l o a d e d  f rom z = L d o e s  no t  d e p e n d  o n l y  o n  m(O,t), 

i.e. o n  h o w  m u c h  m a t e r i a l  is p l a c e d  o n  t h e  c o n v e y e r  b e l t ,  b u t  a l s o  o n  

w h e t h e r  t h e r e  w a s  a lot,  a l i t t le  or  no  m a t e r i a l  a l r e a d y  o n  it w h e n  it w a s  

pu t  in to  o p e r a t i o n .  M a t h e m a t i c a l l y  e x p r e s s e d ,  it is n e c e s s a r y  to  k n o w  the  

in i t ia l  c o n d i t i o n s  (IC) m(z,t0), i .e .  t h e  d i s t r i b u t i o n  of  t h e  m a t e r i a l  o n  the  

c o n v e y e r  b e l t  a t  t he  m o m e n t  to. ( S i n c e  w e  u s u a l l y  t a k e  to = O, z e r o  will  

u s u a l l y  s t a n d  in  t h e  p l a c e  of  to a n d  this  wi l l  d e s c r i b e  t he  IC, for e x a m p l e  

m(z,O).) 

E x a m p l e  I C o n v e y e r  s y s t e m  for b u l k  m a t e r i a l  t r a n s p o r t .  T ime  r e s p o n s e  

T h e  p r o c e s s  of  b u l k  m a t e r i a l  t r a n s p o r t  o n  F i g u r e  3.1-I is d e s c r i b e d  b y  

the  f o l l o w i n g  PDE a n d  the  g i v e n  b o u n d a r y  a n d  in i t i a l  c o n d i t i o n s  

~m(z,13 ~m(z,t) 
* w = 0 , (3.1-9) 

~t ¢~z 

BC= z = O. m(O. t)= zCt). t > to 

IC,  t = to, mCz. to )  = pCz) .  z ~ Co. 
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Veloc i ty  w = const . ,  r(t) a n d  p(z)  a r e  g i v e n  func t i ons  of  time a n d  

s p a c e .  

a) F ind  the  g e n e r a l  a n a l y t i c a l  so lu t ion  (or the  so lu t ion  in a c l o s e d  

form) a n d  p r e s e n t  it g r a p h i c a l l y  for t he  fo l lowing  c o n d i t i o n s  

al)  r(t) = h = I for t * O. p (z )  = O. 

a2) r(t) = 0, p(z) = I. 0 '~ z "~ L 

b)  F ind  the  t ransfer  f u n c t i o n  G(s) = M(L.s)/M(O,s) = M(L,s)/R(s). 

The  s imples t  w a y  to o b t a i n  so lu t ions  for the  h y p e r b o l i c  f i rs t -order  PDE 

is to u s e  L a p l a c e  t r ans fo rma t ion  that  is c a r r i e d  ou t  with r e s p e c t  to time t, 

so  {hat the  initial PDE is t r a n s f o r m e d  into ODE with r e s p e c t  to z in the  

s - d o m a i n .  T h e n  the  ODE o b t a i n e d  is s o l v e d  in the  s - d o m a i n  b y  the  u sua l  

p r o c e d u r e s  a n d  its so lu t ion  r e t u r n e d  b y  i n v e r s e  L a p l a c e  t ransform into the 

t -domain .  T h e r e  is 

~.{am(z, t) j- _ aM(z .  s) = M ' ( z .  s) 
c~z dz  

A p p l i c a t i o n  of  the  a b o v e  t ransform to (3.l-Q) y i e l d s  

sM(z. s) - p(z) + wM ' ( z ,  s) = 0 (3.1-1o) 

M' (z. s) = - S---M(z. s) + p (z )  (3.1-I1) 
W W 

The  last  e q u a t i o n  is a n o n h o m o g e n e o u s  f i rs t -order  ODE with r e s p e c t  to 

z in the  s - d o m a i n ,  a n d  it c a n  b e  s o l v e d  b y  the u s u a l  m e t h o d  of c o n s t a n t s  

va r i a t ion .  T h e  g e n e r a l  so lu t ion  will thus  b e  the  sum of the  h o m o g e n e o u s  

a n d  the  p a r t i c u l a r  so lu t ion  

M(z. s) = Mh(z, s) + Mp(z. s) (3.1-12) 

Mh(Z. s) = C e  -~~z (3.1-12a) 
Z 

Mp(Z. s) = e w -~- p ( { ) e  dI~ (3.1-12b) 
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Subst i tut ing the e x p r e s s i o n s  for Mh a n d  Mp into (3.1-12) a n d  e s t ab l i sh ing  

with the he lp  of the BC M(O.s) = R(s) that the cons t an t  C = R(s), we ge t  the 

final e x p r e s s i o n  which must b e  r e tu rned  into the time domain  b y  inve r se  

Laplace transform 
Z 

- J 1 p(~) e-~  d~] (3.l-131 M(z. s) = e "--~Z JR(s) ~-- 

Denot ing  the e x p r e s s i o n  in the b racke t s  F(s) a n d  its or iginal  fCt) y ie lds  

M(z, s) = e --~-~z V(s) (3.I-14) 

On the bas is  of the time t ians la t ion  theorem b y  which  t ranslat ion in the 

domain  of the or iginal  funct ion f(t) c o r r e s p o n d s  to d a m p i n g  of funct ion 

F(s) in the s -domain  (which is the c a s e  a b o v e ) ,  the inve r se  transform 

yields 

Z m(z, t) = f(t - -~-) C3.l-15) 

However .  ~(t) is still unknown a n d  is o b t a i n e d  as follows 

~(t) 

f(t) = ~.'l{R(s) ÷ F,(s)] = r(t) + ~-l{F~(s)} = (3.1-10) 
z z 

= r ( t )+  ~ ' l i J w l - - - p ( ~ ) e ~ ' ~ d ~ ] - - r ( , )  +J-~l w p(~) . .~ ' l /e%S/ ,  , dl~ . 

~(t ,/w-w) 
The solution of the integral on the right-hand side follows 
z 

i - ~  p(~) a c t .  ~ )  d~ (3.1-m 

Subst i tut ion of ~ = w~ a n d  dl~ : wd~ into (3.1-17) y ie lds  
z 

I p(w~)~(~ • t)d~ = p(-wt) (3.1-18) 

Insert ing the last e x p r e s s i o n  into (3,1-16) in s t ead  of the in tegra l  y ie lds  

fCt) = r(t) + pC-wt) . (3.1-IQ) 

Accord ing  to Equat ion (3.1-15) the solut ion is t rans la ted ,  so the final 
e x p r e s s i o n  for m(z,t) is 
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Z 
m(z, t) = r(t - -~--) ÷ p(z  - wt) (3.1-20) 

F igures  (3.1-3) a n d  (3.1-4) a r e  a g r a p h i c a l  r e p r e s e n t a t i o n  of the solut ion 

in t h r ee -d imens iona l  s p a c e  (m,z,t) for cond i t i ons  al) a n d  a2) 

Consequen t l y ,  for t > Tt there  will b e  no more  mater ia l  on the 

c o n v e y e r ,  i.e. m(z.t > Tt) = O. 

b) By definit ion,  t ransfer  funct ion G(s) r e p r e s e n t s  the rat io of output  

s igna l  t ransform to input  s igna l  transform, with initial cond i t i ons  e q u a l  zero.  

Thus  G(s) is not difficult to ob ta in .  It is e n o u g h  to subs t i tu te  p(~) = 0 into 

Equa t ion  (3.1-13), after  which  the  who le  e x p r e s s i o n  u n d e r  the  in tegra l  

b e c o m e s  e q u a l  to ze ro  a n d  remains  

z z 
- - ' ~ s  

M(z, s) = e R(s) - lvl(O, s ) e  ~ ' s  (3.1-21) 

If we  insert  z = L. we  ge t  

G(s)  : M(L. s) = e - ~ S  
M(O, s) (31-22) 

Ratio L/w h a s  the d imens ion  of time a n d  r e p r e s e n t s  the time n e e d e d  

for a pa r t i c l e  t r ave l l ing  at v e l o c i t y  w to m o v e  from z ,, 0 to z = L. It is 

u sua l ly  g i v e n  the s u b s c r i p t  t ( t r anspor t ed )  

L 
Tt = W- (31-23) 

(This t ime is a l so  of ten c a l l e d  " d e a d "  time b e c a u s e  it is a p e r i o d  of 

t ime du r ing  which  no th ing  will a p p e a r  in the s ec t i on  z = L if the IC e q u a l  

zero,  m(L. t ( T t )  = O. i.e. it is a p e r i o d  of time du r ing  which  e v e r y t h i n g  

will b e  " d e a d "  in the ou tpu t  sec t ion .  S e e  F igu re  3.1-3.) 

The  nex t  e q u a t i o n  is the we l l -known t r a n s c e n d e n t a l  funct ion ( and  no 

l onge r  in the  form of a p r o p e r  ra t ional  funct ion)  for t ranspor t  p r o c e s s e s  

G(z. s) = M(z, s) . ~Tt s  z 
M(0, s) (Tt  = ~ - )  (3.1-24) 

For the  c a s e  of l iquid  flow w h e r e  w e  s e e k  c o n n e c t i o n s  b e t w e e n  input  

a n d  ou tpu t  t e m p e r a t u r e s ,  r e p l a c i n g  M b y  e in the last  e q u a t i o n  d i r ec t ly  

y i e lds  Equa t ion  (3.1-25). 
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a l )  BC rCt) = h = I for t • 0 

IC pC:') = o.  0 ~ z ~ L 

in(z,  t) .. h( t  - --~) 

h ... H e a v i s l d e  u n i t - s t e p  f u n c t i o n  

miz,t) 

'-•'• 
,~ z = w t  

I tV_ ~[h./h(z,.:0 / 

/#i '~ 

T,--~,W ~," 

, /  

L=.wTt_ 
-Z 

] F i g .  3 , | - 3  C h a n g e s  in  q u a n t i t y  of m a t e r i a l  m(z, t )  for r(t) = h a n d  p ( z )  = 0 

a2 )  BC r(t) = 0 for t 2 0 

IC p ( z )  = 1. 0 ~ z • L 

re(z, t) = h ( z  - wt) 

m(z,t} 

p(z}'=1 

o , ~ r ' , .  ; d !.l~ 

,/°(z.,,--° -.J: I l" l L. 
// "--L IL," 

T,o÷ ./ ....... "-,I," 

,Y 
F i g .  3 . 1 - 4  C h a n g e s  in  q u a n t i t y  of  m a t e r i a l  In(z.t)  for r(t) = 0 a n d  p ( z )  = 1 
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e(z.  s) =. ~Tts  (3.1-25) 
GCz. s) = e(0.  s) 

If e -Tts is e x p a n d e d  into a n  infinite se r ies ,  the  t ransfer  funct ion  for 

t r anspor t  p r o c e s s e s  o b t a i n s  the  fo l lowing form 

G(~', s) = e TTts = I 
I + Tt's" +(Tts)2+ (Tts )3 ,  ... (3.I-26) 

11 21 31 

The d e n o m i n a t o r  of Equa t ion  (3.1-26) con t a in s  a p o l y n o m i a l  in s of 

infinite o rde r  tha t  ha s  an  infinite n u m b e r  of roots a n d  thus conf i rms the 

s t a t emen t  in the  in t roduc t ion  to this third c h a p t e r  a b o u t  PDE d e s c r i b i n g  

p r o c e s s e s  of infinitely h igh  order .  S ince  this d e n o m i n a t o r  (which  is a l so  

the cha r ac t e r i s t i c  e q u a t i o n  of the initial PDE (3,1-9)) c a n  a lso  b e  written 

e T t  s = eT t (  ° + ~ j )  = e T t  O eTt~aj 

it c a n  b e  s e e n  that all those  roots lie on  the "straight  l ine" o = .oo in 

the c o m p l e x  s - p l a n e  a n d  that  they  all h a v e  an  a rb i t ra ry  m e a n i n g  for the 

i m a g i n a r y  part .  

On the b a s i s  of e v e r y t h i n g  that  ha s  b e e n  sa id ,  it follows c l e a r l y  that 

s p a t i a l l y  d i s t r i b u t e d  p r o c e s s e s  c a n  n o t  p o s s i b l y  b e  
p r e s e n t e d  i n  t h e  f o r m  o f  s t a t e - s p a c e  e q u a t i o n s ,  which  was  

a l w a y s  p o s s i b l e  up  to now for p r o c e s s e s  with l u m p e d  p a r a m e t e r s .  In this 

c a s e  the  d i m e n s i o n  o f  t h e  s t a t e  v e c t o r  x w o u l d  b e  i n f i n i t e .  It 

must a l so  b e  s a i d  that  in t he se  p r o c e s s e s  the h ighes t  o rder  of d e r i v a t i v e s  

with r e s p e c t  to time d o e s  not e q u a l  the  o rder  of the sys tem,  which  was  

a l w a y s  the  c a s e  in l u m p e d  p r o c e s s e s .  

In E x a m p l e  I we  a n a l y z e d  the r ea l ly  s imples t  p r o c e s s e s  with spa t i a l  

p a r a m e t e r  d e p e n d e n c e  a n d  with a s e l e c t i o n  of a s s u m p t i o n s  that  " insured"  

a mode l  in the form of a l inear  h o m o g e n e o u s  h y p e r b o l i c  f irst-order PDE. In 

the  fol lowing e x a m p l e  we  will show how, if the  a s s u m p t i o n s  a re  "mar red"  

just a little (which is of ten c lose r  to the rea l  c a s e ) ,  more  c o m p l e x  

m a t h e m a t i c a l  forms a r e  o b t a i n e d  to so lve  a n d  a n a l y z e .  (This c h a n g e  of 

a s s u m p t i o n s  c o u l d  m e a n  that mater ia l  a l so  s l ides  du r ing  t ransport ,  or that 

it fails off the s ide  of the c o n v e y e r  belt ,  or that the p i p e  is not insu la ted ,  

a n d  so on.) 
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Example 2 Fluid flow th rough  un insu la t ed  p ipe .  Tempera tu re  time 

r e sponse  

Derive a model  for hea t  transfer by  l iquid flow through  an un insu la t ed  

pipe, where  the wall t empera ture  is g iven  b y  .~w(Z, t). Heat  s to rage  in the 

p ipe  wall is n e g l e c t e d  a n d  the mass flow is c o n s i d e r e d  cons tan t  ( and  thus 

also flow ve loc i ty  w). The c o n s e q u e n c e  of the last a s sumpt ion  is that the 

coeff icient  of c o n v e c t i v e  hea t  transfer ~ is cons tan t  as well. 

"0"w(z,t} 

i I I i 
I o  , ' 

I v , ,  I "7q" -~  " -  = w = k o , s t . - - - ~ .  
J I I 
v I _ ~ l 

Z=0 z z ~  z=L 

Fig. 3.1-5 Liquid flow th rough  p i p e  a n d  hea t  e x c h a n g e  with wall of 

t empera ture  ew(z, t) 

This c a s e  is p resen t  in c o n d e n s e r  hea t  e x c h a n g e r s  a n d  in their c a s e  

the assumpt ion  of cons tan t  wall tempera ture .  Sw = const. ,  is usua l ly  

fulfilled. 

Formulation of the e q u a t i o n  for the c o n s e r v a t i o n  of e n e r g y  for the fluid 

b e t w e e n  sec t ions  z and  z+dz yie lds  

mc,~ - (mce + mc-~-z dr )  • 0cAu(,~w - ,~) = - -  
d(Mc,~) 

dt 
(3.1-27) 

The a r e a  through which  heat  is e x c h a n g e d  is Au = 2r~dz = Udz, where  

U represen t s  the c i r cumfe rence  of the p ipe .  M = Apdz is the mass of fluid 

in the o b s e r v e d  dV. Arrangement  of the last equa t ion  yie lds  

~ C z .  t) ,~Cz. t) 
+ w + k a ( z ,  t )  = k ~ w ( Z ,  t )  ( 3 . l - 2 8 )  

~t ,~z 
=U 

k -  
A p c  
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The  mode l  is a n o n h o m o g e n e o u s  l inear  h y p e r b o l i c  f i rs t-order  PDE and  

l inear  re la t ions  will b e  r e t a i n e d  as  l ong  as  the a s s u m p t i o n  a b o u t  the 

c o n s t a n t  flow v e l o c i t y  w is fulfilled. To ob ta in  an  ana ly t i c  solut ion of 

Equa t ion  (3.1-28) it is n e c e s s a r y  to know the b o u n d a r y  cond i t i ons  funct ion 

e(O,t), the  initial cond i t i ons  funct ion e(z,O) a n d  the d i s t u r b a n c e  funct ion 

ow(z. t). 

Coeff ic ient  k is an  impor tan t  d y n a m i c  coe f f i c i en t  a n d  will b e  met  in all 

p i p e  hea t  e x c h a n g e r s .  The  d i m e n s i o n  of k is s -1 a n d  its i n v e r s e  v a l u e  is 

c a l l e d  the h e a t  ( t h e r m a l )  l i m e  c o n s t a n t  o f  fluid T = Ilk.  

For the c a s e  of the  c o n d e n s e r  h e a t  e x c h a n g e r  w h e r e  ew(Z, t) = const . ,  

the s t e a d y  s ta te  is c h a r a c t e r i z e d  b y  the known e x p o n e n t i a l  i n c r e a s e  of 

fluid t e m p e r a t u r e  e(z) a l o n g  the  p i p e .  This e x p r e s s i o n  is o b t a i n e d  by  

so lv ing  an  ODE with r e s p e c t  to z, which  is o b t a i n e d  from (3.1-26) b y  

inser t ing  a,~/at = O. The  b o u n d a r y  cond i t i on  is g i v e n  b y  ~(z=O) = ,~(0). This 

g i v e s  the fluid t e m p e r a t u r e  c h a n g e  in the s t e a d y  s ta te  

k 
~(z) = ,~w" a~oe " ' ~ z  . ~,~o = ,~w - ,~(0) (3.1-29) 

If ~(o) = o 

k 

~(z )  = ~ , ( I  - e "-~z ) (3.1-30) 

a n d  if bo th  ~(O) = 0 a n d  ~w(O) = O, the of ten u s e d  initial cond i t ion  

e q u a l  to ze ro  is o b t a i n e d ,  i.e. ,~(z) = O. 

If we  n e e d  to know the re la t ion  b e t w e e n  fluid t e m p e r a t u r e  c h a n g e  in 

an  a rb i t r a ry  s e c t i o n  a l o n g  the p i p e  a n d  the input  t e m p e r a t u r e  ( b o u n d a r y  

condi t ion)  %(O,t), or the t e m p e r a t u r e  of the p i p e  wall  ew(z. t), it is 

a d v a n t a g e o u s  to d e t e r m i n e  the  t ransfer  funct ions  that  de f i ne  that  relat ion.  

A p p l y i n g  the L a p l a c e  t ransform to (3.1-28), for IC e q u a l  to zero ,  we  g e t  the 

fo l lowing ODE with r e s p e c t  to z in the s - d o m a i n  

dO[z. s) 
w dz * (s ÷ k)e(z, s )  = kew(z, s) (3.1-31) 

So lv ing  that DE g i v e s  the d e m a n d e d  re la t ion  b e t w e e n  t e m p e r a t u r e s  
. ~--~kz 

s+k I- e 
e(z. s) = e --w-z 8(0. s) + kew(z, s) (3.1-32) 

s+k 
i 

G,Cs) G2(~) 
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It is important,  b e c a u s e  of c o m p a r i s o n  with the c a s e  w h en  the p i p e  is 
insulated as  shown on Figures  3.1-3 a n d  3.1-4, to r e p r e s e n t  the r e s p o n s e  of 

the sys tem (fluid t empe ra tu r e  c h a n g e  at the p i p e  outlet)  in the c a s e  when  

the inlet d i s t u r b a n c e  is an impulse  fluid t em p e ra tu r e  c h a n g e ,  a(O, t) = a(t). 

(The wall t e m pe ra tu r e  remains  u n c h a n g e d  a n d  e q u a l  to zero.)  With e(O, s) 

= 1 the a b o v e  e q u a t i o n  y ie lds  

s+k ~ z Z Z 
,c;~Z. , ~ .  cL-l{e'--w'-z / e-wk ~ . i {ew-s }  e "  ~ ~(t _ Z = = ~-) . (3.1-33) 

An impulse  r e s p o n s e  for the c o n v e c t i v e  hea t  t ransfer  p r o c e s s  (transfer 

by  fluid flow) in which  the re  is hea t  e x c h a n g e  with the wail is thus an  

impulse that p r o p a g a t e s  b y  ve loc i ty  w a l o n g  the p i p e  (with a time d e l a y  

of z /w  s e c o n d s  after  the o c c u r r e n c e  of the d i s t u r b a n c e )  a n d  w h o s e  

ampli tude d e c r e a s e s  by  the d a m p i n g  factor  e -zk/w,  

~(z.t) 

:\ 

~\ {" L 

/Z ~ ~,/,,,,," /1" /,i-" 

7 . . . . . . . . . .  
,. / <',,,, 

t 

]Fig. 3 . | - 6  P r o p a g a t i o n  of impulse  t em p e ra tu r e  d i s t u r b a n c e  

a l o n g  the un insu l a t ed  p i p e  

Spec i a l  a t ten t ion  must b e  p a i d  to this d e c r e a s e  in ampl i tude  shown on 

Figure 3.1-6 b e c a u s e  it d i d  not  exis t  in the c a s e  of the insuIa ted  p ipe .  

There  the d i s t u r b a n c e  p r o p a g a t e d  a l o n g  the  p i p e  ( tzansportez)  u n c h a n g e d .  

For be t t e r  c o m p a r i s o n  with F igure  31-3 (which is a lso  va l id  for the 

insu la ted  p ipe ,  as was men t ioned  in the first ex am p le )  we shou ld  ob ta in  

an ana ly t i ca l  e x p r e s s i o n  for t empe ra tu r e  c h a n g e  a lo n g  the p i p e  if e(O. t) = 
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rCt) = h(t) ,, 1 for t > O. Subst i tu t ing O(O. s) = l /s  a n d  Ow(Z, s) 

(3.1-32) y ie lds  

eCz. s) e " ~ k  
z . g~s  ! 

5 

= 0 into 

w h e n c e  

[ / "  oCz, t)-  -~kse .  I ew I__ :;~k hCt-~-) 
S 

(3.1-34) 

Figure  3.1-7 shows fluid t empera tu re  c h a n g e .  

TI= L 

, /  

/ 
\ 

O{z,t) 

L 
/ f  

/ 
/ 

. /  

I 

6h ~ 

F i g .  3.1-7 P r o p a g a t i o n  of s t ep  t empe ra tu r e  d i s t u r b a n c e  a lo n g  

the un in su l a t ed  p i p e  

The  t empera tu re  profi le  a l o n g  the p i p e  is shown at the moment  Tt. 
Outlet t empera tu re  is e q u a l  to e "Lk/w - e "Ttk. which  means  that it is 

c o n s i d e r a b l y  smaller  than inlet t empera ture .  

P ipe  hea t  e x c h a n g e r s  (paral lel-f low. counter - f low a n d  cross-f low) are  

frequent parts of plants and plant units and typical examples in which the 

dynamics of temperature change between the warmer and the colder 

current is described by a sysltelm of hyperbolic first-order PDE. In 

continuation, after accepting many assumptions, we will show how to 
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de r ive  a mode l  for the  para l le l - f low a n d  counte r - f low h e a t  e x c h a n g e r .  For 

the former we  will a l so  show how to ob t a in  the matrix t ransfer  funct ion  

re la t ing  input  a n d  ou tpu t  t e m p e r a t u r e s .  

E x a m p l o  3 D y n a m i c s  of pa ra l l e l - f low a n d  coun te r - f low hea t  

e x c h a n g e r s  

F igure  3.1-8 shows  a s k e t c h  of coun te r - f low a n d  para l l e l - f low ( the  

d i rec t ion  of flow is g i v e n  b y  a b r o k e n  l ine) hea t  e x c h a n g e r s  for wh ich  

ma thema t i ca l  mo de l s  for u n s t e a d y  fluid t e m p e r a t u r e  c h a n g e s  must  b e  

de r ived .  The  a s s u m p t i o n s  are:  

b o t h  fluids a re  i n c o m p r e s s i b l e  l iquids .  

p r e s s u r e s ,  mass  flow rates ,  flow ve loc i t i e s ,  c r o s s - s e c t i o n a l  

a r e a s  a n d  h e a t  t ransfer  coe f f i c i en t s  a re  cons t an t ,  

the  h e a t  c a p a c i t a n c e  of the  p i p e  walls ,  h e a t  c o n d u c t i o n  in 

the d i r ec t i on  of the z ax i s  a n d  l o s se s  d u e  to friction a re  

n e g l e c t e d .  

- the  coe f f i c i en t  of hea t  c o n d u c t i o n  th rough  the p i p e  wall  is 

infinite. 

 2iI I0,o 
I '  

t 

m) 
- - - -  I W///A 

Fig. 3.1-8 S c h e m a t i c  p r e s e n t a t i o n  of coun te r - f low a n d  

para l le l - f low h e a t  e x c h a n g e r  
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paratteL-ftow pzAzw 2 
mzu r 

Pl Aiwl  
mlu I 

iJtPzAzwzl dz FJAzwz- az 

dz mzU2 - Bz 

'..~'~";:'~..~?..;'.'.-~'.':.~.2~"..:.~.:'~'/..:'.'.:.~':+:':(::." 81P. A w I ~.....-.-...-.... • -.-...-.- • ,.-.- - ..-. -+...,.,....-.._.+.+.~ z z2  / . . . . . .  x k ~ ,  / PzArwz+ ~ dz 

- - - " 1  ~z . , ~ \ ~ 2 ~  r - - ' -  al,,z,2~ 

l ' 'a" ( + ~ , + ' ~ . ' ~  L _ _  PzAzwz counte r - f tow 

1 . . . . . . . . . . . . . .  ' . . . . . . . . . .  ° ' ° '  = ::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::: 

z ' -dz  

Fig. 3.1-9 Sketch of oontzol volume dV with heat inflow and heat outflow 

E q u a t i o n s  for the  c o n s e r v a t i o n  of  e n e r g y  ( p o w e r  e q u a t i o n s )  a r e  

f o r m u l a t e d  for inf ini tes imal  v o l u m e s  of  b o t h  the  f luids b e t w e e n  s e c t i o n s  z 

a n d  z+dz. 

ECE for f luid  I.. 

mlul + PIAIws + U d z q  - (mlu, + a ( m ' u 0 d z ) -  (PIAlwl + 
az 

= a-~-(A1dzplul) 

y i e l d s  

~-~(mlu+ + P1Aiwl) + (Alplul) = Uq 

C o n s i d e r i n g  that  

mlul + P1AIwl ,= mlul ÷ Ptv~m~ = m~(ul * Pivl) " mlil , 

plu, = p t i l  - P. A~ ~p' = ~ml P = cons t .  
~t ~z ' 

d i f f e ren t i a t ion  of  E q u a t i o n  (3.1-3b) y i e l d s  

al l  ~il U T"'--U=(ez --+ = q =  
at wl~-~ Alp, ~1Pl 

For l i qu ids  t h e r e  is i - c~.  so  the  last  e q u a t i o n  

e x p r e s s i o n  for f luid 1 t e m p e r a t u r e  c h a n g e  

a(PIAIWl) d z )  = 
az 

(3.1-3,~] 

(3.1-36) 

(3.1-37) 

y i e l d s  the  final 
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~,~lCz, t) , aelCz, t) U~ (~2 -e l )  (3.1-38) 
at + --1 ~ = A~p lc l  

The  ECE for the warmex fluid 2 (the u p p e r  s igns  a re  va l id  for the 

parallel-f low hea t  e x c h a n g e r )  is 

m2u2 + P2Azwz - Udzq - (mzu ~ * ~(m2u2)dz) - (P2A2w2 i a(PzAzW2)dz) = 
~z az 

A = -~ ' (2dzp2u2)  (3.1-3q) 

In this e q u a t i o n  a t tent ion must b e  p a i d  to the n e g a t i v e  s ign  in front of 

the hea t  t ransfer red  to fluid 1, a n d  in front of the par t ia l  de r iva t i ve s  with 

r e spec t  to z in the counter - f low e x c h a n g e r .  T h e s e  s igns  are  what  

d is t inguishe  Equat ion  (3.1-3q) (for the  hea t i n g  fluid) from Equat ion  (3.1-351 

(for the h e a t e d  fluid) a n d  they  a lways  ref lect  the fact  that fluid 2 g ives  
heat  to fluid 1, a n d  that the e n e r g y  leve l  of fluid 2 in the counter - f low 

e x c h a n g e r  d e c r e a s e s  in the n e g a t i v e  d i rec t ion  of the z axis.  

If the same p r o c e d u r e  as the o n e  ca r r i ed  out with the e q u a t i o n  for 

fluid I is per formed,  we ge t  

~t - z  ~ = ( ~ , -  ~2) 
( 3 . l - 40 )  

Equat ions  (3.1-38) a n d  (3.1-40) a re  a g y = t o m  of h y p e r b o l i c  first-order 

PDE, a n d  to so lve  them it is n e c e s s a r y  to d e f i n e  ( w o  b o u n d a r y  a n d  

t w o  l n i t | a l  c o n d | t | o n m .  In the counter - f low e x c h a n g e r  t hese  cond i t ions  

are of the form 

BC: ,%(0, t) = rift). 

IC, ~,(z. to) = p~(z). 

,8'2(L. t) = r2(t) . 

,%(z. to) " P2(z)  

The u p p e r  assumpt ions  make  the sys tem of eq u a t i o n s  h o m o g e n e o u s ,  the 

p roces s  o c c u r s  without d i s t u r b a n c e  a n d  on ly  b e c a u s e  the b o u n d a r y  

condi t ions  c h a n g e .  If the matrix differential  ope ra to r  Az is d e f i n e d  a n d  the  

coeff ic ients  kl = U ~ / A I p l C I ,  i = 1. 2 are  r e i n t r o d u c e d ,  the sys tem of 

equa t ions  c a n  b e  written as follows 

, [-wl~" z - kl 
et(z. t) = 

L kz 

k~ ] aCz, t) - Az~Cz, t) 
*w2~'-ff- kz 

(3.1-41) 
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O b t a i n i n g  c l o s e d  form solut ions  for this s y s t e m  of e q u a t i o n s  is now a 

ra ther  more  c o n s i d e r a b l e  task than  w h e n  the re  was  on ly  o n e  equa t ion .  

The  p r o c e s s  h a s  i n c r e a s e d  in c o m p l e x i t y .  Here  w e  will, n e v e r t h e l e s s ,  show 

how to o b t a i n  the  matr ix  t ransfer  funct ion which  r e l a t e s  t e m p e r a t u r e s  a l o n g  

the p a r a l l e l - l l o w  h e a t  e x c h a n g e r  as  funct ions  of b o u n d a r y  condi t ions ;  

t e m p e r a t u r e s  ~ (0 .  t) a n d  ~z(0. t}. 

With IC e q u a l  to zero .  after  L a p l a c e  t ransformat ion  with r e s p e c t  to time 

t the s y s t e m  of e q u a t i o n s  (3.1-41) b e c o m e s  the  fo l lowing s y s t e m  of ODE 

with r e s p e c t  to z in the  s - d o m a i n  

dem(z.dz s) = s Wl + k~ el(z.  s) + --~le2(z. s) . (3.1-42) 

de2(z .  s} , k2e1(z, s) -s + k2 ez(z. s) (3.1-43) 
dz w z w 2 

To make it easier to perform the following derivation we will assume 

that the fluids are (he lamo (p, =~z. ci - cz) and that A, = Az and 

w I = w 2 ~-w. This results in kt = k2 =k. After introducing the symbols A = 

-(s+k)/w and B = k/w. the above system of equations shown in matrix form 

becomes 

I 

e2(z. s).J z e2(z, 

The solution of system (3.1-44) is 

~(z. s) = eAZe(o, s) - ,~(z)e(o, s) 

(3.1-44) 

(3.1-4s) 

The  t rans ien t  or f u n d a m e n t a l  matrix ~ ( z )  is c a l c u l a t e d  a c c o r d i n g  to the 

formula  

,~(z) = e xlz A - ),2I + eXzZ A - X,I 
)~t- Xz ~,2" ),i 

(3.1-4{~) 

),1 a n d  ~2 a r e  the  e i g e n v a l u e s  of matrix A o b t a i n e d  from the e q u a t i o  ns 

(A-)~I) = 0. 

Xl " A + B - .s__ , (3.1-4Y) 
W 

s+2k 
),z = A - B = - - -  (3.1-48) 

w 
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Equation (3.1-46), after determining matrices IF1 and Fz, yields 

[chBz 
~,(z) - eAz|  

LshBz z] 
[ eBZ+e'Bz shB = C z  

chBzJ eBZ.e -Bz 

eBZ.e-Bz ] 

eBZ, e -Bz 
(3.1-40) 

Temperature interrelations can be shown clearly in a block diagram. 
and this has been done in Figure 3.1-10 aocozding to Equations (3.1-45) 
and (3.1-4g). 

%(0,s) I - [ c h a z  ~ s  = e,(z,s) 

shBz [~_ ÷w k 

_1  hBz B= 

Oz{O,s) _ chBz I -k_v :1 e ~  "- ez(Z,S) 

Fig. 3.1-10 Block diagram of interrelations between input and 
output temperatures in the parallel-flow heat exchanger 

(kt = k2 = k. w, -w 2 =w) 

Equations (3.1-45) and (3.1-49) make it possible to determine 
temperatures along the whole heat exchanger for given temperature 
changes e,(O, t) and e2(O, t). If ~1 undergoes unit step increase, i.e. 
at(O, t )= h(t). the temperature change of both fluids is given by the 
solution of the following equation 

k k 

Le2(z. s) 2 e "~'z- e-~--z ][o] k__ z k (3.l-5O) 
e w , e ~  'z  

Rearrangement and inverse Laplace transformation yields 

~,(z. t) = 1 * e h(t - z )  (3.1-51) 
2 w 
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z -2~.k 
8{z. t) - l - e h(t - z__) (3.1-52) 

2 w ' 

For  t h e  c a s e  o f  k = 1. p i p e  l e n g t h  L = l m a n d  f l o w  v e l o c i t y  w ,, 1 m / s .  

Figure  3.1-II shows  tempera ture  c h a n g e s  of both  the fluids a l o n g  the whole  

e x c h a n g e r  after T t ffi L/w ,, I s e c o n d .  It must be  o b s e r v e d  that when  

z - .  oo. ~h a n d  82 c o n v e r g e  to the va lue  0.5. a n d  this differs from the 

results in F igure  3.1-7 (~)w ffi const . )  whe re  the fluid t empera tu re  3 

c o n v e r g e s  to zero.  

Olz . I )  

0.5 

O,[z.O)=l 

._1 

1 

! 

0.2 0.~, 0.6 0.8 L=t Z 

Fig. 3.1-11 Tempera tu re  profile a l o n g  hea t  e x c h a n g e r  p i p e  after 

Tt s e c o n d s  in the c a s e  31(0. t) = h(t) = I 

This last example shows how technical devices with relatively simple 

geometry and for which a whole series of assumptions has been made. 

have complicated mathematical models which make it difficult to obtain 

analytically the demanded responses in the case of disturbed boundary 

conditions. Therefore it. and also the many examples that follow, shows 

why everyday technical practice aspires to methods of direct numerical 

simulation of PDE in the examination of dynamic properties of specific 

p,ocesses, or to approximation of transcendental transfer functions which 

always appear in processes that are distributed in space. 
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In the  p r e v i o u s  d i s c u s s i o n  of h e a t  e x c h a n g e r s  the poss ib i l i ty  of h e a t  

a c c u m u l a t i o n  in the walls  of the p i p e  was  n e g l e c t e d .  In a g r e a t  n u m b e r  of 

c a s e s  for th in -wal led  p i p e s  this is c o m p l e t e l y  justified. H o w e v e r .  w h e n  the  

wall of  the p ipe  is th icker ,  or w h e n  the  h e a t  c a p a c i t a n c e  of the wall  is of 

the s a m e  o rde r  of m a g n i t u d e  as  the  h e a t  c a p a c i t a n c e  of the fluid (which  

the mode l  bu i lde r  must e v a l u a t e  at  the  b e g i n n i n g ) ,  the  p r o c e s s  of h e a t  

s t o r age  in the  p i p e  wall  must b e  t a k e n  into a c c o u n t  as  well.  The  fol lowing 

e x a m p l e  shows  c h a n g e s  in the  mode l  of u n s t a t i o n a r y  t e m p e r a t u r e  c h a n g e  

for that c a s e .  

] E x a m p l e  4 Fluid flow with hea t  s t o r a g e  in the  p i p e  wall  

Fluid flows through a thicker pipe, externally insulated. Derive the 

transfer function relating output fluid temperature change with input fluid 

temperature change, taking into account possibilities of heat storage in 

the wall. Assume that the coefficient of heat conduction in the radial 

direction is infinite, which means that the temperature of the wall is the 

same  in its who le  th ickness .  N e g l e c t  hea t  c o n d u c t i o n  in the  d i r ec t i on  of 

the z axis .  The  o ther  a s s u m p t i o n s  a r e  the  s a m e  as  in the  p r e c e d i n g  
e x a m p l e .  

O(O.t}  - ~ = -  
A ~ a Aw '. 

~ I r I 

. . . .  , . ~ ' , ' .  m . j ' 2 ~ 2 " . 1 , . . . , . .  ; : :  . . . , . . .  . . . . .  . / . . . .  . . . . .  

z .1 
z * d z  

- ~ - - ~  -~ (L . t )  

]Fig. 3.1-12 Convective heat transfer through an insulated pipe with 

heat storage in the pipe wall 

Because of the appearance of a new possible heat storage tank 

equations for the conservation of energy both for the fluid and for the 

pipe wall must now be derived. 

ECE for the  fluid: 
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a(mca)  = inca - ( inca + dz )  - cxUdz(a- - 3 w) a(Adzpca)  
8z at 

(3.1-63) 

The  a b o v e  e q u a t i o n  y i e l d s  

~8 ~8 aU 
-- + w - -  = (aw- ,~) at az Apc 

(3.1-54) 

ECE for the wall: 

A - -  0~w wpwcwaz - -~ -=  aUdz(a  - aw) 

a~)w aU (e - ,~w) 
at = Aw~wCw 

(3.[-55) 

(3.1-56) 

The  sy s t em c o m p r i s i n g  Equa t ions  (3.1-54) a n d  (3.1-56) is a 

u n s t e a d y  fluid a n d  wall  t e m p e r a t u r e  c h a n g e s  a n d  to so lve  it 

d e f i ne  the  fol lowing b o u n d a r y  a n d  initial cond i t ions ,  

mode l  for 

we  must 

BC..  

IC: 
a(0. t) - r(0 
a(z.  0) - p , (z) .  ~,,,,,(z. 0 ) =  pz(z)  

The  t ransfer  funct ion r e l a t ing  fluid t e m p e r a t u r e  a l o n g  the  p i p e  with the 

g i v e n  b o u n d a r y  t e m p e r a t u r e  at z = 0 is o b t a i n e d  af ter  L a p l a c e  

t ransformat ion  of Equa t ions  (3.1-54) a n d  (3.1-56) with IC e q u a l  to zero ,  a n d  

af ter  so lv ing  the ODE o b t a i n e d  with r e s p e c t  to z in the s - d o m a i n  for fluid 

t e m p e r a t u r e  a. 

s2,(k,÷k~)s 

G(z. s) e(z,  s) " w(s+k~) z 
- . e ( 3 . l - s ~ ' )  e(o. s) 

The coef f i c i en t s  k h a v e  the s a m e  m e a n i n g  as  b e f o r e  

,,U 
kl = Apc (3.1-58) 

=U 
kz = AwpwCw (3.1-59) 

Their  i n v e r s e  v a l u e s  a r e  fluid thermal  t ime c o n s t a n t  TF a n d  wall  thermal  

time c o n s t a n t  Tw. 

1 Apc (3.1-60) 
T F -  k-7 = =U ' 
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1 AwPwCw (3.l-hi) 
Tw = kz =U 

The  t ransfer  funct ion G(z.s) g i v e n  in Equa t ion  (3.1-57) is a more  

e n c o m p a s s i n g  a n d  g e n e r a l  form of t ransfer  funct ion for the  p i p e  h e a t  

e x c h a n g e r .  From it we  c a n  ob t a i n  a s  b o u n d a r y  c a s e s  the  t ransfer  

functions d e r i v e d  ear l ier  if we  m a k e  a s s u m p t i o n s  that  w e r e  left out in this 

case .  Thus,  for e x a m p l e ,  if we  a l low the  coe f f i c i en t  = to c o n v e r g e  to zero ,  

i.e. if the re  is no  hea t  t ransfer  on to  the  wall,  the t ransfer  funct ion (3.1-57) 

b e c o m e s  the  a l r e a d y  known t ransfer  funct ion  that  was  d e r i v e d  for the  

"pure" t r anspor t  p r o c e s s  in the  c a s e  of the  i n s u l a t e d  p i p e  in E x a m p l e  1, 

g iven  b y  Equa t ion  C3.1-25). 

This e n d s  the p r e s e n t a t i o n  of the  d y n a m i c s  of c o n v e c t i v e  mass  or 

e n e r g y  transfer ,  be t t e r  known as t r anspor t  p r o c e s s e s ,  w h o s e  u n s t e a d y  s t a t e  

c h a n g e s  we  d e s c r i b e d  in the form of a h y p e r b o l i c  f irs torder PDE or b y  a 

sys tem of h y p e r b o l i c  f i rs t-order  PDE. T h e s e  a r e  a l so  the  s imples t  p r o c e s s e s  

d i s t r ibu ted  in s p a c e  a n d  their  a n a l y s i s  will b e  of u s e  for u n d e r s t a n d i n g  

more c o m p l e x  p h e n o m e n a .  

3.2 P R O C E ~ S E |  WITH EQUALIZATION 
BABIC PARABOLIC PARTIAL DIIFYERENTIAL EQUATION 

This name descr ibes  processes in wh i ch  d i f ferences in  potent ia l  result 

in an  e q u a l i z a t i o n  of cond i t i ons  th roughou t  the  s y s t e m  u n d e r  o b s e r v a t i o n .  

The most  t yp i ca l  e x a m p l e s  met  in e v e r y d a y  p r a c t i c e  a r e  h e a t  c o n d u c t i o n ,  

diffusion a n d  the  mot ion of v i s c o u s  (s t icky)  l iquids .  Common  to all t h e s e  

p h y s i c a l l y  di f ferent  p r o c e s s e s  is a g a i n  their m a t h e m a t i c a l  notation., their 

d y n a m i c s  is d e s c r i b e d  b y  p a r a b o l i c  P D E .  In this s e c t i o n  we  will 

c o m p l e t e l y  a n a l y z e  the  p r o c e s s  of h e a t  c o n d u c t i o n ,  but  the  d e r i v a t i o n  of 

equa t ions ,  m e t h o d s  for s o l v i ng  them a n d  the so lu t ions  t h e m s e l v e s  a r e  

iden t i ca l  for this w h o l e  c l a s s  of p r o b l e m s ,  a n d  to o b t a i n  a s a t i s f ac to ry  

p h y s i c a l  in t e rp re ta t ion  it is e n o u g h  to g i v e  coe f f i c i en t s  their rea l  m e a n i n g .  
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If ce r ta in  assumpt ions  are  made ,  i! c a n  b e  shown that all the p r o c e s s e s  

men t ioned  are  d e s c r i b e d  b y  the fol lowing PDE, 

8u ~ u  
--~-- a ~z--~z- (3.2-I) 

Depending on the nature of the process, u and a have the following 

physical meaning~ 

Heat conduction.- u - temperature, a = ),/co - coefficient of thermal 

conductivity 

diffusion~ u - concen t ra t ion ,  a = D - coeff ic ient  of diffusion 

motion of v i s cous  l iquid: u - par t ic le  ve loc i ty ,  a - ~, - coeff ic ient  of 

kinematic  v i scos i ty  

Of course ,  as assumpt ions  c h a n g e  so d o e s  Equat ion (3.2-1). It ge t s  new 

terms a n d  e x p a n d s .  Never theless ,  the form it is shown in is b a s i c  for all 

p r o c e s s e s  with equa l i za t ion .  

Example 1 Heat  c o n d u c t i o n  th rough  h o m o g e n e o u s  insu la ted  b o d y  

Figure  3.2-1 shows a prismatic  b o d y  insu la ted  on all its lateral  sides. 

Derive the e q u a t i o n  d e s c r i b i n g  tempera tu re  c h a n g e  a l o n g  the spatial  

c o o r d i n a t e  a n d  in time, a n d  exp re s s  mathemat ica l ly  the following 

b o u n d a r y  condi t ions :  

a) g i v e n  tempera tures  a re  ma in ta ined  at the e n d s  of the b o d y  (frontal 

c ross-sec t ions) ,  

b) a g i v e n  hea t  flow rate is ex te rna l ly  s u p p l i e d  to the ends  of the 

b o d y .  

c] there  is c o n v e c t i v e  hea t  transfer from the e n d s  of the b o d y  to the 

environment .  

Also de r ive  transfer funct ions c h a r a c t e r i z i n g  hea t  conduct ior~ for the 

b o u n d a r y  cond i t ions  for c a s e  a), a n d  for a combina t ion  of b o u n d a r y  

cond i t ions  for c a s e s  a) a n d  b). 
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Assumptions, 

- temperature is uniform on a cross-section of the body. 

- the body is homogeneous. 

- heat conduction is observed along the z axis only. 

the coefficient of thermal conductivity )~ is not a function of 

temperature. 

.dM = A d z p  

z t  / / "  / / Y / / / '/./'q~q( 8 gdz 
I I [ I I l X I ~ J  / I I I I l l l l l l l l l l . ^ ~ t t l *  u ;  / I t  I 

I I I I I I !11M-.I--L-J.-J-~I I l d  I I ~ ~  
-i-+ H - t - I -  -MI--I-t ~ A H - - / r - - / ~  -t. H- . ~ - -  - - ~4 . . . . . .  

/ I I I I I .  ,~/YZdl I I  / 
I I I I / 1  I I 
1 1 1 4 1 1 1  
I 1 ' 1 1 1 1 1  

I i 
z _Mj I 

m z + d z  I I 
, , --i 

--i 

z = 0  z = L  

F i g .  3 . 2 4  Heat  c o n d u c t i o n  through h o m o g e n e o u s  insu la ted  b o d y  

The b a l a n c e  of hea t  e n e r g y  is formula ted  for a infinitesimal vo lume dV 

of the b o d y  

qCz. t)A - [q (z ,  t) * bq(z. l ) d z ] A  ,, dU , as.(z, t) 
a z  d t  ,, ^pc ~--~---dz ( 3 . 2 - 2 )  

Rear rangemen t  of (3.2-2) y ie lds  

a q ( z .  t )  p c  a ~ ( z .  t )  
a z  = at  ( 3 . 2 - 3 )  

The de ns i t y  of hea t  flow is known to b e  p ropor t iona l  to the spat ia l  
g rad ien t  of t empera tu re  a n d  is e x p r e s s e d  as  follows (Fourier 's  law) 

qCz,  t) -- - x ~ ( z ,  t)  
a z  ( 3 . 2 - 4 )  

Substi tut ion of (3.2-4) into (3.2-3) a n d  di f ferent ia t ion y ie ld  

a~(z. t) a2~(z,  t) 
at = a ~ (3.2-5)  
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Consequen t ly .  the d y n a m i c s  of t empera tu re  c h a n g e  a l o n g  the b o d y  is 

d e s c r i b e d  b y  the l inear p a r a b o l i c  PDE (3.2-5). 

If we want  to know the t empera tu re  in a spec i f i c  c ros s - sec t ion  at a 

g i v e n  moment  we must know the t empera tu re  distr ibution at to = O, which 

is c o n s i d e r e d  the b e g i n n i n g  of ca l cu l a t i on  (i.e. we  must know the initial 

condi t ions) ,  a n d  also the cond i t ions  at the e d g e s  (bounda r i e s )  of the b o d y  

( b o u n d a r y  condi t ions) ,  i.e. how the b o d y  "con tac t s"  its envi ronment .  

The initial cond i t ion  is iden t ica l  to the o n e  for the h y p e r b o l i c  

first-order POE 

IC: ~(z. to) " p(z) . 0 ¢ z < L 

a n d  it d e s c r i b e s  the t empera tu re  profile a l o n g  the b o d y  at to. 

The b o u n d a r y  condi t ions ,  a c c o r d i n g  to d e m a n d s  m a d e  at the 

b e g i n n i n g  of the task, c a n  b e  of th ree  kinds, 

a) ~(0. t) = f,(t). ~(L. t) - f2(t) . (3.2-e,) 

b)-xA ,~(0, t) = q~(t). ),A,'~(L' t) = q2(t) . (3.2-7) 
~z bz 

c) ~Co, t) = ~ [~(o. O- f,Ct)]. ~(u. t) -~[~(t,. O- f2(t)] 
8Z A ~Z 

(3.2-8) 

The funct ions  p(z), fl(t), f2(t), ql(t) a n d  q2(t) a re  g iven ,  f~(t) a n d  fz(t) are  

t empera tures  of the env i ronment  at the b o u n d a r i e s  z = O a n d  z = L. and  

q,(t) a n d  q2(t) are  hea t  flow rates  (i.e. the amount  of hea t  in a unit of time) 

fo rced  on the e n d s  of the b o d y .  It is obv ious ,  but  shou ld  neve r the l e s s  be  

ment ioned ,  that b e s i d e s  the three a b o v e  pai rs  of b o u n d a r y  condi t ions .  

their combina t ions  a re  a lso poss ib le ,  for example ,  t empera tu re  f,(t) c a n  be  

g i v e n  in z = O. a n d  c o n v e c t i v e  hea t  e x c h a n g e  in z ,, L, i.e. b o u n d a r y  

cond i t ion  c). a), b) a n d  c) do  not show all the ways  in which  hea t  c a n  be  

t ransferred  to the e n d  c ross - sec t ions .  For example ,  there  c a n  also be  

radia t ion or, if there is firm c o n t a c t  with some other  su r face  at z = O a n d  z 

= L c o m b i n e d  with low thermal res i s tance ,  hea t  will b e  t ransferred  by  

c o n d u c t i o n .  
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The b o u n d a r y  cond i t i ons  s h o w n  b y  c)  a r e  the most  g e n e r a l  a n d  

condi t ions  a)  a n d  b) c a n  a r i se  as  b o u n d a r y  c a s e s  of Equa t ion  (3.2-8). 

If the c o n v e c t i v e  h e a t  t ransfer  coe f f i c i en t  - is v e r y  l a rge ,  t heo re t i ca l l y  

e v e n  infinite, in other  words  if it is m u c h  g r e a t e r  than  ),, cond i t i on  c) 

b e c o m e s  b o u n d a r y  cond i t i on  a) b e c a u s e  0~ e ~ l e a d s  to e(O, t) ,, fl(t) a n d  

%(h. t) ~- f2(t). But if ,, is ins ignif icant ,  in o ther  words  if hea t  t ransfer  on the  

e d g e s  is c o m p l e t e l y  imposs ib l e ,  cond i t i on  c)  b e c o m e s  b o u n d a r y  cond i t ion  

b) for q,(t) = qz(t) ; O. which  rea l ly  sat isf ies  the  c a s e  of i n su l a t ed  frontal  

c ross - sec t ions .  

The t ransfer  funct ion for the cond i t i on  p(z)  ,, O will a g a i n  b e  o b t a i n e d  

after L a p l a c e  t ransformat ion of Equa t ion  (3.2-5) with r e s p e c t  to t ime t a n d  

so lv ing  the ODE o b t a i n e d  with r e s p e c t  to z 

d2e(z ,  s) s 
- - - e ( z ,  s )  = 0 (3 .2 -Q)  dz z a 

Solv ing  Equa t ion  (3.2-9) y i e lds  

e(z.  s) - c , :  • = (3.2-1o) 

The law a c c o r d i n g  to which  t e m p e r a t u r e  c h a n g e s  a l o n g  the  z axis .  i.e. 

the t ransfer  funct ion that  shows  that  law, o b v i o u s l y  d e p e n d s  on ly  on  

condi t ions  at the b o u n d a r y  of the  b o d y .  Thus C~ a n d  C2 d e p e n d  on ly  on  

the m a n n e r  in which  the p r o c e s s  o c c u r s  at the b o u n d a r i e s ,  so  they  must 

be  s p e c i a l l y  d e t e r m i n e d  for the cond i t i ons  g i v e n  at the b e g i n n i n g  of this 

e x a m p l e .  

TEMPERATURE IS GIVEN AT BOTH ENDS 

B o u n d a r y  cond i t ions ,  e(O, t) - f,(t), z ,. 0 (left end )  ,~(L. t) - fz(t), z ,, L 

(right end )  

Subs t i tu t ing  t h e s e  b o u n d a r y  cond i t i ons  into (3.2-10) y i e lds  the  

expressions for C, and Cz 

e~-~ L ] 
C, ,, Fl(s) - F2(s) , (3.2-11) 

2 sh( ]/s~ L) 2 s h ( ) ~  L) 
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C2 - e" "/E~L I = Fl(s) + Fz(s) . 43,2-12) 
2 s h ( ~  L) 2 s h ( ~  L) 

Inserting C, and Cz into (3.2-10) and  substituting boundary  temperatures 
eGO, s) and e(L. s) for F,(s) and Fz(s) yields 

e(z. s)÷ 
sh(/:-::L) s h ( ~ O  

e(L, s) (3.2-13) 

o r  

e(z. s) = G~(z, s)e(O, s) + G2{z. s)e(L, s) 

TEMPERATURE GIVEN AT LEFT END. RIGHT END INSULATED 

Boundary conditions: 

o ( o ,  t) = f , ( t ) ,  z - o 

a,~(L, t) 
~z 

= 0 .  z = L  

The coefficients C1 and  Cz can be  ob ta ined  from Equation 43.2-10) and 
its differentiation with respec t  to z (to satisfy the s e c o n d  boundary  
condition). It is not difficult to prove  that 

e•L C~ = o(0, s) (3.2-14) 
2 ch( ~ a  L) 

C2 = e O(O, s) (3.2-15) 
2 c h ( ~ - a  L ) 

Equation (3.2-10). referring to (3.2-14) and (3.2-15). yields 

G,(~. s) - o(z, s) = ch[)~(L-~)] (3.2-I~) 
e(O. s) c h ( ~ a  L ) 
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It must  b e  o b s e r v e d  that the  e q u a t i o n s  fez t ransfer  funct ion  (3.2-13) a n d  

(3.2-1(5) a r e  funct ions  of bo th  v a r i a b l e  z a n d  v a r i a b l e  s. T h e r e  is an  

unlimited n u m b e r  of s u c h  t ransfer  funct ions ,  a n d  it is p o s s i b l e ,  u s i n g  the 

c o r r e s p o n d i n g  z, to d e t e r m i n e  for e v e r y  c r o s s - s e c t i o n  the  re la t ion  b e t w e e n  

its t e m p e r a t u r e  a n d  the g i v e n  b o u n d a r y  cond i t ions .  

The t ransfer  func t ion  (3.2-16) will b e  of u s e  to a n a l y z e  the  fo l lowing 

example ,  which  is t y p i c a l  for a whole  c l a s s  of p r o c e s s  d e v i c e s  - d i r ec !  

heat  e x c h a n g e r s  with a thick wall.  

Example 2 Direct hea t  e x c h a n g e r  with a thick wall 

F igure  3.2-2 shows  a n  e x t e r n a l l y  i n s u l a t e d  tank  with a thick wall  

in wh ich  a l iquid  is h e a t e d  a n d  i n t e n s e l y  mixed ,  insur ing  its uniform 

t e m p e r a t u r e  t h roughou t  the who le  vo lume .  The  p x o c e s s  d e m a n d s  that  the 

output  t e m p e r a t u r e  must  b e  con t ro l l ed .  For c o n s t a n t  input  a n d  ou tpu t  m, 

the on ly  d i s t u r b a n c e  v a r i a b l e  is the  input  fluid l e m p e r a l u r e  e~j. The  h e a t  

s u p p l i e d  b y  the e l ec t r i c a l  hea t e r  Qel is in this c a s e  a m a n i p u l a t i n g  

(control ing)  v a r i a b l e .  De te rmine  the  t ransfer  func t ions  r e l a t ing  l iquid  

t e m p e r a t u r e  ~) in the  tank with input  t e m p e r a t u r e  ell a n d  h e a t  Qel- 

Assumpt ions:  p e r f e c t  a n d  v i g o r o u s  mixing  so  that the  coe f f i c i en t  of hea t  

transfer on to  the wall  c a n  b e  c o n s i d e r e d  v e r y  l a r g e  ( = ~ ~) or, which  is 

the same ,  the  wall  t e m p e r a t u r e  on  the  inner  s u r f a c e  c a n  b e  c o n s i d e r e d  to 

equa l  the  fluid t e m p e r a t u r e  in the tank  ew(O, t) m e(fl. 

m.cf 
O w  

_-_-__-- ~ -_ -__-____- . _ - 

o 

Fig. 3.2-2 H e a t e r  with a thick wall  (d i rec t  h e a t  e x c h a n g e r )  
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The  e q u a t i o n  for the c o n s e r v a t i o n  of (heat)  e n e r g y  y ie lds  

do 
mcf~)fl ,~ Oel " mcf~ - O = Mcfd--~ (3.2-17) 

O is the hea t  flow rate  on  the tank wall a n d  it c a n  b e  e x p r e s s e d  as 

the time c h a n g e  in hea t  e n e r g y  s to red  in the wall  

dE 
O = d-T (3.2-18) 

Knowing the law g o v e r n i n g  the t empe ra tu r e  c h a n g e  of the wall ew(Z, t) 

a l o n g  z, E c a n  b e  e x p r e s s e d  as 

L 

E = IApwcwew(z,  t) dz 
0 

(3.2-19) 

Subst i tut ing Equat ion  (3.2-19) into (3.2-18) y ie lds  

L 

d I Q(t) =~-~- Apwcw3w(Z. t) dz  

0 

(3.2-20) 

If we c ons ide r  that E(O) = O at t = O, L a p l a c e  transformation of (3.2-20) 

y ie lds  

L 

OCs) = s IApwcwew(z.  s) 
o 

dz  (3.2-21) 

Insert ing ew(Z. s) from Equat ion  (3.2-1b) into (3.2-21) g ives  the final 

e x p r e s s i o n  

O(s) = Apwcws th( ~ L) e(s) (3.2-22) 

Transformation of Equation (3.2-]7) into the s-domain, substi tut ion 
(3.2-22) for Q(s) and shorter rearrangement y ie ld  

of 

1 
e , s )  = G(s )e r ,Cs)  • - -  Gfs)OenCs) (3.2-23) 

roo f  
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1 
(3.2-24) 

S(s)  = ---Ms÷ A p ~ , , s  t h ( ~ L )  + ] 
m ~ mcf 

The transfer funct ion G(s) c o m p l e t e l y  de t e rmines  c h a n g e s  in the fluid 

tempera ture  ~ in the tank for a rb i t ra ry  c h a n g e s  of 3fl a n d  Oel. 

This e x a m p l e  has  not b e e n  c h o s e n  on ly  to show that t r a n s c e n d e n t a l  

forms a p p e a r  in G(s). (That  this is so in spa t ia l ly  d i s t r ibu ted  sys tems has  

p r o b a b l y  a l r e a d y  b e e n  a c c e p t e d  a n d  is c lear . )  Here  we  want  to show that 

the transfer  funct ion (3.2-24) is a g e n e r a l  form that compr i ses  (as b o u n d a r y  

cases)  t ransfer  funct ions  that were  o b t a i n e d  w h en  this h ea t e r  was 

o b s e r v e d  as  a sys tem with l u m p e d  pa r am e te r s  (Equat ions  (2.3-32) a n d  

( 2 . 3 - 4 0 ) .  

a) The  tank walls a re  m a d e  of an insula t ing material  for which  ), = O. 

In that c a s e  

G(s) = 

1 1 
m 

Ms+ ApwcwS th( s L)+ l --s + I 
~ m 

m Ws mcf 

0 
Equat ion  (3.2-23) has  thus b e c o m e  (2.3-32). 

(3.2-25) 

b) The  tank walls a re  m a d e  of a material  with ve ry  g rea t  thermal  

c onduc t i v i t y  ( x -. co a n d  4)w(Z. t) = ~)(t). 0 < z < L). 

In this case. when ~ -',. co. it can be shown that the middle term in the 

denominator of the transfer function (3.2-24) is 

lira ApwCwS th( ~C---w- s L) 
),... ~o ~/F'~--w S mcf 

Referr ing to (3.2-26). (3.2-24) b e c o m e s  

A1 .,-. 
. --pwv____w_ s (3.2-26) 

mcf 

1 1 
= - ( 3 . 2 - 2 7 )  

G(s) --s +M MwCws + I Mcf * Mwcw s * I 
m mcf mc[ 
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Thus G(s) in Equat ion  (2.3-40) is the limiting c a s e  of Equat ion  (3.2-24) 

for )~ --* ®. a n d  equa l s  the a b o v e  Equat ion  (3.2-27). 

The  nex t  s tep  in the ana lys i s  of hea t  c o n d u c t i o n  d y n a m i c s  would  b e  to 

so lve  PDE (3.2-5) for some g i v e n  g e o m e t r y  of the b o d y  (slab,  cy l inder ,  

semi-infinite sol id  bod i e s ,  s p h e r e  a n d  so on) a n d  g i v e n  initial a n d  

b o u n d a r y  condi t ions .  Such  an  ana lys i s  would  su rpass  the p l a n n e d  

framework a n d  p u r p o s e  of this book.  It is the sub jec t  of whole  ch ap t e r s  

a n d  books  on  the rmodynamics  a n d  the e q u a t i o n s  of mathemat ica l  phys i c s  

that t reat  the more limited p rob lems  of u n s t e a d y  hea t  c o n d u c t i o n ,  diffusion 

p r o c e s s e s  a n d  the like. a n d  g i v e  ve ry  d e t a i l e d  solut ions a n d  me thods  for 

so lv ing  p a r a b o l i c  PDE. Never the less ,  this b o o k  d o e s  c o v e r  an  analys is  of 

the d y n a m i c s  of hea t  c o n d u c t i o n  th rough  p i p e  walls of the t y p e  found  in 

c l a s s i ca l  hea t  e x c h a n g e r s ,  in e v a p o r a t o r  su r faces  of s team g e n e r a t o r  an d  

the like. 

A c om mon  fea ture  of most p i p e  e x c h a n g e r s  is that the wall th ickness  is 

much  smaller  than  the p i p e  radius  (which makes  it p o s s i b l e  to n e g l e c t  

su r f ace  cu rva tu re )  so  that hea t  c o n d u c t i o n  th rough  the wall c a n  b e  

o b s e r v e d  as hea t  c o n d u c t i o n  th rough  a flat sur face .  

The  fol lowing e x a m p l e  will show how to ob ta in  a transfer  function,  how 

to a n a l y z e  the d y n a m i c  p roper t i e s  a n d  r e l a t ed  cha rac t e r i s t i c s  (po les  a n d  

zeros  of transfer funct ions)  of hea t  c o n d u c t i o n  p r o c e s s e s  th rough  the p i p e  

of the hea t  e x c h a n g e r ,  and  e s p e c i a l l y  show how to r e d u c e  the  o rde r  of 

the sys tem a n d  ob ta in  transfer  funct ions  in the form of p r o p e r  rat ional  

function.  

Example 3 Heat  c o n d u c t i o n  through the e x c h a n g e r  wall 

For the p i p e  wall of the hea t  e x c h a n g e r  shown on Figure  3.2-3 

de t e rmine  transfer  funct ions  d e s c r i b i n g  c h a n g e s  in the hea t  flow ra te  q~(t) 

t rans fe r red  from the wall on to  the h e a t e d  fluid d e p e n d i n g  on  hea t  flow 

ra te  q~(t) b rough t  to the p i p e  b y  h e a t i n g  g a s e s  a n d  the t empera tu re  el(t) 

of the h e a t e d  fluid. The  d y n a m i c s  of th ree  c a s e s  will b e  analyzed~ 



~t :~ .  3.:2 

a) 

1QI 

- forced radiation heat  flow rate ql(t) on the side of the heating 
gases 

very high coefficient of convect ive heat  transfer ~2 onto the 

hea ted  fluid 

b) 
- fo rced  radia t ion hea t  flow ia te  q,(t) on the s ide  of the hea t ing  

gases  

finite coeff ic ient  of c o n v e c t i v e  hea t  transfer ~2 onto  the 

h e a t e d  fluid 

c) 
c o n v e c t i v e  hea t  transfer on both  sur faces  of the 

finite hea t  transfer coeff ic ients  '*t a n d  ~z- 

wall with 

(%1 

ql 

~,(tl 

z=O z=l 

G2 

~f ( t )  : Oz(t) 

~-A 

F i g .  3 . 2 - 3  Heat  transfer th rough  e x c h a n g e r  wall 

The cond i t ions  a) a n d  b) c o r r e s p o n d  to cond i t ions  that are  often 

rea l ized  in s team gene ra to r  e v a p o r a t o r  p ipes .  

a) F o r c e d  hea t  flow rate q,(t) a n d  an  infinite hea t  transfer coeff ic ient  ~z 

ge t  the fol lowing mathemat ica l  form for b o u n d a r y  cond i t ions  in z ,~ 0 

and z = 

.~,A ae(O, t) 
Ist BC az = q1(t) , z ,, 0 
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2ndBC o(~. t) = of(t) . z ,, s 

Subst i tu t ing  the  BC in c r o s s - s e c t i o n  z = 0 into Equa t ion  (3.2-10). which  

has  first b e e n  d i f f e r en t i a t ed  with r e s p e c t  to z. a n d  the BC for z - ~ into 

Equa t ion  (3.2-10). y i e lds  c o n s t a n t s  C! a n d  C2 

e ~ - - ~  Of(s) 
el(s) * ~ ),A 

C,., (3.2-28) 
2ch(1/gX ~ s 8) 

C2 = C, - O,(s) (3.2-29) 
S 

The  final e x p r e s s i o n  for t e m p e r a t u r e  d is t r ibut ion a l o n g  the  z axis  in the 

wall  is o b t a i n e d  af ter  the a b o v e  e x p r e s s i o n s  a r e  i n se r t ed  into (3.240). 

The  fol lowing e q u a t i o n  d e t e r m i n e s  hea t  flow ra te  from the wall onto  the 

h e a t e d  fluid in the s - d o m a i n  

O2(s) = - ),Ade,s.r s) (3.2-30] 
dz 

After z = ~ is i n s e r t e d  into d0(z ,  s ) / dz ,  mul t ip l ica t ion  b y  -),A a n d  

r e a r r a n g e m e n t  y ie lds  

l thC(e-   s 4) e,Cs) (3.2-31) O2(s) " chC¥~"s~) O1(s)" s 
i P ~ P 

s,Cs)  2(s) 

The  t ransfer  funct ion  G,(s) d e s c r i b e s  the  d y n a m i c s  of hea t  c o n d u c t i o n  

th rough  the  p i p e  wall.  a n d  G2(s) the  d y n a m i c s  of hea t  flow ra te  c h a n g e  

resu l t ing  from t e m p e r a t u r e  c h a n g e s  of the  h e a t e d  fluid. 

To i n v e s t i g a t e  the  d y n a m i c  p r o p e r t i e s  of hea t  c o n d u c t i o n  we  must 

a n a l y z e  the  d e n o m i n a t o r  of the  t ransfer  funct ion  Gl(s). The  term cp82/), has  

the d i m e n s i o n  of time. so  w e  will r e p r e s e n t  it as  the t ime c o n s t a n t  Tw (it is 

useful  to c o m p a r e  Tw with the  t ime c o n s t a n t  from Equa t ion  (2.3-14)).  
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Tw = cpS---~ (3.2-32) 
X 

The denomina tor  of G~(s) now b e c o m e s  ch  T~wS. For a finite s this 

function has  no singulari t ies,  so the roots of 

c h  Tyr~-ws = 0 (3.2-33) 

are the po les  of the transfer funct ion Gt(s). In t roduc ing  the subst i tut ion 

T~-~ws = x + jy . 

Equat ion (3.2-33) b e c o m e s  

chx  c o s y  , jshx s iny - 0 . 

(3.2-34) 

(3.2-35) 

This is sat isf ied only  when  both  the real a n d  imaginary  parts  e q u a l  

zero. which  is fulfilled for x = 0 a n d  for all y thai satisfy 

c o s y  = 0 (3.2-36) 

i.e° 

= (2k - l)-;- , k = O, ±1. *2 . . . .  (3.2-37) Yk 

Insert ing these  va lues  into (3.2-34) yie lds  the e x p r e s s i o n  for the po les  

of the transfer funct ion Gl(s) 

( 2 k -  1)2, 2 l 
k = 1. 2. 3 . . . .  (3.2-38) Sk = - 4 T w  

(Since  for k < O there  is So = sl a n d  Sk • Sk + I. it is e n o u g h  to take 

only pos i t ive  va lues  for k. which  is sufficient to de te rmine  all the poles.)  

The e x p r e s s i o n  (3.2-38) ind ica tes  that Gl(s) has  an  u n l i m i t e d  
n u m b e r  o |  n e g a t i v e ,  r e a l  a n d  d i f f e r e n t  p o l o s .  The fact that the 

poles  h a v e  no imag ina ry  par ts  shows that the p r o c e s s  of hea t  c o n d u c t i o n  

(and this will a lso  b e  true of all other p r o c e s s e s  with equa l i za t ion  

d e s c r i b e d  b y  a p a r a b o l i c  PDE (3.2-1) ) c a n n o t  h a v e  an  osci l la tory  

(per iodic)  cha rac t e r .  
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When the po les  h a v e  b e e n  de te rmined ,  the transfer funct ion c a n  be  

written in the form of an  infinite p r o d u c t  

l ~ Sk sl s2 s3 
Gt(s) = ch Ti/~w s =..=I (s - Sk) " = (s-sl) [s-s2) (s-s3) "'" (3.2-30) 

In other words. G,(s) can be replaced by an unlimited number of 

pIopor t iona l  first-order systems in sel ies with d i f f e r e n t  t i m e  c o n s t a n t s ,  

which  c a n  b e  c a l c u l a t e d  from 

1 
Tk = - - -  . k = I. 2. 3 . . . .  (3.2-40) 

Sk 

Table  3.2-1 for the c a s e  of a s teel  e v a p o r a t o r  p i p e  of wall th ickness  5 

mm (X = 4b.5 W/mK. c = 500 J/kgK, p = 7850 k g / m  3) g ives  the va lues  for 

the first five po les  a n d  their c o r r e s p o n d i n g  time cons tan ts .  

T a b l e  3 .2 .1  

k S k T k  [ s l  

1 -1,169 0.855 
2 -10,523 0.095 
3 -29.232 O.03L 
L,-ST.zgs 0,0~8 

5 -9~.714 O,Oll 

Figure  3.2-1 shows  the distr ibution of the po l e s  in the s -p lane .  

ss s¢ s3 . Sz~ ~l joJ 
', .=. : q ; : V .  l : = ~- ~ 

-I00 -50 J o I 
F i g .  3 . 2 - 4  Position of transfer funct ion po les  for p r o c e s s e s  

with equa l i za t ion  

Here it is v e r y  important  to o b s e r v e  the g rad i en t  o! d e c r e a s e  of time 

cons tan t s  ( and  this is not  a funct ion of the th ickness  or p h y s i c a l  
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proper t ies  of the wall) whe re  the 2ncl, 3rd, 4th ... time cons tan t s  a re  a b o u t  

10, 30, bO a n d  100 times smaller  than  the first. T h e y  d e c r e a s e  ~2(2k-1)2/4 

times. This dis tr ibut ion of time cons tan t s  shows that it is pos s ib l e  to 

r e p l a c e  the t r a n s c e n d e n t a l  t ransfer  funct ion G~(s) with a ra t ional  t ransfer  

function of a p ropor t iona l  first-order sys tem w h o se  time cons tan t  is similar 

to the first, dominant  time cons tan t  in Equa t ion  (3.2-39). I n  this way  we 

would, howeve r ,  n e g l e c t  all the v e r y  r ap id  t rans ient  p r o c e s s e s  which  a re  

c h a r a c t e r i z e d  b y  the 2nd a n d  h igher  time cons tan t s  in the p r o d u c t  

(3.2-39). This was a l r e a d y  clone in the s ec t ion  on  l u m p e d  p a r am e te r s  

(Equation (2.3-14)), a n d  h e r e  it remains  for us to show the kind of thinking 

that m a d e  it poss ib le .  

Bes ides  b e i n g  e x p a n d e d  into the p r o d u c t  shown.  G=(s) c a n  

ma themat i ca l ly -a l so  b e  e x p a n d e d  as  follows 

1 I 
~,(s)  = ch  T~/~;~s = (T-,/f-~-~s) ~ ( Ty"f~s)" (3.2-41) 

1 ÷ ~ ÷ ~ ÷ . . . .  
21 41 

If all the terms of 4th and higher order are neglected, rearrangement of 

the upper equation yields the approximated transfer function G~a(S) which 
has already appeared in (2.3-14) 

1 
G,a(s) = (3.2-42) 

cp~ 2 ~ s * l  

The  time cons tan t  c h a r a c t e r i z i n g  Equat ion  (3.2-42) for the  a b o v e  

d e f i n e d  p i p e  wall is 1.055 s, which is on ly  s l ight ly more  than the v a l u e  of 
TI = 0.855 s. 

Finally. we will g ive  a g r a p h i c a l  r e p r e s e n t a t i o n  of c h a n g e s  in hea t  

flow ra te  qz(t) if the  flow ra te  q~(t) of the h e a t i n g  g a s e s  s u d d e n l y  

i nc r e a se s  b y  a unit va lue .  F igure  3.2-5 shows two curves :  c u r v e  a shows 

the zeal c h a n g e s  of q2(t) g i v e n  b y  the transfer  funct ion (3.2-39), a n d  c u r v e  

b shows the r e s p o n s e  q~(t) g i v e n  b y  the  a p p r o x i m a t e  model ,  Equa t ion  
(3.2-42). 
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q~t)~ 

0~ 

T=1.055 . . . . . .  3 4 s t 

F i g .  3 . 2 -S  C h a n g e  in h e a t  flow ra te  qz(t) in the c a s e  of a s t ep  i n c r e a s e  

in q,(t) on the h e a t e r  s i de  

The  c u r v e s  show that  the re  . a re  d i f f e r e n c e s  at the b e g i n n i n g  of the 

t rans ient  p r o c e s s  (for small  t) that result  from n e g l e c t i n g  p o l e s  that a re  

more  d is tan t  in the n e g a t i v e  d i r ec t ion  of the  real  axis .  i.e. b e c a u s e  fast. 

h i g h - f r e q u e n c y  r e s p o n s e  c o m p o n e n t s  h a v e  b e e n  n e g l e c t e d .  Of cou r se ,  the 

newly  a c h i e v e d  s t e a d y  s t a t e  will b e  the  s a m e  in b o t h  c a s e s ,  a n d  for t ..,,o 

qzCt)'-'qi(t). 

The  t ransfer  funct ion  Gz(s) shows  how the hea t  flow ra te  that is 

t r ans fe r red  from the p i p e  wall  onto  the e v a p o r a t i n g  fluid is a f f e c t e d  b y  

t e m p e r a t u r e  c h a n g e  ~f(t) of the  fluid (in the e v a p o r a t o r  this is c a u s e d  b y  

c h a n g e s  in the p r e s s u r e  of e v a p o r a t i o n ) .  To a n a l y z e  the  d y n a m i c  

p r o p e r t i e s  of that  p r o c e s s  further. Gz(s) c a n  b e  s h o w n  as  follows 

O2(s) sh(x~-~s) 
G2(s) - - ch(#  (3 .2-43)  

The  d e n o m i n a t o r  of this t ransfer  funct ion  e q u a l s  that of Gl(s). so  the 

p o l e s  will b e  the  s a m e  as  the o n e s  that h a v e  just b e e n  d e r i v e d  a n d  

e x p r e s s e d  b y  Equa t ion  (3.2-38). G2(s). h o w e v e r ,  a l so  has  ze ros  a n d  they  

in f luence  the t rans ien t  p r o c e s s  as  well. T h e y  c a n  b e  o b t a i n e d  from 

e q u a t i o n  
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If Kp = ),A/8 W/K is i n t r o d u c e d  a n d  the  a b o v e  e q u a t i o n  d i v i d e d  b y  

this Kp, re fe r r ing  to (3.2-32), Equa t ion  (3.2-44) y i e lds  

Tv/T'~-ws sh T~'~wS , 0 (3.2-45) 

The  subs t i tu t ion  g i v e n  b y  Equa t ion  (3.2-34) is a l so  u s e d  he re .  so  the 

last e q u a t i o n  b e c o m e s  

(x + jy) (shx c o s y  + j chx  s iny)  = 0 (3.2-46) 

This p r o d u c t  e q u a l s  ze ro  if a n y  of the  fac tors  e q u a l  zero ,  w h e n c e  the 

d e m a n d  x = 0 a n d  s iny = O. The  final e x p r e s s i o n  for the ze ros  of the 

transfer funct ion  G2(s) is 

k2~ 2 
nk - - Tw , k = O, I, 2 . . . .  (3.2-47) 

F igure  3.2-6 shows  the first 5 ze ro s  a n d  p o l e s  of the t ransfer  funct ion 

Gz(s) in the  s - p l a n e .  For the  g i v e n  s tee l  p i p e  from (3.2-47) we  ge t ,  n~ - O, 

n2 = -4.677. ns = -18.71, n4 = -42I ,  ns = -T4.83. 

ja~ 

SIS S& S3 $2 

-lOO -50 

F i g .  3 . 2 - 6  Zeros  a n d  p o l e s  of t ransfer  funct ion G~(s) - Oz(s)/Of(s) 

On the  ba s i s  of the a n a l y s i s  a n d  p r o c e d u r e  a n a l o g o u s  to the  o n e  we  

u s e d  to ob t a in  Equa t ion  (3.2-39). the t ransfer  funct ion  Gz(s) c a n  b e  written 

in the form of the fo l lowing infinite p r o d u c t  

sh T~-~wS 
G i s )  = - Kp c h  Tl/~-sws 

= - Kp sCs-n,)Cs-nz)...Cs-nn)... 
Cs-s,)Cs-s2)...Cs-s.)... 

Two es sen t i a l  fac ts  a r e  

= . K p , ,  lk l~  (S-Sk) (3.2-48) 

d e r i v a t i v e  d e p e n d e n c e  on  fluid t e m p e r a t u r e  c h a n g e  ~fCt} ( the a p p e a r a n c e  

o b v i o u s ,  the  h e a t  flow ra te  qz(t) shows  
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of an independent s in the numerator of G2(s)). and since all the poles are 

negative and real. q2(t) has no oscillatory properties in this case also. 

If w e  wan t  to show how q2(t) c h a n g e s  with t ime if Or(t) u n d e r g o e s  a 

s t e p  unit d e c r o a l o ,  the  fo l lowing e q u a t i o n  g i v e s  an  e x a c t  ana ly t i ca l  

solut ion 

ch T~wS (3.2-49) 

After inverse Laplace transformation we get q2(t) in the form of an 

infinite sum of exponential functions 

.k2Tw 

q2(O - K /-VW (l ÷ 2 -'7.(-1) k e - V -  ) (3.2-so) 
~V lit k=l  

Inves t i ga t i on  into q2(t) h a s  s h o w n  that  for t = O. qz(t) is infinite a n d  as 

t a p p r o a c h e s  infinity the  dens i ty  of h e a t  flow ra te  qz(t) c o n v e r g e s  to zero.  

On F igure  3.2-T c u r v e  a shows  c h a n g e s  of the  t ransfer  funct ion q2(t). 

%(0 

2 K  o 

. . . . .  il ~ ,  t 
T=1 ,055  • 

Flg. 3.2-7 Change in heat flow rate qz(t) in the case of a unit step 

temperature ~)f(t) decrease 

Just after (t ÷ = o) the step declease of 8f heat energy stored in the 

surface layer of the wall is immediately released. This amount, however, is 

infinitesimally small (the heat flow rate q2Ct) must not be confused with the 

heat released 02(0) and as all the other layers of the wall in the z 

direction offer thermal resistance, the heat flow rate qz(t) decreases very 

quickly. For small t the gradients of change q2 are very great, and only 

after the deep layers of the wall have been included in the plocess of 
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heat  c o n d u c t i o n  a n d  t ransfer  t owards  the  fluid of lower  t e m p e r a t u r e  ef 

(which t akes  a ce r t a in  finite p e r i o d  of time) d o e s  the c h a n g e  q2(t) b e c o m e  

less s t e e p .  

Here  a g a i n  the  c o m p l e x i t y  of GzCs) invi tes  us  to try to a p p r o x i m a t e  this 

t r a n s c e n d e n t a l  t ransfer  funct ion b y  a s impler  func t ion  in the form of 

rat ional  po lynomia l s .  The  s imples t  a p p r o x i m a t i o n  o b t a i n e d  from Equa t ion  

(3.2-48) is to re ta in  in the  e x p a n s i o n  of the  funct ion G2(s) on ly  p r o c e s s e s  

with the  g r e a t e s t  t ime cons t an t ,  i.e. to n e g l e c t  all  terms of a third a n d  

higher  o rder  in the e x p a n s i o n  of t r a n s c e n d e n t a l  h y p e r b o l i c  funct ions .  The  

a p p r o x i m a t e  funct ion G2a(S) is o b t a i n e d  from the fo l lowing e x p a n s i o n  

~ . ( s )  - -Kp T./f~s ( T/T-~5 , ...) . _ s 
l + ( T~wS)2 KpTw cp~2 

21 + "'" 2), s + I 

(3.2-513 

This has  g i v e n  us  the  we l l -known t ransfer  funct ion of the  d e r i v a t i v e  

sys t em with f irst-order lag .  w h o s e  r e s p o n s e  to unit s t ep  d e c r e a s e  in the 

t e m p e r a t u r e  of the h e a t e d  fluid is s h o w n  b y  c u r v e  b on F igure  3.2-7. As in 

Figure  3.2-5. h e r e  a lso  the s a m e  remark  ho lds  that  n e g l e c t i n g  fast 

p r o c e s s e s  (h ighe r -o rde r  terms of the  d e v e l o p m e n t )  l e a d s  to different  

r e s p o n s e s  at the b e g i n n i n g  of the t rans ien t  p r o c e s s ,  bu t  that  this 

d i f f e rence  b e t w e e n  real  a n d  a p p r o x i m a t i o n - g e n e r a t e d  r e s p o n s e  c u r v e s  

d e c r e a s e s  with the i n c r e a s e  of t ime t. 

This e n d s  the  a n a l y s i s  of the c a s e  w h e n  the coe f f i c i en t  of c o n v e c t i v e  

hea t  t ransfer  on  the  s ide  of the h e a t e d  fluid c a n  b e  c o n s i d e r e d  infinite. 

The c lo se s t  to this a r e  e v a p o r a t i o n  p r o c e s s e s  in s t e a m  g e n e r a t o r  p i p e s .  

There  the coef f i c i en t s  ~,~ a r e  r ea l ly  high.  but  not  infinite, so  it is of in teres t  

to e x a m i n e  the c a s e  ( g i v e n  by b) in this e x a m p l e )  w h e n  the  coef f i c ien t  of 

c o n v e c t i v e  hea t  t ransfer  ~2 is finite. 

b) F o r c e d  hea t  flow ra te  q~(t) a n d  a finite coe f f i c i en t  of h e a t  t ransfer  ~z 

l ead  to the fol lowing m a t h e m a t i c a l  formulat ion of b o u n d a r y  cond i t i ons  

1st BC -xA  .~'s'O' ( t) 
~z 

2nd BC 

- -  = q 1 ( t )  z = O 

~,9(~, t) 
- - '~  (~(~. t )  - ~ r C t ) ) .  ~z A 
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Like in the p r e c e d i n g  c a s e ,  Ct a n d  C2 a re  d e t e r m i n e d  d e p e n d i n g  on 

the  b o u n d a r y  cond i t i ons  

T=2ef(s) + D(s) O,(s) 
E(s) ~,A 

C,- B(s} + D(s) ' (3.2-52} 

-~ e l , s )  - B ( s )  O , ( s )  

E(s) XA (3.2-53) 
C2 = B(s) * D(s) ' 

s(s) - (-~-;, -f) ~; (3.2-54) 

(3.2-55) 

E(s) - X ~  (3.2-56) 

The  t e m p e r a t u r e  of the  p i p e  wall  a l o n g  the z ax is  e(z,  s) is d e t e r m i n e d  

b y  Equa t ion  (3.2-10). a n d  z = s g i v e s  the t e m p e r a t u r e  on  the  s u r f a c e  f ac ing  

the h e a t e d  fluid. If we  know e(~, s), the hea t  flow towards  the  fluid is 
d e t e r m i n e d  b y  

O2(s) - O(~. s3 - ,,2A[eCs. s) - efCs)] (3.2-57) 

Subs t i tu t ing  e(~, s) into this e q u a t i o n  a n d  a r r a n g i n g  it y i e lds  the 

e x p r e s s i o n  d e m a n d e d  

O2Cs) = 1 OiCs) - 
ch T~/~-wS + X sh 

i p 

G;Cs) 

sh T~ws 
Kp 

ch T][~wS + )' shT ws 
I 

G,Cs3 

e l ( s )  

(3.2-58) 

In the further tex t  w e  will not r e p e a t  the  m e t h o d s  a n d  p r o c e d u r e s  u s e d  

in the p r e c e d i n g  c a s e ,  e s p e c i a l l y  s i nce  t h e s e  c a l c u l a t i o n s  a r e  m u c h  more  
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complex  a n d  the  resul ts  o b t a i n e d  d o  not show a n y  e s s e n t i a l l y  new 

quality.  The  b a s i c  c h a r a c t e r i s t i c s  of the  p r o c e s s  for the a b o v e  b o u n d a r y  

condi t ions  a r e  the fol lowing.  

The p o l e s  of the  t ransfer  func t ions  G3(s) a n d  G4(s) a r e  still n e g a t i v e  

and  real  a n d  the re  is an  infinite n u m b e r  of them, but  now they  c a n n o t  b e  

g iven  in exp l ic i t  m a t h e m a t i c a l  form. T h e y  are ,  therefore ,  o b t a i n e d  

g r a p h i c a l l y - a n a l y t i c a l l y  a n d  g i v e n  in t abu la r  form. The  first po le ,  wh ich  

also c h a r a c t e r i z e s  the p r o c e s s  with the  g r e a t e s t  t ime cons t an t ,  is 

de t e rmined  b y  the fol lowing a p p r o x i m a t e  formula  for the  c a s e  of 

(, ' ,2~/X) > O.l. 

~2 1 1 
sl - - ~ I + 2 .24(=~s)_1.02-1~ w ~  (3.2-59) 

The  r e s p o n s e s  q2Ct) t o  s t e p  c h a n g e s  qs(t) a n d  ~f(t) a r e  still of 

u n p e r i o d i c  c h a r a c t e r  a n d  a re  c o m p l e t e l y  similar in form to the p r e c e d i n g  

case ,  a n d  the  t ransfer  funct ion  q2(t) a g a i n  shows  a d e r i v a t i v e  r e s p o n s e  in 

the c a s e  of d i s t u r b a n c e  in 8f(t). Unlike the  p r e c e d i n g  c a s e ,  h o w e v e r ,  q2(t) 

is no l onge r  infinite for t = to. 

it is in te res t ing  that  v e r y  g o o d  a p p r o x i m a t i o n s  of t ransfer  funct ions  

G3(s) a n d  G4(s) c a n  a l so  b e  r e a l i z e d  now if all the terms of third a n d  

higher order  in the e x p a n s i o n  of the  t r a n s c e n d e n t a l  funct ions  ch  T./~wS a n d  

shT~ws a r e  n e g l e c t e d .  The  r e s p o n s e s  o b t a i n e d  from the se  t r ans fo rmed  

functions a r e  c l o s e  to the  real  r e s p o n s e s ,  but  b e c a u s e  h i g h e r - o r d e r  terms 

h a v e  b e e n  n e g l e c t e d ,  wh ich  m e a n s  all the  fast. h i g h - f r e q u e n c y  pa r t s  of 

the r e s p o n s e s  that p a r t i c i p a t e  in the  d y n a m i c s  of the p r o c e s s ,  the re  a r e  

insignif icant  d i f f e r e n c e s  at  the  b e g i n n i n g  of the t rans ient  p r o c e s s .  

The  a p p r o x i m a t e d  t ransfer  funct ion Gsa(S) is o b t a i n e d  a s  follows 

l 
G3aCs) = ,' C3.2-00) 

C] + ( T~-~)~ ~ ~ TCT~s 
2 ) * (x2~ 

I 
c,~( !  ÷ s 

=2 --~-)s ÷ I 

This is o b v i o u s l y  a t ransfer  funct ion  of the p r o p o r t i o n a l  s y s t e m  of first 
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orde r  a n d  it is impor tan t  to no t e  that the t ime c o n s t a n t  o b t a i n e d  is in fact 

e q u a l  to the e x p a n d e d  (with the term I/,,z) t ime c o n s t a n t  that 

c h a r a c t e r i z e d  h e a t  c o n d u c t i o n  w h e n  it was  o b s e r v e d  as  a p r o c e s s  with 

l u m p e d  p a r a m e t e r s :  Equa t ions  (2.3-14) a n d  (3.2-42). 

If the h y p e r b o l i c  funct ions  c o m p r i s i n g  the  t ransfer  funct ion G4(s) a re  

e x p a n d e d  into a s e r i e s  a n d  the h i g h e r - o r d e r  terms n e g l e c t e d .  G4a(s) is 

o b t a i n e d  

s 
G4aCs) = - KpTw 8 

cr)~( j -  + --~--)s + I 
c£ 2 

(3.2-61) 

The  t ransfer  funct ions  G3a(S) a n d  G4a(S) a r e  c o m p l e t e l y  i d e n t i c a l  with 

the a p p r o x i m a t e d  funct ions  Gla(S) a n d  G2a(S) s h o w n  b y  Equa t ions  (3.2-42) 

a n d  (3.2-51). d i f fe I ing  on ly  in the time cons t an t .  It is impor tan t  to n o t e  that 

G~a(S) a n d  G2a(S) a r e  s p e c i a l  b o u n d a r y  c a s e s  of Equa t ions  (3.2-60) and  

(3.2-b1) with the  a s s u m p t i o n  of a n  infinite ~2. 

K e e p i n g  to our  usua l  ( i n d u c t i v e )  m a n n e r  of p r e s e n t i n g  a n d  a n a l y z i n g  

d y n a m i c  p r o p e r t i e s  a n d  p r o c e e d i n g  from the s p e c i a l  a n d  s imple  to the 

g e n e r a l  a n d  more  c o m p l e x ,  it still r ema ins  to a n a l y z e  the c a s e  when  

t h e r e  i n  c o n v e c t i v e  h e a t  t r a n s f e r  w i t h  a f i n i t e  v a l u e  f o r  t h e  
c o e f f i c i e n t  at i n  z = 0 a l s o .  H e r e  we  will l e a v e  out c o m p l e t e l y  the 

d e t a i l e d  p r o c e d u r e s  of o b t a i n i n g  t r a n s c e n d e n t a l  t ransfer  funct ions  a n d  

only  s h o w  their  a p p r o x i m a t i o n s .  

c) Finite coe f f i c i en t s  of h e a t  t ransfer  ~1 a n d  (x~ 

In this c a s e  of c o n v e c t i v e  h e a t  t ransfer  with finite t ransfer  coef f ic ien t s  

in z = 0 ({x,) a n d  z ffi S (c(~). the b o u n d a r y  cond i t i ons  b e c o m e  e q u a l  to 

those  g i v e n  in c) of E x a m p l e  1. 

Ist BC ~C0.  t) = ~, (4(0. t) - e,(t)) . z = 0 
az x 

2nd BC ~eCs. t} . . (xz (e(~. t) - e2(t3) z = 
~ z  ), ' 

el(t) a n d  ez(t) a r e  now the  t e m p e r a t u r e s  of the  m e d i a  f lowing on  the 

ou t s ide  a n d  the ins ide  of the  wall  w h e r e  e, > ~2. 
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The  a p p r o x i m a t e d  t ransfer  func t ions  in Equa t ion  (3.2-b2) show how h e a t  

flow ra te  q2(t), t r an s f e r r ed  on to  the  h e a t e d  fluid, d e p e n d s  on  t e m p e r a t u r e  

c h a n g e s  of b o t h  the  h e a t i n g  a n d  the  h e a t e d  fluid. 

K O,(s) - K(Tbs + l)o2(s) (3.2-62) 
Or(s) = Tns • l ~ 7 T 

q P 

G~.(s) G5~(s) 

K = =1~  S A (3,2-b3) 
tx I ÷ ¢x? ,=- e¢le¢Z- ~- 

T b = cp$( ÷ 2--~-) (3 .2-b4)  

8 $2 
I + (=, + = 2 ) - ' ~  * =1=2 6X~ 

T n = cpS (3.2-05) 
S 

~ l  ÷ (% 2 ÷ (~1C(2-- ~" 

In the above equations we have assumed that the surface areas 

thzough which heat is transferred are the same on the outez and on the 

inner side of the wall. i.e. we worked with a mean surface area A = A, = 

A2. 

"t 
w 

I U U U  

K I = 58.2 

d 

| ~ t | I I ! | I t r  

T~z=Z~G I 10 20 s t 
Tm=8.98 

F i g .  3 . 2 - 8  H e a t  flow ra te  c h a n g e  qz(t) in the  c a s e  of. 

- s t e p  t e m p e r a t u r e  i n c r e a s e  eiCt] - a .c  

- s t e p  t e m p e r a t u r e  d e c r e a s e  e2Ct) - b ,d  

The  t ransfer  funct ions  Gsa(S) a n d  G~a(S) show that  q2(t) will r e s p o n d  as  

a p r o p o r t i o n a l  f i rs t-order  s y s t e m  to a d i s t u r b a n c e  on the h e a t i n g  s i d e  (a  
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d i s t u r b a n c e  that  p a s s e s  t h r o u g h  the  p i p e  wall) .  To t e m p e r a t u r e  

d i s t u r b a n c e s  of  the  h e a t e d  m e d i u m  it will c o n t i n u e  to s h o w  d e r i v a t i v e  

p r o p e r t i e s ,  o n l y  n o w  qz(t) will no  l o n g e r  c o n v e r g e  to z e r o  after  a 

d i s t u r b a n c e  of  ez(t). This p r o p e r t y  f u n d a m e n t a l l y  d i s t i n g u i s h e s  this t ransient  

p r o c e s s  from the  r e s p o n s e  in the  p r e c e d i n g  two c a s e s  w h e n  the re  w a s  a 

f o r c e d  h e a t  f low ra t e  q~(t) in z = O. w h e n  ql(t) w a s  not  a f u n c t i o n  of  the 

wal l  t e m p e r a t u r e  e(O. t). i.e. w h e n  t h e r e  w a s  no  f e e d b a c k  a c t i o n  of the 

t e m p e r a t u r e  of  the  h e a t e d  m e d i u m  e2(t) o n  the  a m o u n t  of  h e a t  b r o u g h t  to 

the  p i p e  wall ( a n d  t h r o u g h  it to the  h e a t e d  fluid).  

T h e  t ransfer  f u n c t i o n  G~a(S) h a s  q u a l i t a t i v e l y  d i f fe ren t  t ransfer  p r o p e r t i e s  

so  w e  will s h o w  its r e s p o n s e s  in this c a s e  w h e n  the  c o e f f i c i e n t s  of  hea t  

t ransfer  o n  b o t h  s i d e s  of the  p i p e  a r e  finite. For s t e a m  g e n e r a t o r  

s u p e r h e a t e r  p i p e s  w h o s e  d a t a  h a v e  a l r e a d y  b e e n  g i v e n  in the  s e c t i o n  on 

l u m p e d  p a r a m e t e r s .  F igu re  3.2-8 s h o w s  the  r e s p o n s e s  o b t a i n e d  on  the 

b a s i s  of  E q u a t i o n  (3.2-62) in the  c a s e  of  unit s t e p  t e m p e r a t u r e  i n c r e a s e  

el(t) ( c u r v e  a) a n d  d e c r e a s e  ez(t) ( c u r v e  b).  

T h e  fo l lowing  d a t a  a r e  v a l i d  for the  meta l  wall ,  

c - 500  J /kgK.  p - 7 8 5 0  k g / m  3. ~ - 0 .005  m. ), - 46 .5  W/mK. =, ,, 60 

W/m~K. ~x z - 2 4 0 0  W/m2K. A - 1 m ~ . 

T h e  c o e f f i c i e n t s  c h a r a c t e r i z i n g  the  t ransfer  p r o c e s s  a r e  K z 58.1704 

W/K. Tb " 328.138 s, Tn ~ 8.98 s. 

It is o b v i o u s  that  h e a t  f low ra te  q2(t) i n c r e a s e s  m u c h  more  for a 

d e c r e a s e  in oz. w h i c h  is the  c o n s e q u e n c e  of  u s i n g  u p  h e a t  tha t  was  

s t o r e d  ( a c c u m u l a t e d )  in t he  p i p e  wall .  W h e n  el i n c r e a s e s  no t  o n l y  is no 

s t o r e d  h e a t  r e l e a s e d  from the  wall .  bu t  the  g r e a t e r  h e a t  flow is u s e d  to 

i n c r e a s e  the  e n e r g y  l e v e l  of  the  wall  itself, w h i c h  resul t s  in a m u c h  

smal le r  g r o w t h  of qz(t). N e v e r t h e l e s s ,  this d i f f e r e n c e  in the  v a l u e  of q2(t) 

resu l t s  from the  m u c h  g r e a t e r  h e a t  r e s i s t a n c e  in the  c r o s s - s e c t i o n  z = O (~, 

is a b o u t  4 0  t imes smal le r  t h a n  =z). Thus .  F i g u r e  3.2-8 a l so  s h o w s  the 

t ransfer  p r o c e s s e s  if t he  c o e f f i c i e n t  ¢1 is m u c h  g r e a t e r  t h a n  a b o v e  a n d  

e q u a l  to =z, ¢~ " ~x~ = 2 4 0 0  W/m2K. T h e n  K - 1062.8 W/K. Tb - q.232 s. a n d  

Tn - 4 .6  s. C u r v e  c c o r r e s p o n d s  to t e m p e r a t u r e  i n c I e a s e  el(t), c u r v e  d to 

t e m p e r a t u r e  d e c r e a s e  ez(t). 

To e n d  this pa r t  w e  must  still s h o w  that  the  a n a l y s i s  in S e c t i o n  2.3 
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g a v e  t ime c o n s t a n t s  that a r e  b o u n d a r y  c a s e s  of Equa t ions  (3.2-63), (3.2-64) 

and  (3.2-65) for an  infinite ~. If t h e s e  t ime c o n s t a n t s  a r e  c o m p a r e d  it c a n  

be  s e e n  that  the d i f f e r e n c e s  a r e  not v e r y  g rea t .  H o w e v e r ,  it must b e  

r e p e a t e d  that if the  coe f f i c i en t s  of h e a t  t ransfer  ,xl a n d  ~2 a re  l a rge ,  wh ich  

means  that  the  c o n v e c t i v e  par t  of the h e a t  r e s i s t a n c e  is small,  then  the 

part  of the  r e s i s t a n c e  resu l t ing  from h e a t  c o n d u c t i o n  t h rough  the  wall  

makes  u p  a l a r g e  pa r t  of the total  t ime c o n s t a n t  T a n d  thus Equa t ions  

(2.3-10). (2.3-11) a n d  (2.3-12) a r e  not  sa t i s fac to ry .  

In all the p r e v i o u s  e x a m p l e s  we  u s e d  the b a s i c  form of the p a r a b o l i c  

PDE s h o w n  b y  Equa t ion  (3.2-1) to a n a l y z e  the d y n a m i c  p r o p e r t i e s  of 

p r o c e s s e s  with equa l i za t i on ,  a n d  a n y  d i f f e r e n c e s  a n d  diff icul t ies  we  

e n c o u n t e r e d  in s o l v i n g  it r e s u l t ed  from the n e c e s s i t y  of sa t i s fy ing  different  

condi t ions  of h e a t  t ransfer  on the  b o u n d a r i e s  of the s y s t e m  u n d e r  

obse rva t ion .  The  p r e c e d i n g  p a g e s  show the c o m p l e x i t y  of the 

ma thema t i ca l  tools a n d  the n e c e s s i t y  of turning to s impler  forms of t ransfer  

functions.  All the solut ions  that  we o b t a i n e d  h e r e  w e r e  solut ions  of the 

s implest  forms of p a r a b o l i c  PDE, but  it is s e v e r a l  t imes more  difficult to ge t  

solut ions a n a l y t i c a l l y  if the p r o c e s s  o c c u r s  in a b o d y  with a more  

c o m p l i c a t e d  g e o m e t r y ,  or if a more  " e x t e n d e d "  form of Equa t ion  (3.2-1) 

d e s c r i b e s  the p r o c e s s .  In s u c h  c a s e s  a d ig i ta l  c o m p u t e r  a n d  numer i ca l  

methods  of so lu t ion  must b e  u sed .  The  fol lowing two e x a m p l e s  will show 

how a v e r y  small  c h a n g e  in a s s u m p t i o n s  ( w h o s e  e x i s t e n c e  a n d  h e l p  a r e  

c ruc ia l  w h e n  the e q u a t i o n s  a r e  formula ted)  resul ts  in a different  (more  

c o m p l e x )  m a t h e m a t i c a l  form of the b a s i c  p a r a b o l i c  PDE (3.2-I}. 

Example 4 Hea t  c o n d u c t i o n  th rough  h o m o g e n e o u s  u n i n s u l a t e d  b o d y  

Der ive  a n  e q u a t i o n  d e s c r i b i n g  u n s t e a d y  t e m p e r a t u r e  c h a n g e s  for the 

b o d y  on  F igu re  3.2-1 if all its s i de  s u r f a c e s  e x c h a n g e  h e a t  with a n  

env i ronmen t  of t e m p e r a t u r e  eo(t). R e s i s t a n c e  to hea t  c o n d u c t i o n  in a 

c r o s s - s e c t i o n  is n e g l e c t e d  a n d  the  mode l  is fo rmula ted  for the  c a s e  w h e n  

the s u r r o u n d i n g  t e m p e r a t u r e  is g r e a t e r  than  the t e m p e r a t u r e  of the b o d y .  

if the  c i r c u m f e r e n c e  of the  b o d y  is U a n d  if a is the coe f f i c i en t  of h e a t  

t ransfer  on  the s i d e - s u r f a c e  b o u n d a r y  of the b o d y .  the I e f t -hand  s ide  of 
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the  e q u a t i o n  for the  c o n s e r v a t i o n  of e n e r g y  (3.2-2) is e x p a n d e d  b y  terms 

c o n t a i n i n g  the amount  of hea t  b r o u g h t  to vo lume  dV th rough  the  s ide  

surfaces 

q(z. ,)A - [q(z .  t) , ~qC:,. t ) a z ] A  - ,,u[sc,,. t ) -  ~0(t)]d,, = 
~z  

ae(z. ,3 
=Apc dz  (3.2-66) 

at 

Arrang ing  this u p p e r  e q u a t i o n  g i v e s  the final PDE 

a~(z, t) x a2e(z, t) =U ~ x u  
• ~ C z ,  t) - - ~ o C O  at cp 

(3.2-67) 

If the coe f f i c i en t  = c a n  b e  c o n s i d e r e d  i n d e p e n d e n t  of t e m p e r a t u r e ,  a 

n o n h o m o g e n e o u s  l inear  p a r a b o l i c  PDE is o b t a i n e d .  The  b o u n d a r y  a n d  

initial cond i t i ons  d e f i n e d  for E x a m p l e  1 a r e  c o m p l e t e l y  va l i d  for Equat ion  

(3.2-67) also,  but  to ge t  a u n i q u e  solut ion  of the e q u a t i o n  it is n e c e s s a r y  

to know the law of t e m p e r a t u r e  c h a n g e  So(t) in the e n v i r o n m e n t  as  well. 

r.xample S P r o c e s s  of diffusion with c o n v e c t i o n  

Cons ide r  a p i p e  of c r o s s - s e c t i o n a l  a r e a  A th rough  which  a solut ion 

flows with v e l o c i t y  w. The  solut ion  con t a in s  a C c o m p o n e n t  with v a r y i n g  

c o n c e n t r a t i o n  c a l o n g  the  p ipe .  Der ive  an  e q u a t i o n  d e s c r i b i n g  d y n a m i c  

c h a n g e s  a l o n g  the p i p e  in the  c o n c e n t r a t i o n  of c o m p o n e n t  C. 

Concen t r a t i on  c is c o n s i d e r e d  c o n s t a n t  on  the c r o s s - s e c t i o n a l  a r e a  a n d  

Fick 's  law is va l id  for di f fuse  flow. 

dV 

°'°'H 
"z 

z . d z  .A 

Fig. 3 . 2 - 9  Diffusion with c o n v e c t i o n  

F igure  3.2-9 shows  a n  e l emen ta ry '  p i p e  vo lume  dV for which  the 

e q u a t i o n  for mass  c o n s e r v a t i o n  of the  C c o m p o n e n t  in the solut ion is to b e  
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der ived .  The  fol lowing no ta t ions  h a v e  b e e n  used :  n ... C c o m p o n e n t  molar  

flow t r a n s p o r t e d  b y  the flow of the solut ion ( c o n v e c t i v e  molar  flow), n = 

c a w  tool C/s .  c ... c o n c e n t r a t i o n  of C c o m p o n e n t  tool C/m 3, N ... amoun t  of 

C c o m p o n e n t .  N = cV tool C. nd ... d i f fuse  molar  flow (results  from 

concen t r a t i on  d i f f e r e n c e  a l o n g  z). n d =  -DA ac /az  tool C /s  (Fick 's  law). D 

.... coef f ic ien t  of diffusion mZ/s. 

a[n(z, t) + nd(z, t)] dz]= aN 
[n(z. t) • nd(z. t)] - [n(z. t) • nd(z. t) + az at 

(3.2-b8) 

a[n(z ,  t) ,, nd(z. t ) ] d  z = aCcCz, t)dV) = ac(z .  t )Ad z (3.2-b9) 
az at at 

.r ~,aC(Z.  01 
ac(z. t)Aw _ aL'UA a--~?--J = ac(z .  t____)k (3.2-70) 

az az at 

R e a r r a n g e m e n t  of the last  e q u a t i o n  for a cons t an t  

diffusion D. which  m e a n s  it is not a funct ion of c. y i e lds  

coe f f i c i en t  of 

ac(z.  t) ac(z.  t) _ Da~C(Z._ t) 
+ w = 0 (3.2-71) 

at az az ~ 

This is a linear homogeneous parabolic PDE. Compared to the basic 

equation for processes with equalization (3.2-I). it is expanded by the 

second term on the left-hand side which contains the so-called convective 

part of the transport of component C along the z axis, the part that is 

carried with the solution flow by velocity w. 

T h e s e  last  two e x a m p l e s  c o m p l e t e  the  p r e s e n t a t i o n  of some  b a s i c  

cha r ac t e r i s t i c s  of p r o c e s s e s  with equa l i za t i on .  The  fol lowing s e c t i o n  t rea ts  

pe r iod ic  p r o c e s s e s  w h o s e  b a s i c  m a t h e m a t i c a l  no ta t ion  (for p r o c e s s e s  with 

d i s t r ibu ted  p a r a m e t e r s )  is a s e c o n d - o r d e r  h y p e r b o l i c  PDE. The  major 

d i f f e rence  c h a r a c t e r i z i n g  the  d y n a m i c s  of ear l ie r  p r o c e s s e s  in c o m p a r i s o n  

with t h e s e  p r o c e s s e s  is that  the  p o l e s  of the  t ransfer  funct ions  will now b e  

c o m p l e x  c o n j u g a t e  pa i r s .  This d is t r ibut ion of p o l e s  is the result  of 

p rope r t i e s  of iner t ia  p o s s e s s e d  b y  con t inua ,  which  a p p e a r  in the 

momentum e q u a t i o n  w h e n  the  c o n s e r v a t i o n  e q u a t i o n s  a r e  formula ted .  Such  

p rope r t i e s  a r e  not shown  in p r o c e s s e s  with e q u a l i z a t i o n  so there  was  no  

n e e d  to formulate  the e q u a t i o n  for the  c o n s e r v a t i o n  of m o m e n t u m  for them. 
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3.3 PROCESSES WITH PERIODIC STATE CHANGES 
BASIC SECONI~ORDER 
HYPERBOLIC PARTIAL DIFFERENTIAL EQUATION 

Osci l la t ions  (v ibra t ions)  in par t s  of d e v i c e s  a n d  p lan t s  a r e  a n  e v e r y d a y  

o c c u r r e n c e  in t e c h n i c a l  p r a c t i c e  a n d  m a n y  dif ferent  p r o c e s s e s  

d e m o n s t r a t e  t he se  p e r i o d i c  d y n a m i c  p rope r t i e s .  Vibra t ions  of rods .  b e a m s .  

shafts,  shel ls  a n d  wa te r  m a s s e s  in h y d r o - e l e c t r i c  p o w e r  p lan t  f e ed ing  

p i p e s ,  wa te r  h a m m e r  e f fec t s  in h y d r a u l i c  a n d  p n e u m a t i c  p i p e s ,  osc i l la t ions  

of wa te r  l eve l  in c o n n e c t e d  tanks,  osc i l la t ions  in e l ec t r i ca l  circuits.  

tors ional  osc i l l a t ions  a n d  so on  a r e  all e x a m p l e s  of d y n a m i c a l l y  the s a m e  

or similar p h e n o m e n a  w h o s e  s ta te  v a r i a b l e s  a re  r e l a t e d  b y  the  s a m e  t y p e  

ot  dif ferent ia l  equa t ion .  If p r o c e s s e s  w h o s e  p a r a m e t e r s  c h a n g e  a l o n g  the 

spa t i a l  ax i s  a r e  a n a l y z e d ,  then  the  b a s i c  a n d  s imples t  form of e q u a t i o n  

d e s c r i b i n g  p e r i o d i c  s ta te  c h a n g e s  will b e  the fol lowing s e c o n d - o r d e r  
h y p e r b o l i c  PDE. 

~u 2 ~2u 
~t ~ = a ~---,r,r,r,r,r,r,r,r~- ( 3 . 3 - I )  

Equat ion  (3.3-1) was  d e r i v e d  after  mak ing  m a n y  a s s u m p t i o n s  that 

e x c l u d e d  p h e n o m e n a  un impor t an t  for the p u r p o s e s  of this ana ly s i s ,  a n d  it 

is va l i d  for d i f ferent  p r o c e s s e s  in wh ich  the v a r i a b l e s  u a n d  a h a v e  the 

foi lowing p h y s i c a l  m e a n i n g .  

long i tud ina l  osc i l l a t ion  of a b e a m  

u .,. d i s p l a c e m e n t  of c r o s s - s e c t i o n  

a ... v e l o c i t y  of d i s t u r b a n c e  p r o p a g a t i o n  a l o n g  the 

beam. a = 

E ... modulus of elasticity (Young's modulus) 

p ... density 

hydraulic shocks in pipe 

u ... pressure, flow. velocity, density 

a ... speed of sound (speed of disturbance 

propagation) 



~ = c .  :~.~ 200 

osci l la t ion in e lec t r ica l  circuits  

u ... vo l t age ,  current  flow 

a = ~ L ... c ircuit  i n d u c t a n c e  

C ... c i rcui t  c a p a c i t a n c e  

To ob ta in  a u n i q u e  solution of Equat ion  (3.3-1) it is n e c e s s a r y  to know 

the initial cond i t ions  (IC) a n d  the b o u n d a r y  condi t ions  (BC), w h o s e  

mathematical  formulation con ta ins  d a t a  abou t  whether ,  a n d  how much.  

ene rgy ,  mass or momentum was  s to red  in the p r o c e s s  unde r  o b s e r v a t i o n  at 

the initial moment  (IC), a n d  how those  va r i ab le s  a re  e x c h a n g e d  with the 

environment  th rough  the b o u n d a r i e s  (BC). In mathemat ica l  form the BC of 

the s e c o n d - o r d e r  h y p e r b o l i c  PDE are  e q u a l  or similar to the BC from the 

p r e c e d i n g  sec t ion  for the p a r a b o l i c  PDE. In the c a s e  of the IC. s ince  

Equation (3.3-1) now con ta ins  the s e c o n d  der iva t ive  of va r i ab le  u with 

respec t  to time t. b e s i d e s  knowing  funct ion uo ; u(z. O) it is a lso  

n e c e s s a r y  to know the va lue  of funct ion u'o ,, du(z,  O)/dt. To so lve  the 

a b o v e  e q u a t i o n  it is. therefore,  n e c e s s a r y  to formulate t w o  initial a n d  t w o  

b o u n d a r y  condi t ions  in a c c o r d a n c e  with the real  condi t ions  u n d e r  which  

the p r o c e s s  occurs .  Spec i a l  a t tent ion must b e  p a i d  to the mathemat ica l  

formulation of cond i t ions  unde r  which  the sys tem commun ica t e s  with the 

environment  th rough  its bounda r i e s .  In the c a s e  of one -d imens iona l  spat ia l  

distribution ( a n d  he re  we will treat s u c h  c a s e s )  it is a lways  n e c e s s a r y  to 

define cond i t ions  on  both  the b o u n d a r i e s  of the p rocess ,  z ,, O a n d  z ,, L. 

The p rob lem c a n n o t  b e  s o l v e d  if bo th  b o u n d a r y  cond i t ions  are  g i v e n  on 

one b o u n d a r y  b e c a u s e  then the w a y  in which  the p r o c e s s  o c c u r s  at the 

other e n d  of the sys tem is not known. This is the simplest  exp l ana t i on  of 

the s ta tement  m a d e  in the sec t ion  on fluid flow r e g a r d e d  as a p r o c e s s  

with l umped  paramete rs ,  where  it was s a i d  that bo th  flow c h a n g e  a n d  

pressure  c h a n g e  c a n n o t  b e  s imul taneous ly  g i v e n  as  d i s t u r b a n c e  va r i ab le s  

at the same  e n d  of the p ipe .  

In this part  of the book.  where  we treat pe r iod ic  c h a n g e s  of state,  most 

of our a t tent ion will g i v e n  to the ana lys i s  of d y n a m i c  p r o c e s s e s  that o c c u r  

inside p ipes  for t ranspor t ing  fluid. Osci l la t ions in e l e c t romagne t i c  a n d  

mechan i ca l  sys tems are  t rea ted  in g rea t  deta i l  in s p e c i a l i z e d  books  from 

these  fields. Never theless .  a l though  the a c c e n t  in the further lines will b e  

on hydrau l i c  a n d  pneuma t i c  p r o c e s s e s ,  we will also try to ind ica te  the 

dynamic  charac te r i s t i c s  c o m m o n  to all pe r iod i c  p r o c e s s e s  i n d e p e n d e n t  of 

the sys tem in which  they  occur .  Therefore.  we will b e g i n  with a c l ass ica l  

example  of pe r iod ic  s ta te  c h a n g e s  ( longi tudinal  v ibrat ion Of a beam)  a n d  
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use it to show the variety of possible boundary condit ions. Later. when we 

a n a l y z e  hydrau l i c  osci l lat ions,  the similarity of the d y n a m i c  p roper t i e s  with 

this c a s e  from m e c h a n i c s  will b e  seen .  

Zxamplo | Longi tud ina l  v ibra t ion of a b e a m  

Figure  3.3-1 shows  a prismatic b o d y  (beam,  bar)  which  performs 

longi tudinal  v ibrat ions  d u e  to the ac t ion  of a force.  Assuming that the 

b e a m  is of cons tan t  c ros s - sec t iona l  a rea ,  h o m o g e n e o u s ,  that its b e n d i n g  is 

n e g l e c t e d  a n d  that longi tudinal  d i s p l a c e m e n t s  o c c u r  within the field of 

e last ic  deformat ions ,  de r ive  the model  d e s c r i b i n g  that pe r iod i c  p roces s  

a n d  def ine  b o u n d a r y  cond i t ions  if: 

a - the left e n d  is fixed, the right e n d  free 

b - force F ac t s  on  the left end .  the right e n d  is f ixed 

c - the left e n d  is fixed, the right e n d  car r ies  mass M. 

I I " m 

i i 

T. _I I 

z ~ d z  I 

z=L 

F i g .  3.3-1 Sketch  of longi tud ina l  b e a m  vib la t ion  

The e q u a t i o n  for the c o n s e r v a t i o n  of momentum, in this c a s e  more 

usual  as the e q u a t i o n  of force  equilibrium, is formulated  for an  infinitesimal 

mass of the b e a m  dM which  is at the d i s t a n c e  u in the s t r e t ched  state 

and  has  the l eng th  (1 + 8u/az]dz .  (In the s t e a d y  s ta te  that s ame  mass is at 

the d i s t a n c e  z a n d  is of l eng th  dz.) 

The e q u a t i o n  for force  equi l ibr ium is 
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~ ~u 
- oA + (o + dz)A = ~Adz ~-~,2- (3.3-2) 

o d e n o t e s  t ens ion  in the  c r o s s - s e c t i o n ,  of d imens ion  N/m z. The  a b o v e  

equa t ion  is r e d u c e d  to 

~o ~2U 
~ - -  p ~-~-,~- (3.3-3) 

In the reg ion  of e las t ic  deformat ions there is 

o = Ee = E ~--u 
~z 

w h e r e  e d e n o t e s  the  l inear  deformat ion ,  a n d  E the modu lus  of e las t i c i ty  

N/m z. The  last  two e q u a t i o n s  y i e ld  

cz~2u ~Zu /_~E - ~ . c - (3.3-4) 

The  a b o v e  e q u a t i o n  h a s  the  a l , e a d y - k n o w n  form of a s e c o n d - o r d e r  

h y p e r b o l i c  PDE that  d e s c r i b e s  p e r i o d i c  p r o c e s s e s .  To s o l v e ,  it, it is 

n e c e s s a r y  to know t w o  b o u n d a r y  a n d  t w o  initial cond i t ions .  He re  we  will 

not en te r  into how to o b t a i n  solut ions  but  will on ly  g i v e  the  g e n e r a l  
form for the  solut ion  of the  a b o v e  e q u a t i o n  

u(z. t) - (C, sin~t * C z c o s ~ t ) ( C 3 s i n ~ - z  + C4cos-~-Wz). (3.3-5) 

The  c o n s t a n t s  C,. Cz. Cs a n d  C 4 a r e  d e t e r m i n e d  from the b o u n d a r y  a n d  

the initial cond i t ions .  To c o r r e s p o n d  with the  cond i t i ons  d e m a n d e d  at the  

b e g i n n i n g  of this e x a m p l e ,  the b o u n d a r y  c o n d i t i o n s  c a n  b e  va r i ed :  

a) The  left e n d  is f ixed,  the r ight  e n d  free.  

In this c a s e  there  c a n  b e  no d i s p l a c e m e n t  in z = O. a n d  in z = 

L. s i n c e  that  e n d  is free.  the re  c a n  b e  no tens ion ,  so  the re  is 

1st BC u(O. t) = 0 

2nd BC ~u(L. " ~ t _ . . ,  = 0 
~z 

b) F o r c e  F ac t s  on the  left end .  the  r ight  e n d  is f ixed.  
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In z - 0 a force of tension opposes force F. and the conditions 

of force equilibrium yields 

Ist BC F = Aa = AE ~u(0" 
t) 

,~z 

2nd BC u(L. t) I. 0 

c) The left end is fixed, the right carries mass M. 

In this case the inertia of mass M in the cross-section z ffi L 

causes tension along the whole cross-sectional area A so the 

second BC is obtained from the condition of equilibrium 

between the inertia of mass }4 and the force of tension in the 

cross-section 

u(O. 0 ffi 0 . 1st BC 

2nd BC M~2(L. t) .AE~U(L. t) 
" " A°L " az 

This e n d s  our p resen ta t ion  of the simplest  e x a m p l e  of pe r iod ic  

p r o c e s s e s  in sys tems with d is t r ibuted  parameters .  Of course ,  it is poss ib le  

to g i v e  many  other  different b o u n d a r y  condi t ions ,  to s eek  for the natural 

f r equenc i e s  of vibrat ions  or for the solution of Equat ion  (3.3-4) for g iven  

condi t ions  a n d  the like. We will l e ave  this to more s p e c i a l i z e d  textbooks.  

Our next  examp le  will b e  one -d imens iona l  fluid flow, where  the same  or 

similar (more com pl i ca t ed ,  in fact) equa t i ons  to these  in the a b o v e  lines 

will b e  o b t a i n e d  for the desc r ip t ion  of pe r iod i c  p r o c e s s e s .  It is our des i re  

to show that different p r o c e s s e s  h a v e  the same  d y n a m i c  proper t ies ,  and  

also to d e s c r i b e  in more detai l  p r o c e s s e s  of d i s t u r b a n c e  p r o p a g a t i o n  

a l o n g  the fluid streamlines.  

Example 2 Dynamic  p r o c e s s e s  in fluid p ipes .  Equat ions  of mass, 

e n e r g y  a n d  momentum c o n s e r v a t i o n  

Consider  a p i p e  of cons tan t  c ross - sec t iona l  a r e a  A externa l ly  h e a t e d  

by  hea t  flow of dens i ty  q J/ms per  unit length,  th rough  which flows 
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m kg / s  mass of fluid. The flow is h o m o g e n e o u s  with the same  veloc i t ies  

and the rmodynamic  proper t ies  per  c ross -sec t ion .  The thermal c a p a c i t y  of 

the p i p e  wall is n e g l e c t e d .  Derive the mathemat ica l  model  d e s c r i b i n g  

uns t eady  state  va r i ab le  c h a n g e s  of that fluid. 

Here also. a n a l o g o u s l y  to the p rev ious  p rocess ,  we will ob ta in  the 

model b y  de r iv ing  c o n s e r v a t i o n  e q u a t i o n s  for the fluid in a control  vo lume 

dV. However .  unlike the p rev ious  p roces s ,  here  there will be  mass.  

momentum a n d  e n e r g y  s t o r age  in the control  vo lume  dV at the same  time. 

so it will b e  n e c e s s a r y  to formulate all three c o n s e r v a t i o n  equa t ions .  After 

they h a v e  b e e n  a r r a n g e d ,  r e d u c e d  to a su i tab le  form a n d  the 

thermodynamic  equa t ions  of fluid s ta te  re fer red  to. a mode l  in the de s i r ed  

form will be  ob ta ined .  As until now. this will b e  a differential  equa t ion .  We 

must, never the less ,  ment ion that when  problems from fluid d y n a m i c s  are  

a n a l y z e d  the c o n s e r v a t i o n  equa t ions  are  often g i v e n  in the integral  form. 

which is not the most sui table  form for the p u r p o s e s  of this analys is .  

Therefore. s u c h  models  are  not d e r i v e d  in this book.  This remark c a n  b e  

of use  in a si tuation w h e n  the r e a d e r  e n c o u n t e r s  l i terature in which  the 

same laws are  d e s c r i b e d  u s ing  different mathemat ica l  tools. 

EQUATION FOR THE CONSERVATION OF MASS 

.! 

F i g .  3 . 3 - 2  Ske tch  for de r iv ing  cont inui ty  e q u a t i o n  

If there  are  no sou rce s  or sinks of mass in dV. the d i f f e rence  b e t w e e n  

the amount  of mass that enters  dV a n d  the amount  that e m e r g e s  from it in 

the time dt equa l s  the c h a n g e  of the mass dM in dV. If m a n d  m÷dm show 

mass flow rates th rough  c ros s - sec t ions  z a n d  z ,dz .  then the amount  of 

mass that enters  dV dur ing  the time dt e q u a l s  mdt. a n d  the amount  that 

emerges  is (m÷dm)dt. Thus we c a n  write 
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mdt - (m , dm)dt  = dM (3.3-6) 

In the g e n e r a l l y  unsteady state mass flow rate is var iab le  both  a long 

the p i p e  a n d  in time, i.e. m = re(z, t), so that flow rate c h a n g e  a l o n g  the z 

coord ina te ,  at time t, c a n  b e  written 

a m  
dm= ~ dz (3.3-7) 

The last two e q u a t i o n s  y ie ld  

. a__m_m dz = dM _ d(Apdz) = Adz dp (3.3-6) 
az dt dt dt 

ap am = 0 (3.3-~) 

Equat ion (3.3-9) is the law for the c o n s e r v a t i o n  of mass. However ,  as 

the same law is e n c o u n t e r e d  in var ious  forms in literature, it is 

a d v a n t a g e o u s  to p re sen t  those  var ious  forms of the cont inui ty  equa t ion  

he re  also. It must b e  r e m e m b e r e d  that mass flow rate m is 

m = Awp (3.3-10) 

a n d  for p ,, 1/v from (3.3-0), the fol lowing forms of the continuity 

equa t ion  c a n  b e  o b t a i n e d  

a~ aw ~ + wS~ ,,._p 
at az az 

av av 8w 
- -  4- ~ . at w~-~ v az 

~m em A aw m aw 
4- := sl - - -  

at w-~- ~ w at 

(3.3-11) 

(3.3-12) 

(3.3-13) 

The last three e x p r e s s i o n s  con ta in  a de r iva t ive  that is cha rac te r i s t i c  of 

fluid flow p r o c e s s e s .  It is c a l l e d  the material  or substant ia l  de r iva t ive  and  

d e n o t e d  D/dr 

Df af af 
d---t = a + w?~  (3.3-14) 

The material or substant ia l  de r iva t ive  D/dt  will a p p e a r  in all 

c o n s e r v a t i o n  equa t ions  that d e s c r i b e  s ta te  c h a n g e s  of f lowing fluid. The 

n a m e  itself c o m e s  from the fact  that e v e r y  c h a n g e  d e p e n d s  both  on the 
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l o c a l  g r a d i e n t  of change $/~t, and on the  s o - c a l l e d  c o n v e c t i v e  
grad ien t  of c h a n g e ,  which  d e p e n d s  on  the v e l o c i t y  of "mater ia l  

( subs t ance ) "  flow wa/az.  

Using (3.3-14). we  c a n  write 

Do ow Dv ~w Dm m 8w 
a t  = - p '~z  d--t = VS-z  ' d ~ -  = w ~z 

In s t e a d y  s ta te ,  in which  there  must b e  ,~/Ot = O, Equa t ions  (3.3-9) 

(3.3-13) y ie ld  the fol lowing equa l i t i e s  

m z  = m z * d z  = m (3 .3 -15 )  

- - m  

pW = cons[. 

For incompressible fluids (sometimes liquids can be 

incompressible) p = const., and (3.3-10) yields 

W z = Wz ,  dz = W = o o n s t .  

(3.3-16] 

c o n s i d e r e d  

(3.3-17] 

EQUATION FOR THE CONSERVATION OF MOMENTUM 

F i g .  3.3-3 Ske tch  for d e r i v i n g  m o m e n t u m  e q u a t i o n  

The  law for the c o n s e r v a t i o n  of m omen tum s a y s  that the sum of all 

forces  a c t i n g  on the mass  of fluid dM in the  d i rec t ion  of flow (the 

d i rec t ion  of the z axis)  e q u a l  the  c h a n g e  of m o m e n t u m  (dMw) of the 

par t ic le  dM in time dt. 
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Mathemat ica l ly  

4 d(dMw) dw 
7:  F, - C3.3-18) 
i-l dt  = dM 

It must b e  o b s e r v e d  that, unlike p r e c e d i n g  c a s e  when  the b a l a n c e  of 

mass was formulated for an  e l emen ta ry  a n d  u n c h a n g e a b l e  control  volume 

dV. here  the b a l a n c e  of momentum is formulated for an  e l emen ta ry  and  

u n c h a n g e a b l e  control  mass dM (which is in dV at the moment t). The fact 

that the e q u a t i o n  of equi l ibr ium is formed for an u n c h a n g e a b l e  (i.e. 

cons tan t  a n d  i n d e p e n d e n t  of bo th  z a n d  t) par t ic le  of mass dM makes  it 

poss ib le  to p l a c e  the symbol  dM in front of the o p e r a t o r  of total 

differentiat ion d / d t  in Equat ion  (3.3-10). 

The fol lowing forces  ac t  in the d i rec t ion  of the z axis:  

p ressu re  force in the c ro s s - s ec t i on  z: F l = PA , 

pressure force in the cross-section z+dz: 
aCPA) 

F2 = PA + dz 
,)z 

c o m p o n e n t  o f  gravi ta t ional  force  in the z di rect ion:  

friction force of fluid aga ins t  the p ipe  wall: 

ah 
F3 = Gcos,, = dMg~- = 

a h  
= Adzog . 

~z 

F4 = F = fAdz . 

In the a b o v e  e q u a t i o n s  g is the gravi ta t ional  a c c e l e r a t i o n  a n d  f the 

coeff ic ient  of friction, i.e. it r ep resen t s  the p res su re  d rop  d u e  to friction 

aPF per  unit l eng th  of p ipe ,  of the d imens ion  Pa/m.  S ince  force and  

momentum are  vectors ,  their d i rec t ions  are  important  a n d  if the inc reas ing  

z d i rec t ion  is g iven  with the * sign. (3.3-18) b e c o m e s  

F,  - F2 - F3 - F4 = A o d z d t  

o! 

aP ~h ~w ~w) 
~ga-~-  f = • w ( 3 . 3 - 1 9 )  a z  " ~C%V a z  

The total c h a n g e  dw is 
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aw aw bw aw dz 
dw = ~-~----dt + ~--~----dz = (--~- + az ~-)dt (3.3-20) 

If fluid flows at velocity w. in period of time dt its particle dM will 

move along path dz = wdt. so quotient dzldt is flow velocity w. This 

means that the expression in brackets in the above equation can be 

written in the form of material derivative Dw/dt and Equation (3.3-I@). 

referring to (3.3-20). after rearrangement becomes 

Dw aP ah 
+ gp~-~ + f ,, O (3.3-21) P"~'- + ~Z 

APG APF 

AP G ... g r av i t a t i ona l  p r e s s u r e  c h a n g e  p e r  u n i t  l e n g t h  P a / m  

AP F ... fr ict ional  p r e s s u r e  c h a n g e  (drop)  p e r  u n i t  l e n g t h  P a / m  

The equation for the conservation of momentum can also be shown in 

different forms, which will be used in further derivations. Multiplying 

(3.3-21) by Aw yields 

c~w c~w 
m(---~-[- + w-~-~z ) + AwAPG ,~ - Aw aP - AwAP F (3.3-22) 

az 

Subst i tu t ing  w - mv/A for w in Equa t ion  (3.3-21) a n d  re fer r ing  to the  

cont inui ty e q u a t i o n  y ie lds  the form of momen tum e q u a t i o n  that  i n c l u d e s  

the g r a d i e n t  of mass  flow rate  m with r e s p e c t  to t ime 

I am I a(m2v) aP 
A at * A ~  a ~  " "  a-~-" A P G "  APF (3.3-23) 

Finally,  to a n a l y z e  p r e s s u r e  c h a n g e  a l o n g  the s t r eaml ine  of fluid the 

following form of the e q u a t i o n  for momen tum c o n s e r v a t i o n  is useful  

I a(mv 2) m 2 av aP 
+ . . . .  A P G -  APF (3 .3 -24 )  

X~ at E az a z  

Equations (3.3-21) - (3,3-24) are only different forms of the well-known 

Navier-Stokes equation for the one-dimensional flow of real fluid, in which 

the dynamic coefficient of viscosity ~ differs from zero. i.e. in which 

friction is not neglected. The most similar in form to the Navier-Stokes 

equation is Equation (3.3-21). which becomes identical to it if it is divided 

by density p, 
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p Bz 

f 
F Z  ~ 

P 

D w  
dt  

1 ~P = F z + - ~ -  Z (3.3-25) 

... f r i c t i on  f o r c e  p e r  un i t  m a s s  in t he  d i r e c t i o n  of  t h e  z a x i s  

, , .  c o m p l e t e  ( m a t e r i a l )  g r a d i e n t  of  v e l o c i t y  w c h a n g e  a l o n g  

t h e  z a x i s  

~h 
Z = - g ~ ,.. g r a v i t a t i o n  f o r c e  p e r  un i t  m a s s  in t h e  d i r e c t i o n  of  t h e  

z a x i s  

Fo r  i d e a l  f lu ids  ( to w h i c h  r e a l  g a s e s  a n d  v a p o r s  wi th  s m a l l  c o e f f i c i e n t s  

of v i s c o s i t y  ~ a n d  h i g h  f low v e l o c i t i e s  c o m e  c l o s e )  ~ = 0 a n d  E q u a t i o n  

(3.3-25) b e c o m e s  t h e  w e l l - k n o w n  Eu le r  e q u a t i o n  for i d e a l  f l u id  

1 a P  Dw 
- - - -  ÷ Z = "" (3.3-26) 

p ~z d t  

T h e  e x t e n d e d  B e r n o u l l i ' s  e q u a t i o n  for t h e  u n s t e a d y  f low of v i s c o u s  

( r e a l )  l i q u i d  (~ ~, O. 0 = c o n s t . )  is  a l s o  e a s y  to d e r i v e  f rom E q u a t i o n  

(3.3-25).  If t h e  w h o l e  e q u a t i o n  is m u l t i p l i e d  b y  d z .  a f t e r  i n t e g r a t i o n  with 

r e s p e c t  to z from c r o s s - s e c t i o n  1 to c r o s s - s e c t i o n  2. w e  g e t  

P2 h a w 2  z 2 z 2 
l_ 

, g , , ~ ( ~ }  , ÷ <lz 
p 0 J 

i~ t W I Z I Z! 

= 0  

"~'2 
w~ z w~ z a [ ,  APF 

l ( P 2  - Pt) + g ( h ~  - hi) + ( 2 " 2 ) + J ~ t  d z  + (zz  - zl)  = 0 p p 
z1 

(3.3-27) 

In t h e  f low of  a n  i n c o m p r e s s l b i o  l i q u i d  t h e  g r a d i e n t  a w / a t  is no t  a 

f u n c t i o n  of  z (A = c o n s t . )  a n d  e q u a l s  d w / d t ,  s o  t h e  i n t e g r a l  in  t h e  las t  

e q u a t i o n  is 

d W ( z  d w  
~-~ 2 - z i )  - - d t  L 

R e a r r a n g e m e n t  y i e l d s  t h e  w e l l - k n o w n  form of  B e r n o u l l r s  e q u a t i o n  for 

r e a l  l i q u i d  in  u n s t e a d y  c o n d i t i o n s  



P~ w~ 2 P2 w 2  2 d w  APF L . 
- -  + g h l  + = - -  ÷ g h 2  + * p 2 p - ~ -  - ~ - L  , P ( 3 . 3 -28 )  

Mult iplying the  a b o v e  e q u a t i o n  b y  p. a n d  for w = m/Ap. we ge t  

(P i  - P2) - a P F L  * p g ( h l  - h i )  + 

8Pc 8PG 

w~ 2 - w 2  2 L d m  
( 3 . 3 - 2 q )  

2 P =  A d t  

In the hor izonta l  p i p e  of c o n s t a n t  c r o s s - s e c t i o n  the last  two terms on  

the l e f t -hand  s ide  of the  last  e q u a t i o n  a re  lost a n d  it b e c o m e s  e q u a l  to 

Equation (2.2-1.4) from the c h a p t e r  on l u m p e d  p a r a m e t e r s .  

EQUATION FOR THE CONSERVATION OF ENERGY 

- 

\ 

F i g .  3 . 3 - 4  S ke t ch  for d e r i v i n g  e n e r g y  e q u a t i o n  

The  law for the c o n s e r v a t i o n  of e n e r g y  ( thermal  a n d  m e c h a n i c a l )  

e x p r e s s e s  the fact  that  the d i f f e r e n c e  b e t w e e n  the amoun t s  of e n e r g y  

b rought  to a n d  l ed  from the fluid pa r t i c l e  dM. in the e l e m e n t a r y  vo lume  

dV dur ing  time dt, e q u a l s  the c h a n g e  of the  total  amoun t  of e n e r g y  dE 

c o n t a i n e d  in dV 

e i d t  - e o d t  = d E  ( 3 . 3 - 3 0 )  

A k i logram of f lowing fluid mass  p o s s e s s e s  th ree  forms of e n e r g y :  

internal thermal  e n e r g y  u, k inet ic  e n e r g y  w2/2 a n d  m e c h a n i c a l  p o t e n t i a l  

e n e r g y  gh.  There fo re .  the  e n e r g y  flow ra te  b r o u g h t  t h rough  c r o s s - s e c t i o n  z 

into dV is ez,  = m(u+w2/2+gh) J/s. The  p o w e r  n e c e s s a r y  to inject  t h e  mass  

of fluid m, u n d e r  p r e s s u r e  P, into s ec t i on  z is ez2 = PAw J/s. As the fluid 

flows out of c r o s s - s e c t i o n  z , d z  it t akes  with it a total e n e r g y  flow ra te  of 
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e z + d e z  l / s .  a n d  to e j e c t  f lu id  ou t  of t he  s a m e  c r o s s - s e c t i o n  t h e  p o w e l  

PAw*d(PAw]  is n e e d e d .  F i n a l l y .  a h e a t  f low r a t e  q d z  J /s  is b r o u g h t  in to  dV 

from t h e  o u t s i d e  t h r o u g h  t h e  p i p e  wal l .  What  h a s  just  b e e n  s a i d  c a n  b e  

g i v e n  the  f o l l o w i n g  m a t h e m a t i c a l  fo lm 

w 2 
ei = e z  * Q = m(u , ~ , g h )  * PAw + q d z  (3.3-31) 

ez!  ez2 

¢1 w 2 
eo  = ez  * d e z  = ez  * ~ - ; - (m(u  • ~ • g h ) ,  P A w ) d z  , (3 .3-32)  

W 2 W 2 
dE = d M ( u  , ~ , g h ) =  A0(u  * ~ ÷ g h ) d z  (3.3-33) 

S u b s t i t u t i n g  the  l a s t  t h r e e  e q u a t i o n s  in to  (3.3-30) a n d  d i v i d i n g  b y  dz  

y i e l d s  

W 2 ~ W2 
q " ~z-z ( m ( u  * T * g h ) +  PAw) = ( A p ( u  + T * gh) )  (3 .3-34)  

R e f e r r i n g  to [3.3-I0) t h e r e  is Aw = my. s o  

mu ÷ PAw = m(u , Pv) = mi (3.3-35) 

T h e  te rm pu o n  t h e  r i g h t - h a n d  s i d e  c a n  b e  wr i t t en  

pu = oi - P ( 3 .3 -36 )  

S u b s t i t u t i n g  (3.3-35) a n d  (3.3-36) in to  (3 .3-34)  a n d  d i f f e r e n t i a t i n g  y i e l d s  

w 2 ai ~w ~h 
q - : ~ - - ( i  * * g h )  w~--~- g i f t - )  = az T " m ( ~ z  * * 

_•_ w ~ ai ,~w aP [3.3-37) = A (i , - T -  ÷ g h )  , Ap(--~-, w-~ - ) -  A ~ 

R e f e r r i n g  to c o n t i n u i t y  e q u a t i o n  (3.3-9). t h e  t e rms  -i~ml,~z a n d  iA,~pl,~t 

c a n c e l  out ,  s o  E q u a t i o n  (3.3-37),  wi th  r e f e r e n c e  to (3.3-10). c a n  b e  

r e a r r a n g e d  in to  th is  f ina l  form 

q A ai A e P  6i ~w ,~w = - + m - -  * * w- -~ - )  + A w a P  G . [ 3 .3 -38 ]  

T h e  l a s t  t e rm of th is  e q u a t i o n  w a s  o b t a i n e d ,  u s i n g  n o t a t i o n  from 

E q u a t i o n  (3.3-21]. in t h e  f o l l o w i n g  m a n n e r  



• E,". a.'~ 221 

~h ah 
mg~-~ = A w p g ~ - =  AwAPG (3.3-3Q) 

Equat ion  (3.3-38) r e p r e s e n t s  one  of the  p o s s i b l e  forms of the law for 

ene rgy  conse rva t i on .  As in the p r e c e d i n g  e x a m p l e s ,  it is a d v a n t a g e o u s  to 

show this law in different ,  more  sui table ,  forms. One  of them is o b t a i n e d  

using the b a l a n c e  of momentum. It c a n  b e  shown that the last two terms 

on the r igh t -hand  s ide  of Equa t ion  (3.3-38) e q u a l  the le f t -hand  s ide  of 

Equation (3.3-22), so subst i tu t ing the r igh t -hand  s ide  of Equat ion  (3.3-22) 

into (3.3-38) y ie lds  

ai + w~ i )  aP , w a p )  • I 
(~-t- az - v(- -~-  az "~"p(q ÷ AWaPF) . (3.3-40] 

Di DP ] (3.3-41) 
d--'-[- " v - - ~ - -  qu kgs  

The total hea t  flow ra te  b rough t  to o n e  ki logram of fluid mass is 

d e n o t e d  qu. a n d  it e q u a l s  the sum of hea t  flow ra te  b rough t  from the 

outs ide  th rough  the p i p e  wall q/Ap a n d  the hea t  flow ra te  r e l e a s e d  b y  

friction wAPF/p. 

Equat ion  (3.3-36) y ie lds  i = u + vP. so the e n e r g y  c o n s e r v a t i o n  Equat ion  
(3.3-41) b e c o m e s  

Du pDV 
"dt + dt = qu (3.3-42) 

Multiplying (3.3-42) b y  dt  y i e lds  conf i rmat ion of the first main law of 

the rmodynamics ,  a c c o r d i n g  to which the total hea t  i n t ro d u ced ,  d Q  = q , d t ,  

is spe n t  on an  i n c r e a s e  of the  fluid's thermal  e n e r g y  a n d  on  m e c h a n i c a l  
work 

dO = Du + PDv J kg (3.3-43) 

Acco rd ing  to Equa t ion  (3.3-14). the total c h a n g e  Df(z. t) e q u a l s  

af + w.~f)dt (3.3-44) Df(z, t) = ( ~  ,~z 

It is c l ea r  that the law for e n e r g y  c o n s e r v a t i o n  sh o u ld  sat isfy the 

s e c o n d  main law of t he rmodynamics  as  well, w h o se  g e n e r a l l y - k n o w n  form 
for the e l e m e n t a r y  fluid pa r t i c l e  is 
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ds = l ( d i  - vdP) (3.3-45) 

In this c a s e  of spat ia l  distr ibution for fluid flow the law g i v e n  by 

Equat ion (3.3-45) remains the same.  the only  d i f fe rence  b e i n g  that a 

material, subs tant ia l  i nc rea se  D is u s e d  ins tead  of c h a n g e  d. Therefore  

Ds I cDi  DP 
dt" = "~ dt - v--~-)  (3.3-4b) 

Now the exp re s s ion  on the lef t -hand s ide  of Equat ion  (3.3-40). or 

(3.3-41), is r e p l a c e d  b y  Ds/dt.  so the law for e n e r g y  conserva t ion .  

e x p r e s s e d  th rough  en t ropy  c h a n g e ,  b e c o m e s  

as as l l W 
, + w - -  = -=-( .----q ÷ - ~ P F )  (3.3-47) 

at dz T A p  

The equa t ions  for mass. e n e r g y  a n d  momentum c o n s e r v a t i o n  that we 

d e r i v e d  a re  not sufficient to ob ta in  a solution in the c a s e  of u n s t e a d y  

fluid flow. They  con ta in  four unknown  var iab les  that c h a n g e  in time and 

in s p a c e  (mass flow rate m. spec i f i c  vo lume  v. p re s su re  P a n d  en tha lpy  

a n d / o r  en t ropy  s) so the three equa t ions  o b t a i n e d  are  not e n o u g h  for a 

solution. That sys tem of equa t i ons  must be  c o m p l e t e d  by  the 

the rmodynamic  e q u a t i o n  of s ta te  that relates  a n y  state e q u a t i o n  with two 

others.  Which form that equa t ion  will take (whether  v - v(P. s). t~ = p(P. i). i 

= i(P.s), i = i(P. v) or s - s(P, i). s - s(P. v) a n d  so on) d e p e n d s  on which 

va r i ab les  from the conse rva t i on  equa t ions  are  s e l e c t e d  for d i rec t  numerical  

ca l cu la t ion  (integration).  Thus, for example ,  numer ica l  in tegrat ion or 

so lv ing  the sys tem of equa t ions  is poss ib le ,  after e x p r e s s i n g  a0/at, am/~t 

a n d  . s/at  from Equat ions  (3.3-0). (3.3-23) a n d  (3.3-47). After discret izat ion 

with r e spec t  to the spat ia l  var iab le ,  a n d  knowing  the initial state,  the first 

s tep  of in tegra t ion yie lds  new va lues  for 0. m a n d  s. However ,  be fore  the 

s e c o n d  s tep of in tegrat ion c a n  b e  under taken ,  new va lues  for v. T a n d  P 

must a lso b e  known,  b e c a u s e  those  va r i ab les  a re  in the  sys tem of 

e q u a t i o n s  b e i n g  in tegra ted .  While v is g i v e n  di rec t ly  by  v = l/p. P a n d  t 

must be  de te rmined  from sta te  e q u a t i o n s  P = P(p. s) a n d  T = T(p, s). Only 

after these  va r i ab les  h a v e  b e e n  found  is it pos s ib l e  to b e g i n  the s e c o n d  

s tep  of integrat ion.  

In p rac t i ce ,  s i nce  m. e a n d  P are  s t a n d a r d  control  var iab les ,  we 

usual ly  try to ge t  a sys tem from the equa t ions  for c o n s e r v a t i o n  that 

con ta ins  differentiat ion with r e spec t  to time of mass flow rate, t empera ture  
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(i.e. e n t h a l p y  or en t ropy )  a n d  p r e s s u r e .  For the  n e e d s  of further d y n a m i c  

analysis ,  the fol lowing mode l  con ta ins  d e r i v a t i v e s  with r e s p e c t  to time of 

flow rate,  e n t r o p y  a n d  p r e s s u r e .  Thus it is n e c e s s a r y  to ob ta in ,  in an  

analy l ic  a n d  d i f f e r en t i ab l e  foTm the s t a te  e q u a t i o n  

v = v(P, s) (3.3-48) 

The  u p p e r  e q u a t i o n  eas i ly  y i e lds  aP/at .  From 

av av aP av as 

a-V = aP at + as at 

TA 7B 

w h e n c e  

(3 .3 -49 )  

aP 1 av as (3.3-so) 

"rA a n d  "rB a r e  d e r i v e d  from Equa t ion  (3.3-48) a n d  in the g e n e r a l  c a s e  

they a l so  a re  ana ly t i c  funct ions  of p r e s s u r e  a n d  en t ropy .  

c~v 
TA = ('~')S = TA(P, S) (3.3-51) 

( av, = TB(P. s) (3.3-52) YB = -~'-) p 

(The v a r i a b l e  x A is r e l a t e d  to the v e l o c i t y  of s o u n d  in fluid "fA=-V2/CZ.) 

Final ly  the mode l  s o u g h t  for is o b t a i n e d  from Equa t ions  (3.3-23), (3.3-47) 

and  (3.3-50) with the h e l p  of the cont inu i ty  equa t ion ,  a n d  it c o m p r i s e s  a 

sys tem of th ree  f irst-order h y p e r b o l i c  PDE. 

am aP 2my am m 2 av 
a-i- " " A az ~%~" " A a'--z- " A(APG ÷ nPr) (3.3-53) 

as v (  1 m as mv 
. . . .  + APF') (3.3-54) 

at ~ - t  " - q  A ~z -X-f ' 

A ~  m as mv aPF)J . (3.3-55) aP 1 v 2 am ~'8 v (  q - + 
at " 'T A [A aZ A az 

at at 

T h e s e  th ree  e q u a t i o n s  must n e c e s s a r i l y  b e  a c c o m p a n i e d  b y  the  

t h e r m o d y n a m i c  s t a te  e q u a t i o n s  (3.3-48), (3.3-51) a n d  (3.3-52). Unlike in the  

p r e c e d i n g  s e c t i o n  w h e r e  the d e r i v e d  m o de l s  we re  in most  c a s e s  l inear  
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after ce r t a in  assumpt ions  h a d  b e e n  made ,  the model  shown b y  the ab o v e  

sys tem is nonl inear .  This non l inear i ty  is not r e f l e c t e d  only  b y  the fact  that 

it con ta ins  the s q u a r e s  m ~ a n d  v ~, but  a lso  b y  the p r o d u c t s  of var iables ,  

for e x a m p l e  mv,~m/dz a n d  so on. 

The  s e l ec t i on  of va r i ab l e s  m, s a n d  P is on ly  o n e  p o s s ib l e  select ion.  

Here  it was m a d e  b e c a u s e  we w a n t e d  to a n a l y z e  the e i g e n v a l u e s  of the 

p r o c e s s  of d i s t u r b a n c e  p r o p a g a t i o n  th rough  the fluid. Thanks  to the  fact 

that the e n e r g y  e q u a t i o n  is e x p r e s s e d  by  e n t r o p y  c h a n g e ,  it is poss ib l e  to 

s e p a r a t e  the h y d r o d y n a m i c  (fast, a n d  thus c o n s i d e r e d  ad iaba t ic )  

p r o p a g a t i o n  of d i s t u r b a n c e s  in p r e s s u r e  a n d  flow rate  from the slower 

t ranspor t  p r o p a g a t i o n  of d i s t u r b a n c e s  in the thermal s ta te  of the fluid. 

The  fol lowing must a lso b e  sa id  c o n c e r n i n g  the sys tem of equa t ions  

(3.3-53) - (3.3-55), which  we h a v e  c a l l e d  a model .  It d e s c r i b e s  momentum, 

e n e r g y  a n d  mass transfer (i.e. c h a n g e s  of mass flow rate,  e n t r o p y  and 

p r e s su r e )  in an  a rb i t ra ry  fluid a n d  d o e s  not i n c l u d e  a n y  s p e c i a l  limitations 

( e x c e p t  the assumpt ions  m a d e  at the b e g i n n i n g )  c o n c e r n i n g  the speci f ic  

p roper t i e s  of the p r o c e s s e s  themse lves ,  the cha rac t e r i s t i c s  of the ob jec t  in 

which  they  o c c u r  or the cond i t ions  u n d e r  which  they  occur .  There fore ,  this 

sys tem of e q u a t i o n s  c a n  b e  u s e d  for a n y  arbi t rary,  o n e -d im en s io n a l  flow 

a n d  hea t  p r o c e s s  ( t ransport  of water  a n d  o ther  l iquids,  ga sp ipes ,  

e v a p o r a t o r s  a n d  s team g e n e r a t o r  s u p e r h e a t e r s ,  p n eu m a t i c  p i p e s  a n d  so 

on). 

All t e c h n i c a l  p~oces se s  o c c u r  in sys tems  with spec i f i c  geomet r i ca l  

cha rac te r i s t i c s ,  in var ious  d e v i c e s ,  a p p a r a t u s  a n d  plants  w h o se  s ize  limits 

the doma in  of c h a n g e  of the spat ia l  c o o r d i n a t e  in different ial  transfer 

equa t ions .  The p h y s i c a l  cha rac t e r i s t i c s  of the o p e r a t i n g  medium are  also 

factors  of limitation in the g i v e n  sys tem of equa t ions .  Bes ides  these  

limitations, to so lve  the p rob l em c o r r e c t l y  it is a lso n e c e s s a r y  to know how 

the sys tem in terac ts  with the env i ronment  at its b o u n d a r y  ( b o u n d a r y  

condi t ions )  a n d  the s ta tes  of the p r o c e s s  v a r i ab l e s  at the moment  we 
c o n s i d e r  the b e g i n n i n g  of c a l cu l a t i on  (initial condi t ions) .  T h e  g e o m e t r i c  
a n d  p h y s i c a l  c h a r a c t e r i s t i c s  o f  t h e  s y s t e m ,  t o g e t h e r  w i t h  t h e  
b o u n d a r y  a n d  t h e  i n i t i a l  c o n d i t i o n s ,  a r e  a s e t  t h a t  s e p a r e t e s  
t h e  o b s e r v e d  s p e c i f i c  p r o c e s s  f r o m  t h e  w h o l e  c l a s s  of  
p r o c e s s e s  to  w h i c h  w e  c a n  a p p l y  t h e  s y s t e m  o f  e q u a t i o n s  
(3 .3-53)  - ( 3 . 3 - 5 5 ) .  
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Therefore ,  the m a t h e m a t i c a l  mode l  of a p r o c e s s  u n d e r  o b s e r v a t i o n  

compr i ses  a s y s t e m  of different ia l  e q u a t i o n s  t oge the r  with the g e o m e t r i c  

and  p h y s i c a l  cha rac t e r i s t i c s .  This is impor tant  to s t ress  b e c a u s e  in this 

book a ce r t a in  m a t h e m a t i c a l  r e c o r d  is of ten c a l l e d  the mode l  of a p r o c e s s ,  

and  the  m e n t i o n e d  add i t i ona l  cond i t ions  a r e  not  s p e c i a l l y  i n d i c a t e d .  In 

such c a s e s  it is t aken  for g r a n t e d  that all those  cond i t i ons  a r e  d e f i n e d  

and  known.  

The  mode l  p r e s e n t e d  in the p r e c e d i n g  e x a m p l e  d o e s  not b e a r  a n y  

r e s e m b l a n c e  to the  h y p e r b o l i c  PDE (3.3-1), nor  d o e s  it con t a in  s e c o n d  

de r iva t ives  with r e s p e c t  to t ime a n d  s p a c e .  It is, h o w e v e r ,  a c o n n e c t e d  

sys tem of f i rs t-order  h y p e r b o l i c  PDE a n d  with the  h e l p  of c e r t a i n  

ma themat i ca l  t ransformat ions  a s e c o n d - o r d e r  PDE in m or P c a n  b e  

ob t a ined ,  wh ich  will b e  a more  e x p a n d e d  form of the a l r e a d y  s h o w n  

simplest  t y p e  in Equa t ion  (3.3-I). S ince  the m a t h e m a t i c a l  a p p a r a t u s  that  has  

b e e n  d e v e l o p e d  m a k e s  it much  s impler  to a n a l y z e  a l inear  model ,  in the 

following e x a m p l e  we  will l inea r ize  the m o d e l  (3.3-53) - (3.3-55) to o b t a i n  

a l inear  s e c o n d - o r d e r  h y p e r b o l i c  PDE for mass  flow ra te  m. This l inear  

model  will b e  u s e d  to a n a l y z e  the d y n a m i c  p r o p e r t i e s  of d i s t u r b a n c e  

p r o p a g a t i o n  a l o n g  p i p e s  for fluid t ranspor t .  A n a l o g o u s l y  to the p r e c e d i n g  

sec t ion  w h e r e  this was  d o n e  for p r o c e s s e s  with equa l i za t i on ,  it will b e  

shown that  the m o d e l s  from the s ec t ion  on  l u m p e d  p a r a m e t e r s  a r e  just 

r e d u c e d  forms of the m o d e l s  s h o w n  here .  We m a y  a l so  r e p e a t  that the 

linear mode l  o b t a i n e d  r e p r o d u c e s  faithfully all the e s sen t i a l  d y n a m i c  

p rope r t i e s  of the real  non l inea r  p r o c e s s  on  cond i t i on  that d e v i a t i o n s  from 

the s t e a d y  s ta te  o b s e r v e d  a re  small .  

Examplo 3 Analysis  of d y n a m i c  p rope r t i e s .  S t e a d y  s tate .  L inear  mode l  

For the p r o c e s s  of o n e - d i m e n s i o n a l  fluid flow th rough  a p i p e  of l eng th  

L w h o s e  u n s t e a d y  s ta te  c h a n g e s  a r e  s h o w n  b y  the  non l inea r  mode l  

(3.3-53) - (3.3-55). d e t e r m i n e  the  s t e a d y  s ta te  a n d  then: 

a) d e r i v e  a l inear  mode l  for d e v i a t i o n  fiom the s t e a d y  s t a t e  o b s e r v e d ,  

b) u s i n g  the l inear  mode l  o b t a i n e d ,  a n a l y z e  d y n a m i c  p r o p e r t i e s  for: 
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I - in the initial steady state the fluid is at rest and is not heated (m - 

o, o), 

2 - the fluid flows through the p i p e  a d i a b a t i c a l l y  (q= O}. 

3 - the fluid flows th rough  the p ipe  a n d  is h e a t e d  by  a hea t  flow rate 

of cons t an t  dens i ty  q a l o n g  the p ipe .  

The fol lowing b o u n d a r y  cond i t ions  are  g iven :  

1st BC ... mass  flow rate is g i v e n  at the input  c ros s - sec t ion  m(z-O.t)= 

m0Ct) 

2nd BG ... pressure is g i ven  at the output  cross-sect ion PCz=I...t)= PLCt) 

3zd BC ,.. fluid with en t ropy  So is s u p p l i e d  at the input c~oss-section,  

s(z=O,t) = so(t) 

The c ros s - sec t ion  A of the p i p e  is cons tan t .  All the va r i ab les  are 

uniform in a c ross -sec t ion .  Pressure  d rops  d u e  to friction a n d  gravi ta t ion 

are  n e g l e c t e d ,  AP F ,, AP G = O. 

STEADY STATE CALCULATION 

The equation of continuity yields 

= 0 ( 3 . 3 - S 6 }  
B2 

After set t ing the terms Bml~t. APG and AP F equa l  to zero. Equat ion 

(3.3-53} y ie lds  

----= A (3.3-57) 
A ,)z Oz 

Equation (3.3-54) yields 

a'-z- = ~ 7q, . (3.3-58) 

The last three equa t ions ,  with a g i v e n  hea t  rate q and  b o u n d a r y  

cond i t ions  that are  cons tan t  in the s t e a d y  s ta te  too. PL, Eo, y ie ld  
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re(z) " me = cons t .  (3.3-59) 

]~(Z) " l~L + - - ~  (9 L - 9(Z)) (3.3-00) 

The  further d e r i v a t i o n  of a n a l y t i c a l  e x p r e s s i o n s  is c o u p l e d  with 

difficulties b e c a u s e  t h e r m o d y n a m i c  s ta te  v a r i a b l e s  a r e  i n t e r r e l a t ed  a n d  

without a k n o w l e d g e  of their re la t ions  in a n a l y t i c a l  form solut ions  c a n n o t  

be  r e a c h e d  e x c e p t  in s p e c i a l  c a s e s .  Thus.  for e x a m p l e ,  to d e t e r m i n e  the 

distr ibution of s a l o n g  z. i.e. to find {(z), d e m a n d s  the in teg ra t ion  of 

(3.3-58) with r e s p e c t  to z. Howeve r ,  (3.3-581 h a s  t e m p e r a t u r e  T in the  

denomina tor ,  which  is a l so  a funct ion  of z. T(z). 

One  of the  s p e c i a l  c a s e s  w h e r e  a n a l y t i c a l  e x p r e s s i o n s  for all the  s t a t e  

va r i ab l e s  in the  s t e a d y  s ta te  c a n  b e  o b t a i n e d  is the c a s e  w h e n  

f l u i d , f l o w s  t h r o u g h  t h e  p i p e  a n d  e v a p o r a t e s ,  which  m a k e s  it 

poss ib le  to a s s u m e  that  t e m p e r a t u r e  is a funct ion of the  p r e s s u r e  of 

e v a p o r a t i o n  only,  T = T(!~). We will now show how to d e t e r m i n e  the  s t e a d y  

state for t h e  c a s e  o f  t h e  e v a p o r a t o r .  

Before  d e r i v i n g  the o ther  a n a l y t i c a l  e x p r e s s i o n s  we  must  po in t  out that  

the s e c o n d  term on  the r igh t -hand  s ide  of Equa t ion  (3.3-60) is as  a ru le ,  

very,  v e r y  small  ( less  than  0.01% ~L) a n d  c a n  b e  n e g l e c t e d .  If this is so. 

then P(z) = ~L. or 

~P 
- -  = o. (3.3-61) 
~z 

B e s i d e  c o n s t a n t  p r e s s u r e ,  t e m p e r a t u r e  is a l so  c o n s t a n t  a l o n g  the 

e v a p o r a t o r .  T(z) = cons t .  Now Equa t ion  (3.3-58) c a n  b e  i n t eg ra t ed ,  which  

yie lds  

1 - 
~Cz) = ~o • m--~o q z  (3.3-623 

To d e t e r m i n e  ~(z) a n d  w(z), it is useful  to h a v e  [(z). Refer r ing  to 

(3.3-61), Equa t ion  (3.3-43) y i e l d s  

|(z) = [o + q-*-z. Io • iCso) (3.3-63) 
m 

In the e v a p o r a t i o n  p r o c e s s  we  h a v e  
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aT ai ~"' ~"'= : " -  ~',, v'"(P) (3.3-~)4) 

The  g i v e n  e q u a t i o n  y i e l d s  

Till 
; ( z )  = ;o + ~ z  ( 3 . 3 - 6 5 )  

r m o  

Finally,  re fe r r ing  to Equa t ion  (3.3-10), it follows that 

+ r A 
(3.3-o6) 

Therefore ,  in the  e v a p o r a t o r  p i p e  it is p o s s i b l e  (with the a s sumpt ion  

;5(z) = const . )  to ob t a i n  a n a l y t i c a l  e x p r e s s i o n s  for all p r o c e s s  v a r i a b l e s  in 

the s t e a d y  state.  A c h a r a c t e r i s t i c s  of the e v a p o r a t o r  is that those  v a r i a b l e s  

( e x c e p t  for flow rate ,  p r e s s u r e  a n d  t e m p e r a t u r e  which  a re  cons tant )  

c h a n g e  l inear ly  a l o n g  z. 

In all o ther  c a s e s ,  w h e n  it is not p o s s i b l e  s imply  to d e t e r m i n e  the 

a n a l y t i c a l  e x p r e s s i o n s  for v a r i a b l e s  in the s t e a d y  s tate ,  this must b e  d o n e  

with the he lp  of a c o m p u t e r  a n d  u s i n g  i terat ion.  

Only then,  af ter  o b t a i n i n g  a s pec i f i c  s t e a d y  o p e r a t i n g  s ta te ,  c a n  

coef f ic ien t s  in the l i n e a r i z e d  e q u a t i o n s  b e  c a l c u l a t e d .  

a) MODEL LINEARIZATION 

The  p r o c e s s  of o b t a i n i n g  a l inear  mode l  from the initial s y s t e m  of 

e q u a t i o n s  (3.3-53) - (3.3-55) is b a s e d  on  the  a s s u m p t i o n  that  v a r i a b l e s  P, s, 

v, m, T a n d  q r ema in  in the  n e i g h b o r h o o d  of s t e a d y  s t a t e  ;L s. v, m. T, 

a n d  q a b o u t  which  they  c a n  b e  e x p a n d e d  into a Taylor  se r i e s  in which  

h i g h e r - o r d e r  terms a re  n e g l e c t e d .  (The p r o c e d u r e  of l inear iza t ion  is shown  

in more  de ta i l  in the  Append ix . )  He re  w e  will show the l inea r iza t ion  of 

Equa t ion  (3.3-53), a n d  for the other  e q u a t i o n s  on ly  the final l inear 

e x p r e s s i o n s  will b e  g i ven .  With APG -- APF = O, Equa t ion  (3.3-53) b e c o m e s  

am aP m 2 av 2my am 
- A (3,3-67) 

at az' A az A az 

The  g r a d i e n t  am/at  d e p e n d s  on the o ther  v a r i a b l e s  as  follows 

am caP  av am] 
at = g a--z-" m, ~--~. v, ~ (3.3-68) 



s=c. :~.3 229 

Differentiating (3.3-O7) with r e s p e c t  to the funct ions on which  m 

d e p e n d s  (that funct ional  d e p e n d e n c e  is g i v e n  b y  the last equa t ion)  a n d  

Teplacing d with A yie lds  

aam - A aAP ~2 aav (2m av 2v am. 
a~ " a~ A az " A az ÷ A--~-)Am - (3.3-60) 

2m" am 2m~ aAm 

A az A az 

To obta in  the l inear ized  lef t -hand s ide  we m a d e  use  o! the fol lowing 

property, for small deviat ions, of the operator of differentiation 

d" am.  a(dm) (3.3-T0) 
L-~--) = at 

Referring to (3.3-~6) yie lds  the final, l inear e q u a t i o n  for the g rad i en t  of 

small dev ia t ion  of flow rate Am with r e s p e c t  to time t 

aAm a A P  ~ 2  aAv 2~ aT 2~ aam 
- -  , ,  - A ~  - - - -  A m  - ( 3 . 3 - 7 1 )  
at ,~z A az A az A az 

Linear izat ion of the other  two equa t i ons  of the model  a n d  of Ihe 

equat ion  of cont inui ty  y ie lds  

a,',s ~ ~M aAs 

at = A-T- ~q  " A az 

aAP r l  ( __a~v - a~s. 

a~v ~2 dam 

at A az 

v as ~ - -  V - -  
-A a-z -~m " A--~ q'pAP " A--~ q'sAs 

(3.3-72) 

(3.3-73) 

(3.3-74) 

The a b o v e  e q u a t i o n s  r e p r e s e n t  the l inear mode l  d e m a n d e d .  To ob ta in  

the last two terms in Equat ion  (3.3-72) it is n e c e s s a r y  to h a v e  the s ta te  

equa t ion  T = T(P.s). from which  follows 

,)T aT 
dT = aP d P ,  as -  ds  (3.3-75) 

~p ~S 

We must. never the less ,  s ay  that the in f luence  of those  last two lerms in 

(3.3-72) is small b e c a u s e  their denomina to r s  h a v e  the ve ry  l a rge  va lue  T 2. 

The mode l  o b t a i n e d  is a l inear sys tem of three first-order, hype rbo l i c .  
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c o n s t a n t  coef f i c ien t  PDE with r e s p e c t  to time. For further n e e d s  the 

fol lowing nota t ion  must b e  i n , o d u c e d  for those  coef f i c i en t s  

~2 2m av 2m~ 
K, = A. K2 = A ' K3 = A az' K4 = T = 2w. 

~z ~ m--v - v as 
Ks =A-, Ks = A--T-' Kz = A = w. K8 = A-a--z- 

K9 = A--~zqxp, Klo = ~ .  Ku = "~--A' K~z = Ks KIo 

- -  

K,3 = A--T,z q ,  s 

(3.3-7b) 

In the g e n e r a l  c a s e  of flow a n d  h e a t i n g  of a n  a rb i t r a ry  fluid, all the 

coef f i c i en t s  e x c e p t  KI a n d  K2 a re  funct ions  of the  spa t i a l  v a r i a b l e  

K] = fi(z), i = 3, 13 (3.3-77) 

The  a b o v e  e x p r e s s i o n s  for the coef f ic ien t s  Ki show that  they  are 

funct ions  of the o p e r a t i n g  s t a t e  in which  l inear iza t ion  was  p e r f o r m e d ,  that 

they  c h a n g e  d e p e n d i n g  on it. a n d  s i nce  the coef f ic ien t s  of a n y  par t icu lar  

par t ia l  d e r i v a t i v e  d e t e r m i n e  the  d y n a m i c  p i o p e r t i e s  of the  p r o c e s s  itself, 

t hose  d y n a m i c  p r o p e r t i e s  will a l so  d e p e n d  on  the o p e r a t i n g  s ta te ,  i.e. on 

the cond i t i ons  u n d e r  which  the p r o c e s s  occu r s .  

b) ANALYSIS OF DYNAMIC PROPERTIES 

As par t  of the a n a l y s i s  of d y n a m i c s  we  will show he re  the transfer 

funct ions  for mass  flow ra te  ( the e x p r e s s i o n s  AM(z. s)/AMo(s) and  

z~M(z,s)/aPL(s)) a n d  e x a m i n e  their p o l e s  a n d  zeros ,  which  t oge the r  with 

the g a i n  coef f ic ien t s  d e t e r m i n e  the t rans ient  p r o c e s s .  That  e n d  c a n  b e  

r e a c h e d  in va r ious  ways ,  but  h e r e  we  will t ransform the initial mode l  into 

a s e c o n d - o r d e r  h y p e r b o l i c  PDE for mass  flow ra te  (or p r e s s u r e )  a n d  retain 

the f irst-order h y p e r b o l i c  PDE for the  t ransfer  of e n t r o p y  d i s t u r b a n c e s .  

Before  we b e g i n  work on  o b t a i n i n g  t ransfer  funct ions  we  must s a y  that 

mode l  (3.3-71) - (3.3-73) r e p r e s e n t s  the p r o p a g a t i o n  of - , m a l l  d i s t u r b a n c e s  

am.  As a n d  Ap a l o n g  the  s t r eaml ines  of flow. Earlier. in sy s t ems  with 

l u m p e d  p a r a m e t e r s ,  it was  s h o w n  that  small  d i s t u r b a n c e s  of flow and  

p r e s s u r e  p r o p a g a t e  t h rough  the fluid with the ve loc i t y  of s o u n d  (the 

waves ol complesslon and expansion have that velocity), while cha,~ges 

in thermal state (propagation of the disturbance As) occur convectively 
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(carr ied  b y  the  ve l oc i t y  of fluid flow). T h e s e  are ,  therefore ,  d y n a m i c a l l y  

two different  processes . ,  a fast  p r o c e s s  (for Am a n d  ~P) a n d  the 

p r o p a g a t i o n  of e n t r o p y  d i s t u r b a n c e s .  It is known that p r e s s u r e  a n d  flow 

d i s t u r b a n c e s  p r o p a g a t e  in a d i a b a t i c  cond i t i ons  (As = 0). T h e  v e I o c i t y  of 

p r o p a g a t i o n  is s u c h  that the re  is no time for hea t  to b e  e x c h a n g e d  with 

the e n v i r o n m e n t  in a n y  par t  of the fluid d u r i n g  the time i t  t akes  for the 

d i s t u r b a n c e  to pass .  Thanks  to this, the a n a l y s i s  c a n  b e  d i v i d e d  into 

inves t iga t ions  into the  d y n a m i c s  of fast a n d  of s low p r o c e s s e s ,  a n d  

Equat ions (3.3-71) a n d  (3.3-73), which  c o n t a i n  As = O, c a n  b e  a n a l y z e d  

s e p a r a t e l y  from Equa t ion  (3.3-72). This is wha t  we  h a v e  d o n e .  but  s i n c e  

this s ec t ion  is c o n c e r n e d  with p e r i o d i c  p r o c e s s e s ,  the a n a l y s i s  of the 

first-order h y p e r b o l i c  PDE for c h a n g e s  of ,',s will in most  c a s e s  b e  left out.  

If we  d i f fe ren t ia te  Equa t ion  (3.3-71) with r e s p e c t  to t a n d  r e p l a c e  the  

e x p r e s s i o n  a2Av/,~taz in it with the e q u i v a l e n t  v a l u e  o b t a i n e d  from (3.3-74) 

after d i f ferent ia t ion  with r e s p e c t  to z. a s e c o n d - o r d e r  PDE is o b t a i n e d  for 

Am(z. t) which  con ta in s  the par t ia l  d e r i v a t i v e  ~2AP/at~z. Subs t i tu t ing  

(3.3-7,4) into (3.3-73) a n d  d i f fe ren t ia t ing  (3.3-73) with r e s p e c t  to z y ie lds  

that d e r i v a t i v e ,  w h o s e  subs t i tu t ion  y ie lds  the  final e x p r e s s i o n  d e s c r i b i n g  

c h a n g e s  in d e v i a t i o n s  ~m(z. t) 

a2Am ÷ K 8Am KK K "a~Am 
~t 2 3 ~  + (K2K5 ÷ 1 ~ lo) ~z-~-~z- + 

rw ~Ks ~ ~Am ÷ K ~2Am 
+ ~"2"~-  + K, ) '~'z--  4'~-['~z = 0 

(3.3-78) 

It will b e  e a s i e r  to u n d e r s t a n d  this PDE if the p h y s i c a l  m e a n i n g  of the 

coef f ic ien ts  is g i v e n  b e s i d e  the par t ia l  d e r i v a t i v e s .  In the g e n e r a l  c a s e .  all 

t hose  coe f f i c i en t s  a r e  funct ions  of the spa t i a l  c o o r d i n a t e  a n d  the equa l i t i e s  

(3.3-76) y i e ld  

K3 - K~(z), K2K5 - w2(z), K4 - 2w(z)  (3.3-79) 

K1KsKlo - A YA ~ s 

is the fluid flow v e l o c i t y  a n d  ~ the v e l o c i t y  of s o u n d  in s t e a d y  s ta te .  

If we i n t r o d u c e  the  no ta t ion  

fl(z) = KeK5 + K1KsKto = "~2(z) - ~2(z) 

v ,~Ks ~, ~KI2 m 

m 2 

[7] 
(3.3-80) 
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K,. [m] 

Equat ion (3.3-78) b e c o m e s  

,~2Am . , , 6 A m  + f ,  , a 2 A m  , ,  , ~ A m  a2Am 0 (3.3-81) 
at z + r,.3~,zJ-~-~--- I~'zJ az'-~-~- + 12~'z) ~z + f3(z)  ata--'--z- = 

We h a v e  o b t a i n e d  a s e c o n d - o r d e r  h y p e r b o l i c  PDE that r e sembles  the 

bas i c  a n d  simplest  Equat ion  (3.3-1) from the b e g i n n i n g  of this sec t ion  and 

thus points  to p e r i o d i c  c h a n g e s  of mass fIow rate. Here we  h a v e  left out 

the der iva t ion  of the g e n e r a l  PDE for p re s su re  c h a n g e .  It is not difficult to 

p r o v e  that the d y n a m i c  coeff ic ients ,  equa t ions ,  transfer functions,  their 

po les  and  zeros  a n d  so on for p re s su re  c h a n g e s  are  e q u a l  to those  foI 

flow c h a n g e s ,  which will b e  shown for the simplest  c a se s .  

bl) Fluid at zest without h e a t i n g  

This is a s pec i a l  c a s e  a n d  the simplest, when  the medium is at rest in 

a p ipe  of length  L (m = O, ~ --- O) a n d  there is no hea t i ng  a l o n g  the pipe 

(q = O), so that (3.3-76) yie lds  

K2 = K3 = K4 = Kz = Ke = Kt3 = 0 

aK5 ,~K~2 O. 
- -  m a 

,)z 0z 

(3.3-82)  

Thus Equat ion  (3.3-81) ob ta ins  the form of the c l a s s i ca l  w a v e  e q u a t i o n  

~2Am . 52 a~am 
~ = 0 (3 .3-83)  

Further mathemat ica l  p r o c e d u r e  is ident ica l  to me thods  that were  u s e d  

in the p r e c e d i n g  sec t ion  for p r o c e s s e s  with equa l i za t ion ,  a n d  is r e d u c e d  

to the fact that after L a p l a c e  transformation of the initial PDE we ge t  an 

ODE for Alvf(z. s) with r e s p e c t  to z in the s -domain,  whose  solut ion is a 

sum of e x p o n e n t i a l  funct ions  b e s i d e  which  a re  coeff ic ients  that are  

funct ions of the b o u n d a r y  condi t ions .  On the b o u n d a r i e s  z = O a n d  z = L 

these  cond i t ions  are  

]st BC. z = 0. Am(0 .  t) = Amo(t )  (3 .3 -84 )  

2nd BC, z = L. AP[L. t] = APL(t) (3.3-85] 
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From (3.3-73) a n d  (3.3-74). in the c a s e  of a d i a b a t i c  p r o c e s s e s  AS = O, 

the second boundary conditions becomes 

~Am(L. t )=  1 aAP(L, t) (3.3-8b) 
~z KsK~o at 

The solut ion of Equa t ion  (3.3-83) in the s - d o m a i n  is 
S s 

- -= -z  - ~ z  

AM(z. s) = C~e c + C2e  c (3.3-87) 

For cond i t i ons  on the b o u n d a r i e s  z = 0 a n d  z = L, C1 a n d  C2 a r e  

de t e rmined  from Equa t ion  (3.3-87) a n d  its d e r i v a t i v e  with r e s p e c t  to z (to 

satisfy the s e c o n d  BC s h o w n  in (3.3-8b)) 

L 
" ~ S  m 

AMo(s)e c ÷ K5~1o APL(S ) 
C, = L L ' (3.3-88) 

c c 
e + e 

L 
~s 

AMo(S) e c - -  APL(s) 
KsKIo (3.3-89) 

C2= L L 
~S -~5 
C C 

e + e 

The final e x p r e s s i o n  for the c h a n g e  of mass  flow ra te  at the ou tpu t  

c ro s s - sec t i on  is o b t a i n e d  from (3.3-87) - (3.3-89) 

1 A sh L---s 
~,M(L, s) = chL_~s ~Mo(s) _ ~ c APL(S) (3.3-90) 

c c h L s  
c c 

G,(s) G2(s) 

The  p o l e s  of the t ransfer  funct ions  ( w h o s e  p h y s i c a l  m e a n i n g  is that  

they r e p r e s e n t  na tura l  f r e q u e n c i e s  of osc i l l a t ion  of the co lumn  of fluid) 

c h a r a c t e r i z e  the  d y n a m i c  p r o p e r t i e s  a n d  it is not difficult  to d e t e r m i n e  

them b y  se t t ing  the d e n o m i n a t o r s  of Gl(s) a n d  G2(s) e q u a l  to ze ro  

ch(Ao L j) = chLo L • c o s ~  ÷ j s h L o s i n L c a  - O. 
C C C C C C 
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Both the real  a n d  the imag ina ry  parts  will e q u a l  ze ro  at the same  time 

only  if 

c o s ~ )  = 0 a n d  sh o -- 0 
c c 

w h e n c e  the po les  of GI(s) a n d  G2(s) are  

o = 0 , (3.3-91) 

~k = (2k - i ) ~  L '  
(3.3-92) 

= z ( 2 k  + I)  ~ ~- ~ .  k = O. I. 2, 3 . . . .  

Set t ing the numerator  of G2(s) e q u a l  to zero  y ie lds  the zeros  of that 

transfer funct ion 

ao = O (3.3-Q3) 

~ o k  = k~--L-- ,  k = O. II. 12 . . . .  

= +k~-~-, k = O, I. 2. 3 . . . .  (3.3-~4) 

The fact  that the po les  of the transfer funct ions  are  c o m p l e x  con juga te  

pairs whose  real parts e q u a l  ze ro  allows us to c o n c l u d e  that the flow rate 

AML(s), in the c a s e  of a n y  d i s t u r b a n c e  from the b o u n d a r y ,  will osci l late 

with f r e q u e n c i e s  ~k p e r m a n e n t l y  a n d  without d a m p i n g  (o = 0). This is the 

i d e a l i z e d  c a s e  of a fluid at rest without e n e r g y  e x c h a n g e  a n d  n e g l e c t i n g  

all poss ib l e  losses .  The form of PDE that d e s c r i b e s  it is e q u a l  to the PDE 

for longi tud ina l  v ibrat ions  of a rod or b e a m  (3.3-4). This similarity is not 

u n e x p e c t e d  b e c a u s e  in the o b s e r v e d  ca se .  when  there is no flow. the 

p ipe  in fact  con ta ins  a " rod" of fluid with its e last ici ty modulus  and  

ve loc i ty  of small p r e s su re  d i s t u r b a n c e s  p r o p a g a t i o n  a l o n g  the p ipe .  

Besides ,  it c a n  b e  s e e n  that in the c a s e  of a f ini te-dimensional  s p a c e  

(limited s p a c e )  the e q u a t i o n s  of c o n s e r v a t i o n  d o  not h a v e  a solut ion that 

would  satisfy the g i v e n  b o u n d a r y  cond i t ions  for a n y  arbi t rary f r equency .  

Such  solut ions exist  on ly  for a comple t e ly  de t e rmined  spec t rum of values  

g i v e n  b y  Equat ions  (3.3-QI) and  (3.3-92). In other  words,  in a s p a c e  with a 

finite d imens ions ,  osci l la t ions  are  pos s ib l e  on ly  for a spec i f i c  set of 

f r e q u e n c i e s  (of which  there  are.  true, infinitely many)  which,  s ince  they 
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uniquely desc r ibe  the propert ies  of that space ,  are ca l l ed  the natural 

frequencies.  

These  results show the main di f ference be tween  the propert ies  of these  

processes and propert ies  of p rocesses  with equalizat ion,  where the poles 

can be  real and  negat ive ,  while here  they are complex  conjuga te  pairs. 

It was mentioned earlier that the dynamics  of pressure  c h a n g e  along a 

pipe of fluid is d e s c r i b e d  by the same PDE that desc r ibes  the dynamics  

of flow rate. Now this will be  shown. We will start from Equations (3.3-71) 

and (3.3-73). which, referring to (3.3-74) and  (3.3-82). in the ad iaba t ic  c a se  

(as -- O) obtain the following simpler forms 

6Am SAP 
= - A-- (3.3-95) 

~t 0z 

a A P  ~2 l ~am 
- (3.3-96) 

at A YA ~z 

Differentiating (3.3-95) with respec t  to z and  (3.3-96) with respec t  to t 
yields 

82Ap ~2 1 aZam 
" A "~A o t o z  

2AP = ~2 ~2~P 

~z I (12~P 
• , - A -~- ~A 8z~ 

(3.3-97) 

This equat ion is comple te ly  the same as (3.3-83), which shows that the 

dynamic propert ies  of p rocesses  of flow rate and  pressure d is turbances  

propagat ion are identical.  

For the g iven  bounda r y  condit ions,  using the same p r o c e d u r e  as 

before,  we obtain 

APe(s} -- l APt(s) + C Shc L~'-s 
ch~s -K chLs riMe(S) (3.3-98) 

c c 

' G3(s ) . . . . . .  G4(s ) ' 

Comparing G3 and  G( with G1 and  G2 from (3.3-90) it is obvious  that the 

poles and zeros de r ived  there will satisfy here  also for dynamic  pressure  

changes  at the input cross-sect ion /,Pc(s). 
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Equa t ions  (3.3-90) a n d  (3.3-98) c a n  a l so  b e  s h o w n  in matrix form which 

will la ter  b e  u s e d  for a c o m p a r i s o n  with the  m o d e l s  from Sec t ion  (2.2-33 on 

p r o c e s s e s  with l u m p e d  p a r a m e t e r s .  

Po(s) ] ,, 
AML(S) 

1 ~ sh L-'-s 
c 

chL__s "~" chL_s  
c 

sh L_-s A c 1 

- - ~  chLs chL~.--s 
c C 

(3.3-99) 

b2) Fluid flow without h e a t i n g  

The c a s e  of a d i a b a t i c  fluid flow th rough  p i p e s  is v e r y  f r equen t  in 

{echnica l  p r a c t i c e  a n d  is met  in the t r anspor t  of l iquids,  g a s e s  and 

v a p o r s .  Unlike in the  p r e c e d i n g  c a s e .  now the v e l o c i t y  a n d  mass  flow rate 

a re  not e q u a l  to ze ro  in the s t e a d y  s ta te  o b s e r v e d  (m ,,, O, w ~, O). but 

= 0 still holds .  A c c o r d i n g  to (3.3-76), h e r e  we will h a v e  

K~ = Ke = K~ -- K~3 = 0 .  __~c~_._~_~ = ~ K l z  = 0 . ( 3 . 3 - i 0 0 )  
~z ~z 

a n d  the initial a n d  g e n e r a l  PDE (3.3-81) will ob ta in  this s p e c i a l  form 

~2&m . ~z)a2~m a~Am = 0 (3.3-I01) . (~2 ~ + 2~  ,~t~,---~- 

For the s a m e  b o u n d a r y  cond i t i ons  a n d  with the s a m e  p r o c e d u r e  as in 

the p r e c e d i n g  c a s e  c h a n g e s  of mass  flow ra te  at  the ou tpu t  c ros s - sec t ion  

a re  

2L~ 

AML(S)  = L L 
- ~ s  - .-~-----s 

( w + c ) e  w - c  ( ~ - ~ )  e w+c  
i 

G,(s) 

L L 
~2 ~ 2  - ~ s  - ~ s  
~ ( e W ' C  - e w+c 

~ A 
L L 

- ~ S  - ~ S  
( W + c ) e W - C  - ( W - c ) e  W+C 

G2Cs) 

AMo(S) - 

APL(s) 

(3.3-102) 
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Set t ing  the  d e n o m i n a t o r  (wh ich  is c o m m o n  to b o t h  the t ransfer  

functions) e q u a l  to ze ro  in the c a s e  of s u b c r i t i c a l  flow ( ~  < ~) g i v e s  

the po l e s  of Gl(s) a n d  Gz(s) 

52. ~2 ~ -  5 52- ~ 
s .  2oL In 1) , j .  k - O, 1. 2. 3 

(3.3-103) 

The  ze ros  of the t ransfer  funct ions  Gl(s) a n d  G2(s) a r e  o b t a i n e d  b y  

sett ing their  numera to r s  e q u a l  to zero:  

z e ro s  of Gl(s) ... in the  s - p l a n e  t hey  lie on  the  "s t ra ight  l ine" 001 = -'~ 

(3.3-104} 

ze ros  of G2(s) ... 002 = O. ~02k = *k~ ~L (3.3-105) 

Unlike in the p r e c e d i n g  c a s e  bl), w h e r e  the real  pa r t  of the  se t  of 

e i g e n v a l u e s  ( the p o l e s  of the t ransfer  func t ions)  e q u a l l e d  zero ,  i.e. w h e n  

the t rans ien t  p r o c e s s  o c c u r r e d  without d a m p i n g ,  in this c a s e  o is dif ferent  

from ze ro  a n d  after  a n y  d i s t u r b a n c e  at  the p i p e  ends ,  the p e r i o d i c  

c h a n g e s  AmL(t) a r e  d a m p e d .  Their  osc i l l a t ion  a m p l i t u d e s  ( a l t h o u g h  

idea l iza t ion  was  p e r f o r m e d  b y  tak ing  APF = ,~PG = 0) c o n v e r g e  to ze ro  

with time. Also c h a r a c t e i i s t i c  of the  na tura l  f r e q u e n c i e s  is that  bo th  the 

lowest  a n d  the h ighes t  a re  e q u a l l y  d a m p e d  ( the s a m e  o). 

The  a p p e a r a n c e  of the rea l  par t  that  is not e q u a l  to ze ro  is a v e r y  

important  c h a r a c t e r i s t i c  of a d i a b a t i c  flow. The  t ransfer  func t ions  o b t a i n e d  

differ e s s e n t i a l l y  from those  in the  c a s e  w h e n  the  flow p r o c e s s  was  

o b s e r v e d  a s  a s y s t e m  with l u m p e d  p a r a m e t e r s .  If R = 0 is subs t i t u t ed  into 

the t ransfer  funct ions  s h o w n  b y  Equa t ion  (2.2-3.40) (which  c o r r e s p o n d s  to 

the loss.  n e g l e c t e d  h e r e  a lso .  resu l t ing  from friction, AP F = 0), the  

c l a s s i ca l  c a s e  of u n d a m p e d  osc i l l a t ion  is o b t a i n e d ,  with c h a r a c t e r i s t i c  

c o m p l e x  c o n j u g a t e  pa i r s  of p o l e s  on  the  i m a g i n a r y  axis .  O b v i o u s l y ,  the  

d i f f e r ences  a re  of a n  e s s e n t i a l  na ture .  For p r a c t i c a l  p u r p o s e s ,  h o w e v e r ,  it 

c a n  b e  s h o w n  that  if c e r t a i n  a s s u m p t i o n s  a r e  m a d e  the m o d e l  s h o w n  b y  

Equat ion (3.3-102) c a n  b e  t r a n s l a t e d  into forms that h a v e  their e q u i v a l e n t  

in p r o c e s s e s  with l u m p e d  p a r a m e t e r s .  In the  usua l  p r o c e s s e s  of fluid flow 

(which is e s p e c i a l l y  t rue of l iquids)  the  d i f f e r e n c e  b e t w e e n  the  v e l o c i t y  of 

flow w a n d  the s p e e d  of s o u n d  p r o p a g a t i o n  c a r e  v e r y  g rea t ,  so  that w in 

Equat ion  (3.3-102] a n d  (3.3-103) c a n  b e  n e g l e c t e d .  With this a s s u m p t i o n  just 

d e r i v e d  PDE. t ransfer  funct ions,  p o l e s  a n d  ze ros  a r e  r e d u c e d  to the resul ts  
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in c a s e  bl).  so  that for w = 0 the  formulas  (3.3-91) - (3.3-94) will satisfy 

h e r e  a lso .  a n d  so  will the  matrix t ransfer  funct ion (3.3-90). If the 

e x p r e s s i o n s  for h y p e r b o l i c  func t ions  from (3.3-99) a re  e x p a n d e d  into a 

se r i e s  a n d  all the terms of third a n d  h igher  o rder  n e g l e c t e d ,  in t roduc ing  

the coef f ic ien ts  

L = TL ' ~ TL C. -~- ~ = Z. IC = TL z, ~ = 

y ie lds  the fo l lowing first, r o u g h e s t  a p p r o x i m a t i o n  of the  matrix transfer 

funct ions  

I Po(s) 1 = 
AML(S) 

2 

-Cs 1 " 

IC s2,I [  MoCs)J 12C-~ -s2+l 2 

(3.3-106) 

A form has  b e e n  o b t a i n e d  that  c o r r e s p o n d s  c o m p l e t e l y  to the form of 

matrix t ransfer  func t ions  s h o w n  b y  Equa t ion  (2.2-3.40). The  d i f f e r e n c e  is 

that w h e n  flow is o b s e r v e d  as  a p r o c e s s  with l u m p e d  p a r a m e t e r s  (Sect ion 

2.2-3). the c o n s t a n t  b e s i d e  s 2 is twice  as  l a r g e  as  the c o n s t a n t  o b t a i n e d  

h e r e  with the first a p p r o x i m a t i o n  of the h y p e r b o l i c  funct ions.  

Howeve r ,  it must b e  b o r n  in mind that  the similarity b e t w e e n  Equat ions  

(2.2-3.40) a n d  (3.3-1Ob) has  b e e n  o b t a i n e d  after  n e g l e c t i n g  flow ve loc i t y  w. 

From this a s p e c t ,  the mode l  s h o w n  b y  (2.2-3.40) is l imited to p r o c e s s e s  

with small  flow ve loc i t i e s .  If the flow ve loc i t i e s  w a re  l a r g e  a n d  of a 

similar o rder  of m a g n i t u d e  as  the s p e e d  of s o u n d  c, the initial equa t i on  

(in the c a s e  of l u m p e d  p a r a m e t e r s  a lso)  must b e  Equa t ion  (3.3-102) from 

which  s impler  forms, or f in i t e -d imens ional  models ,  a re  o b t a i n e d  b y  

e x p a n d i n g  the  e x p o n e n t i a l  terms into a s e r i e s  a n d  n e g l e c t i n g  the 

h i g h e r - o r d e r  terms in that  se r ies .  

We c a n  use  a p r o c e d u r e  a n a l o g o u s  to the o n e  u s e d  to ob t a in  Equat ion 

(3.3-102) to ge t  a re la t ion  b e t w e e n  p r e s s u r e  c h a n g e s  in the c r o s s - s e c t i o n  z 

; 0 a n d  c h a n g e s  on  the b o u n d a r i e s  
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2~ 
APoCs) = L L 

(~÷~) e w-c (~-~)  e w÷c 
r p 

G~s) 
L L 

- ' = ~ - - - - S  - ~ S  
W-C W+C 

7.2 e - e 
4- - -  

A L I. 
(W÷c)e  W-C - ( w - c ) e  w ÷ c  

i 

GiCs) 

APL(S) + 

AMo(S) 

(3.3-1o7) 

The p o l e s  a n d  ze ros  of the  t ransfer  funct ion  Gs(s) a n d  G4(s) a r e  e q u a l  

to the  p o l e s  a n d  ze ros  d e t e r m i n e d  with the  h e l p  of (3.3-103) - (3.3-105). 

Like be fo re ,  h e r e  a lso  Equa t ion  (3.3-10T) will b e  t r ans fo rmed  in the 

b o u n d a r y  c a s e .  w h e n  w c o n v e r g e s  to zero.  into Equa t ion  (3.3-98) o b t a i n e d  

in the  c a s e  w h e n  the fluid was  at rest.  bl). 

b3) Fluid flow a n d  h e a t i n g  

S tudy ing  the d y n a m i c  p r o p e r t i e s  in this most c o m p l i c a t e d  c a s e ,  w h e n  

the fluid flows a n d  is h e a t e d  at  the  s a m e  time b y  a h e a t  flow of d e n s i t y  

a long  the p i p e  (i.e. w h e n  the re  is m ,, O, ~ , ,  O). is m a d e  m u c h  more  

difficult b y  the  fact  that the  initial PDE (3.3-81) is now a n  e q u a t i o n  with 

s p a c e - v a r i a b l e  coef f ic ien ts :  K3(z). fl(z), f2(z) a n d  fs(z). In p r a c t i c e  it is no 

longer  p o s s i b l e  to ob t a i n  a solut ion in a c l o s e d  form, i.e. in the form of 

ana ly t i ca l  e x p r e s s i o n s ,  wh ich  was  e a s y  in the p r e c e d i n g  c a s e s  bl) a n d  

b2). The  coef f i c i en t s  a r e  so  c o m p l i c a t e d  that  it is n e c e s s a r y  to u s e  a 

digi tal  c o m p u t e r  a n d  try to r e a c h  a sa t i s f ac to ry  solut ion  u s i n g  the r e l e v a n t  

app rox ima t ions .  There fo re .  we will not  en te r  further into the a n a l y s i s  of |his 

g e n e r a l  c a s e  here .  The  fol lowing numer i ca l  e x a m p l e ,  h o w e v e r ,  will show 

the resul ts  o b t a i n e d  for a s p e c i a l  c a s e .  the ana ly s i s  of the d y n a m i c  

p rope r t i e s  Of a s t e a m  g e n e r a t o r  e v a p o r a t o r .  

Neve r the l e s s .  b e f o r e  we  b e g i n  to p r e s e n t  the fol lowing e x a m p l e ,  this 

remark must b e  m a d e  to m a k e  the ana lys i s  c o m p l e t e .  In the last  e x a m p l e  

we e x a m i n e d  on ly  the  d y n a m i c s  of fast  p r o c e s s e s  of p r e s s u r e  a n d  flow 

rate  d i s t u r b a n c e  p r o p a g a t i o n  a n d  c o m p l e t e l y  left out an  a n a l y s i s  of the 

d y n a m i c s  of s low p r o c e s s e s  of e n t r o p y  d i s t u r b a n c e  p r o p a g a t i o n ,  wh ich  

was g i v e n  b y  the f i rs t-order  h y p e r b o l i c  PDE (3.3-72). This t y p e  of e q u a t i o n  
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was a n a l y z e d  in Sec t ion  3.1, a n d  s ince  our p u r p o s e  he re  was to examine 

pe r iod i c  p r o c e s s e s ,  we d id  not p a y  a n y  at tent ion to slow p r o c e s s e s .  It is 

n e c e s s a r y  however ,  to point  out that e v e r y  d i s t u r b a n c e  includes  

s imul taneous  c h a n g e s  of mass flow rate a n d  en t ropy  a n d  p~assure,  so this 

s epa ra t i on  of fast p e r i o d i c  p r o c e s s e s  from slower c o n v e c t i v e  p r o c e s s e s  of 

en t ropy  d i s t u r b a n c e  p r o p a g a t i o n  makes  s e n s e  only within the f iamework of 

the theore t ica l  ana lys i s  ca r r i ed  out here .  

w--xamp]e  4 Calcula t ions  of d y n a m i c  charac te r i s t i c s  of an  e v a p o r a t o r  

The e v a p o r a t o r  p i p e  of a s team g e n e r a t o r  of length  L = 28 m and 

d iameter  d = 0.03 m is h e a t e d  by  a hea t  flow rate of q = 4688 J/ms 

dens i ty  per  unit length.  Th rough  the p i p e  flows m = 0.4783 k g / s  of 

e v a p o r a t i n g  fluid (water-s team) that is s a tu ra t ed  a n d  at o p e r a t i n g  pressure  

135 bar  at the input c ross - sec t ion .  At the output  c ross - sec t ion ,  for a g iven  

q. it is a mixture with x = 0.25 s team quali ty.  Determine the e i g e n v a l u e s  

(the ze ros  of the transfer funct ion denomina tor )  that c h a r a c t e r i z e  the 

d y n a m i c s  of c h a n g e  in mass  flow rate. 

After in t roduc ing  some approximat ions ,  the solution d e m a n d e d  will be 

o b t a i n e d  numerical ly .  This is b e c a u s e  Equat ion  (3.3-81) now has var iab le  

coeff ic ients  and  c a n n o t  b e  s o l v e d  analy t ica l ly .  In the spec i f i c  c a s e  of the 

evapora to r ,  K3 d e p e n d s  only  on the s team qual i ty  x, a n d  for a g i v e n  x it 

is cons tan t  a l o n g  the whole  evapora to r .  The  equal i t ies  (3.3-79) a n d  (3.3-80) 

show that coeff ic ients  ft, f~ a n d  f3 are  funct ions  of c o o r d i n a t e  z, but  also 

of s team qual i ty  x. F igure  3.3-5 shows how those  coeff ic ients  c h a n g e  

a l o n g  the e v a p o r a t o r  p i p e  d e p e n d i n g  on the d e g r e e  of evapora t ion .  (Here 

we must ment ion that the numer ica l  p rog ram u s e d  to c a l c u l a t e  these 

coeff ic ients  c o n t a i n e d  all the d e m a n d e d  e q u a t i o n s  for c a l cu l a t i ng  the 

s t e a d y  state  (3.3-5Q) - (3.3-66), a n d  a lso  the t he rmodynamic  state functions, 

for e x a m p l e  (3.3-48). (3.3-51), (3.3-52).) 

It is obv ious  that the d e p e n d e n c e  of these  coeff ic ients  on z inc reases  

with the i n c r e a s e  of the d e g r e e  of evapora t ion ,  a n d  that w h e n  x 

c o n v e r g e s  to zero  they ob ta in  the same  va lues  as the coef f ic ien ts  of the 

PDE (3.3-101) from the p r e c e d i n g  example ,  i.e. Ks = O. 

fl " ~2 _ ~ , const. ,  f~ - 0 a n d  f3 " 2~ = const .  Figure  3.3-5 shows that 

c h a n g e s  in the coeff ic ients  f~ a l o n g  z, d e p e n d i n g  on x, a re  not s imple and  
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for a su i t ab l e  d e s c r i p t i o n ,  a s e c o n d - o r d e r  funct ion s h o u l d  b e  u s e d .  But 

with that approximation an analytical  solution in a c losed  form would not 
be  p o s s i b l e .  From this follows the  na tura l  c o n c l u s i o n  that  the solut ion,  af ter  

making ce r t a i n  a p p r o x i m a t i o n s ,  s hou l d  b e  r e a c h e d  numer ica l ly .  There fo re ,  

to ob t a in  t ransfer  funct ions  re la t ing  ou tpu t  flow ra te  with ou tpu t  p r e s s u r e  

and  input  flow ra te  for the  g i v e n  x = 0.25, i n s t e a d  of v a r i a b l e  coe f f i c i en t s  

a long  z. w e  will s e l e c t  for coe f f i c i en t s  fl. f2 a n d  f3. the  c o n s t a n t s  A, C, B 

and  u s e  them to s o l v e  the task d e m a n d e d ,  i.e. to d e t e r m i n e  the 

e i g e n v a l u e s .  T h e s e  cons t an t s  a re  a l so  the m e a n  v a l u e s  shown  in F igure  

3.3-5 b y  b r o k e n  l ines.  
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F i g .  3 .3 -S  C h a n g e s  of the coef f i c i en t s  of PDE (3.3-81) a l o n g  the  

e v a p o r a t o r  d e p e n d i n g  on the ou tpu t  s t e am qua l i ty  x 

The  in t roduc t ion  of those  c o n s t a n t s  turns Equa t ion  (3.3-81) into a PDE 

which,  after L a p l a c e  t ransformat ion  with r e s p e c t  to time, b e c o m e s  the 
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fo l lowing ODE with r e s p e c t  to z in the s - d o m a i n  

Ad2AM(z, s) Bs)dAM(z. s) 
d z  z * (C + dz + (s~ ÷ K3s)AM(z' s) = 0 (3.3-108) 

This e q u a t i o n  is s o l v e d  in the usua l  manner ,  b y  subst i tu t ing 

/,M(z. s) = ~ e  xs. This l e a d s  to a c h a r a c t e r i s t i c  e q u a t i o n  w h o s e  roots are  

no l onge r  s imp le  e x p r e s s i o n s ,  but  

-(Bs*C)* v/(BZ-4A)s 2 + (2BC-4AK3)s + C 2" 
XI,2 = 2A " (3.3-I09) 

With t h e s e  ),,,2 the re  is 

aM(z. s) = C ,eX lZ ,  C2e x2z (3.3-II0) 

As be fo re ,  the g i v e n  b o u n d a r y  cond i t i ons  m a k e  it p o s s i b l e  to de t e rmine  

the coe f f i c i en t s  ~1 a n d  C2. which  y ie lds  the fol lowing,  final e x p r e s s i o n  for 

flow ra te  c h a n g e  in the ou tpu t  c r o s s - s e c t i o n  (z = L) 

AML(S) = 
x,e(Xl*x2)L. ),2e(),l*x 2)L 

xleXlL - x2e>,2 L ~Mo(s) * 
P 

G,{s) 
s (eXlL.  e),~L) 

KI2 
+ ~PL(S) 

X~e),= L . X~e>'2 L 
q p 

(3.3-111) 

The p o l e s  of the  t ransfer  funct ions  a r e  the e i g e n v a l u e s  d e m a n d e d  a n d  

they  wiIl b e  r e a c h e d  numer ica l Iy ,  as  the ze ros  of the t ransfer  funct ion 

d e n o m i n a t o r  

N(s) = ),le x~L- X2eX~L= 0 (3.3-I12) 

A s p e c i a l  p r o g r a m  is n e e d e d  for that  p u r p o s e  that  will i terat ively.  

a p p l y i n g  Newton ' s  m e t h o d  for the  funct ion of a c o m p l e x  v a r i a b l e  N(s). 

d e t e r m i n e  an  a rb i t r a ry  n u m b e r  of e i g e n v a l u e s .  F igure  3.3-6 shows  those  

v a l u e s  bo th  for the  c a s e  x = 0.25 a n d  for s i tuat ions  w h e n  u n h e a t e d  

s a t u r a t e d  wa te r  a n d  u n h e a t e d  d ry  s a t u r a t e d  s t e a m  flow th rough  the  s a m e  

p i p e  (i.e. f luids with x = O a n d  x = 1, a n d  those  pa i r s  of e i g e n v a l u e s  a re  

r ea l ly  the g r a p h i c a l  r e p r e s e n t a t i o n  of Equa t ion  (3.3-103)). Also. as  in the 
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F i g .  3 .3 -6  Presen ta t ion  of e i g e n v a l u e s  for c a s e s  of e v a p o r a t i o n  

(Xout = 0.25, 0.5, 1) a n d  a d i a b a t i c  flow with x = 0 a n d  x = 1 

c a s e  when  there  was x = 0.25 in the output  c ross - sec t ion ,  pairs of 

e i g e n v a l u e s  o b t a i n e d  b y  approx ima t ion  for the e v a p o r a t o r  p i p e  with x = 

0.5 a n d  x = 1 at the output  c ros s - sec t ion  are  shown.  Severa l  conc lu s ions  

ca n  be  d r a w n  from Figure  3.3-6. First. the e i g e n v a l u e s  are  c o m p l e x  

c o n j u g a t e  pairs,  which  a g a i n  shows that c h a n g e s  of mass flow rate are  

per iodic .  (It must b e  r emarked  that the o rd ina te  shows bo th  the pos i t ive  

and  the n e g a t i v e  imag inary  axis. which  results in the c o m p l e x - c o n j u g a t e  

pair b e i n g  g iven  b y  o n e  point  in that s-plane.)  S e c o n d ,  the h igher  the 
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d e g r e e  of e v a p o r a t i o n  the more  le f twards  the whole  s p e c t r u m  moves ,  i.e. 

the g r e a t e r  the d a m p i n g  or real  par t  o of the e i g e n v a l u e s .  Third, bo th  the  

lowes t  a n d  the h ighes t  f r e q u e n c i e s  a r e  e q u a l l y  d a m p e d  b e c a u s e  their o 

a r e  the s a m e  a n d  all the  e i g e n v a l u e s  a r e  on  the s a m e  s t ra ight  line. (All 

e x c e p t  the first e i g e n v a l u e  in u n a d i a b a t i c  c a s e s  of e v a p o r a t i o n ,  which  is 

d i s p l a c e d  further left. That  d i s p l a c e m e n t  is c a u s e d  b y  the  a p p r o x i m a t i o n  

that was  just c a r r i e d  out.) 

This e n d s  the p r e s e n t a t i o n  of d y n a m i c  p r o c e s s e s  with d i s t r i bu t ed  

p a r a m e t e r s ,  a n d  o n c e  a g a i n  we  must e m p h a s i z e  the b a s i c  c h a r a c t e r i s t i c s  

that h a v e  a l w a y s  b e e n  p r e s e n t  in this ana lys i s .  The  d y n a m i c s  is d e s c r i b e d  

b y  PDE a n d  thus the  mode l  is of infinite order .  T h o s e  e q u a t i o n s  c a n  b e  

s o l v e d  a n a l y t i c a l l y  in the  c l o s e d  form only  for c a s e s  of v e r y  s imple  

g e o m e t r y  a n d  if m a n y  a s s u m p t i o n s  a r e  m a d e ,  wh ich  m e a n  an  i dea l i z a t i on  

of the p rob l em.  In most  c a s e s ,  to s o l v e  the d y n a m i c  p r o b l e m  numer i ca l  

me thods  a n d  c o m p u t e r  p r o c e s s i n g  a r e  u sed ,  which  usua l ly  g i v e s  

sa t i s f ac to ry  solut ions.  T h e  b a s i s  of t hose  m e t h o d s  a r e  va r ious  p r o c e d u r e s  

of d i sc re t i za t ion  with r e s p e c t  to the time a n d  the spa t i a l  va r i ab l e .  

The re  is g r e a t  similarity in the  d y n a m i c  p i o p e r t i e s  of p r o c e s s e s  with 

l u m p e d  a n d  d i s t r ibu ted  p a r a m e t e r s .  When the spa t i a l  v a r i a b l e  is 

d i s c r e t i z e d  the  p r o p e r t y  of  d is t r ibut ion  is lost a n d  s u c h  p r o c e s s e s  b e c o m e  

p r o c e s s e s  with l u m p e d  cha rac t e r i s t i c s .  In the  m a t h e m a t i c a l  s e n s e  this 

m e a n s  the o rde r  of the mode l  has  b e e n  r e d u c e d ,  mak ing  it finite, a n d  now 

the mode l  d e s c r i b e s  the b a s i c  ( a n d  in the d y n a m i c  s e n s e  lhe s lowest )  

d y n a m i c  p rope r t i e s .  The  lower  the  d e g r e e  of r educ t ion ,  i.e. the  h ighe r  the 

o rder  of the  mode l  thus o b t a i n e d ,  the be t te r  i n c l u d e d  the h igher  

e i g e n v a l u e s  a r e  (smal ler  time c o n s t a n t s  or g r e a t e r  na tura l  f r e q u e n c i e s ) .  

The  r e s p o n s e s  shown  b y  a m o d e l  o b t a i n e d  b y  r e d u c t i o n  d e v i a t e  from the 

r e s p o n s e s  of the  real  d i s t r i bu t ed  p r o c e s s  in the first par ts  of the t rans ien t  

p r o c e s s  (i.e. for smal ler  t), wh ich  is the result  of the fact  that the fas ter  

modes ,  in the  d y n a m i c  s e n s e ,  of the total  r e s p o n s e  w e r e  not  i n c l u d e d  in 

the model .  The  lower  the d e g r e e  of r educ t ion ,  the  smal ler  that " d y n a m i c  

mis take"  is. 
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D I F F E R E N T I A L  E Q U A T I O N S  
A N D  S T A T E  S P A C E  

One of the fundamenta l  a n d  most n o t i c e a b l e  cha rac te r i s t i c s  of all the 

p r o c e s s e s  that were  a n a l y z e d  on the p a g e s  of this b o o k  was  that the 

mathemat ica l  tools u s e d  to d e s c r i b e  their u n s t e a d y  states were  differential  

equa t ions .  These  equa t i ons  were  d e s c r i b e d  b y  different ad j ec t ives  

d e p e n d i n g  on  their spec i f i c  p roper t i es  ord inary ,  partial,  nonl inear  or 

linear. Their coeff ic ients  were  cons tan t  or var iable .  We must remember  that 

at the e n d  we tried ( a n d  in most c a s e s  s u c c e e d e d )  to r e d u c e  all these  

different notat ions to o n e  or seve ra l  o rd ina ry  l inear differential  equa t ions  

(OLDE). This e q u a t i o n  or sys tem of OLDE we tried to t ranslate  into the 

form of matrix s t a t e - s p a c e  differential equa t ions .  

We will not d i scuss  the a c c u r a c y ,  a d v a n t a g e s  or d i s a d v a n t a g e s  of 

these  mathemat ica l  tools. Many p a g e s  c o u l d  be  written a b o u t  their 

success fu l  use  a n d  the wide  field in which  these  l inear models  c a n  b e  

app l i ed .  Here it is. p e r h a p s ,  e n o u g h  to s a y  only  that l inear models  a re  

u s e d  in v e r y  m a n y  t echn ica l  d i sc ip l ines  a n d  that t hey  h a v e  con t r i bu t ed  to 

the p rac t i ca l  a n d  theore t ica l  solut ion of many  p rob lems  in these  fields. 

Modern  control  theory  is cer ta in ly  one  of the l e a d i n g  d i sc ip l ines  in the 

ex t ens ive  u se  of the men t ioned  models ,  but  useful  a n d  important  results 

h a v e  also b e e n  o b t a i n e d  from their use  in the theories  of vibrat ions.  

acous t i c s ,  thermal a n d  flow sys tems a n d  in d e s i g n i n g  e lec t r ica l  circuits.  

In the fol lowing lines, without the usua l  mathemat ica l  str ictness,  we will 

show some bas i c  p roper t i e s  of differential equa t ions ,  c o n n e c t i o n s  b e t w e e n  

one  n- th-order  DE a n d  a sys tem of first-order ODE. a n d  how to p resen t  

s u c h  a sys tem in the form of (many times a l r e a d y  ment ioned)  matrix 

s t a t e - s p a c e  equa t ions .  E v e r y d a y  t echn i ca l  p r a c t i c e  has shown  it to be  

useful to t ranslate  e v e r y  exis t ing model  of d y n a m i c  p r o c e s s e s  into a 
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s y s t e m  of  f i r s t - o r d e r  DE. ( O n e  of  t h e  m o r e  i m p o r t a n t  r e a s o n s  w h y  th is  is s o  

is t ha t  m a t h e m a t i c a l  l i b r a r i e s  of  m o d e r n  c o m p u t e r s  c o n t a i n  s y s t e m  

p r o g r a m s  s p e c i a l l y  d e v e l o p e d  for s o l v i n g  s y s t e m s  of  f i r s t - o r d e r  DE.) 

Le t  it b e  p o s s i b l e  to w r i t e  t h e  n o n l i n e a r  (or l i n e a r )  n - t h - o r d e r  DE a s  

f o l l ows  

X (n) = f(t, X. X'. X '°, .... X (n'l)) (A.l) 

(In t he  a b o v e  e q u a t i o n  w e  d i d  no t  s p e c i a l l y  e m p h a s i z e  tha t  t he  

f u n c t i o n  x a n d  its d e r i v a t i v e s  a r e  f u n c t i o n s  of  t he  i n d e p e n d e n t  v a r i a b l e  t. 

i ,e .  w e  d i d  no t  wr i t e  x(t) .  x ' ( t )  ... a n d  s o  on . )  

T h e  f o l l o w i n g  s u b s t i t u t i o n ,  i .e .  t h e  i n t r o d u c t i o n  of  n e w  f u n c t i o n s  

X -- X I, 

X' = X I' -- X 2. 

X" -- X 2' = X 3. 

x (n- l )  - Xn_ I - x n 

x (n)  ' = f( t .  x, .  x2 . . . . .  Xn) = X 1,.i. 

y i e l d s  th is  s y s t e m  of  n f i r s t - e i d e r  DE 

XI' = X 2. 

X2' = X3, 

| 

x n = f(t .  x, .  x2 . . . . .  Xn) 

(A.2) 

T h e  a b o v e  s y s t e m  is o n l y  a s p e c i a l  c a s e  or  a form of t h e  f o l l o w i n g  

s y s t e m  

x,' = f, (t. x,, xz ..... x.). 

x2' = f~ (t. x,. x2 ..... Xn). 

• . . , . . , . 

J 

X n = fn (t.  X,. xz . . . . .  Xn). 

(A.3) 

w h i c h  is u s u a l l y  c a l l e d  a n o r m a l  s y s t e m  of  DE. w h e r e  it is  s u p p o s e d  

tha t  t h e  n u m b e r  of  u n k n o w n s  e q u a l s  t he  n u m b e r  of  e q u a t i o n s .  La te r .  a t  t he  

e n d  of  th is  a p p e n d i x ,  it wil l  b e  s h o w n  tha t  n o t a t i o n  in t h e  form of  d y n a m i c  
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s t a t e - s p a c e  e q u a t i o n s  is in fact  a matr ix  : e p : e s e n t a t i o n  of  the  no rma l  

s y s t e m  of  DE. 

T h e  s o l u t i o n  of the  a b o v e  s y s t e m  is a se t  of  n func t i ons  x~Ct), x2(t). 

x3(t) . . . . .  Xn(t) tha t  sa t i s fy  all t he  a b o v e  e q u a t i o n s .  

A s p e c i a l  ( o r  p a r t i c u l a r )  so lu t ion  is the  se t  of s u c h  func t i ons  that  

a l so  sa t i s fy  all the  initial c o n d i t i o n s  

Xj ( t= to )  = x l ( to ) ,  xz ( t= to )  = x2 ( to )  . . . . .  x n ( t = t  o) = Xn( to) ,  (A.4) 

w h e r e  x,(t0) . . . . .  xn(t0) a r e  g i v e n  n u m b e r s .  

Here  this will no t  b e  c a r r i e d  out.  bu t  the  e x i s t e n c e  a n d  u n i q u e n e s s  

t h e o r e m  for the  so lu t ion  of  a normal  s y s t e m  of DE w o u l d  not  b e  diff icult  to 

p r o v e .  We c o n s i d e r  it more  use fu l  to s h o w  the  o p p o s i t e  of  the  a b o v e  

derivation,  i.e. that  the  normal  s y s t e m  of n f i rs t -order  DE is e q u i v a l e n t  to 

o n e  n - th -ozde r  DE. With this in mind,  w e  will d i f f e ren t i a t e  with r e s p e c t  to t 

the  first e q u a t i o n  from the  s y s t e m  (A.3) 

d2xt all all dr1 all dx2 af 1 d x  n 
= at * ~xl d t  * - - - -  ÷ "'" + - - - -  ax~ dt  ~Xn d t  

R e p l a c i n g  the  e x p r e s s i o n s  d x i / d t  = x'i b y  their 

fi (t. xl. x2 . . . . .  Xn) y i e l d s  

d2xl c~fl all - ~fl f ~fl fn , 
= at + ~xltl  ÷- 'ax '22  + --. * ~xn 

dZxt 
d t  ~ - F'2(t. xt. x2 . . . . .  Xn) (A.5) 

Di f fe ren t ia t ing  the  last  e q u a t i o n  a n d  re fe r r ing  to (A.3) y i e l d s  

d3xl aF2 + aF2.  ~F2- ~F2fn 
" ,~t ~x l  ~1 + ~ t r 2  + -.- + <)Xn 

d 3 x l  
dt  3 = F3(t. xv, x2 . . . . .  Xn) (A.b) 

If this p r o c e d u r e  is c o n t i n u e d ,  w e  o b t a i n  

d4xt 
= F 4 ( t ,  x l .  x2 . . . . .  Xn) 

. . . . . . . . . . . . . . .  (A.7) 

e q u i v a l e n t  f u n c t i o n s  
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d I l x 1  
= F n ( t .  Xlo X2  . . . . .  X n) • 

Now it is poss ib le  to write the fol lowing sys tem of e q u a t i o n s  

dx, = f, (t. x,. x~. xn) 
dt .... 

d~x, 
d t  z. = F~( t ,  x , .  x z  . . . . .  Xn) 

dnx~ = Fn ( t ,  Xl. x2 . . . . .  x n )  
d t  n 

CA.8) 

From the a b o v e  sys tem (A.8) we c a n  exp re s s  (n-l) unknown  functions 

xz, x 3  . . . . .  Xn with the help  of the funct ion x~ a n d  its de r iva t ives  of up to, 

a n d  inc lud ing ,  the (n-l)st order.  If those  funct ions are  subs t i tu ted  into the 

last e q u a t i o n  of the a b o v e  system, we finally ob ta in  

dx~ dn"x1~ d n x t  = S ( t .  x ,  . . . . .  (A .9 )  
dt-'-ff- ~ . d t  n - 

To p r o v e  the val idi ty  of what  has  just b e e n  d e r i v e d  we will use  the 

g e n e r a l  solut ion of the last equa t ion ,  which  inc ludes  n unknown  cons tan t s  

x l  = g l  (t. C1. C2 . . . . .  C n )  (A.IO) 

Subst i tut ing xl a n d  all its de r iva t ives  into the exp re s s ions  for x2. x3 .. . . .  

Xn. o b t a i n e d  from the first n-] equa t ions  of the sys tem (A.8), y ie lds  the 

fol lowing solut ion 

x l  = g l ( t .  CI. C2 . . . . .  C n ) .  

X2 = g2( t .  C1. C~ . . . . .  Cn).  

Xn = gn(t, Ct. C2 . . . . .  Cn). 

(A.ll) 

This e n d s  our proof,  s ince  it is not difficult to show that the sys tem 

(All) in fact  r ep resen t s  the solution of the initial normal  sys tem of 

first-order DE (A.3). 

The a b o v e  lines h a v e  shown  the re la t ionship  b e t w e e n  o n e  n-th-order  

DE a n d  a sys tem of first-order DE. which  is often u s e d  in p r a c t i c e  to so lve  

a d y n a m i c  problem. In that t echn ica l  p rac t i ce ,  however ,  it has  b e e n  shown 
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useful to dis t inguish b e t w e e n  the var iables ,  or functions,  a n d  to d e n o t e  

them by  different letters app rop r i a t e  to their p h y s i c a l  meaning .  In all the 

examples  we showed,  whose  d y n a m i c s  was d e s c r i b e d  by  one  or seve ra l  

first-order ODE, it was a l w a y s  pos s ib l e  to d is t inguish  b e t w e e n  three  b a s i c  

var iables  (functions),  

- input var iab les  were  d e n o t e d  u(t) 

- s tate  va r i ab les  were  d e n o t e d  x(t) 

- ou tput  va r i ab les  were  d e n o t e d  y(t) 

Figure  A.1 shows  g r a p h i c a l l y  the relations a m o n g  these  var iab les .  

In many  of the e x a m p l e s  we po in t ed  to the relativity of the se l ec t ion  of 

state a n d  output  var iables ,  while the input funct ions were  usual ly  known 

a n d  comple t e ly  de te rmined .  

Never theless .  state va r i ab les  are  not arbi t rary va r i ab les  in the p r o c e s s  

a n d  they  must be  s e l e c t e d  to c o r r e s p o n d  with their fol lowing definition: 

State va r i ab les  are  p r o c e s s  va r i ab les  whose  k n o w l e d g e  at the moment 

to. knowing  the laws g o v e r n i n g  the b e h a v i o r  of the input va r i ab les  for 

e v e r y  t > to, e n a b l e s  the c o m p l e t e  de terminat ion  of the output  va r i ab les  

for e v e r y  t > to. 

State va r i ab les  are  time variant  ( they a re  functions)  a n d  the set of their 

momentary  va lues  shows the s ta te  of the p r o c e s s  (system. object) .  If it is 

n e c e s s a r y  to know n state va r i ab les  to d e s c r i b e  a p roces s ,  then the 

p r o c e s s  is sa id  to be  of n-th order  a n d  its mathemat ica l  desc r ip t ion  is 

g i v e n  by  a sys tem of n first-order DE. 

Where. then. d o e s  the f reedom of c h o i c e  for s tate  va r i ab les  lie? This is 

the eas ies t  to show on an example ,  a n d  the simpler the example ,  the 

c leare r  the proof. Let us examine  the c a s e  of the l iquid s t o r age  tank 

(Sect ion 2.1, Example  2). for which  Equat ions  (2.1-1.27] a n d  (2.1-1.28) a l r e a d y  

s h o w e d  that it is poss ib l e  to se lec t  output  va r i ab les  freely d e p e n d i n g  on 

needs .  In that e x a m p l e  we s e l e c t e d  c h a n g e s  in l iquid level  aH as the 

state var iable ,  s ince  c h a n g e s  in AH real ly d i d  u n i q u e l y  de te rmine  

( through the equa t ions  we ment ioned)  c h a n g e s  in the output  va r i ab le s  for 
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a rb i t r a ry  input  v a r i a b l e s  Aml[t) a n d  AAo(t). Howeve r .  the  s t a te  of that 

p r o c e s s ,  i.e. the  o p e r a t i n g  reg ime ,  is. in fact ,  d e t e r m i n e d  b y  the amoun t  of 

l iquid  that  is s t o r ed  in the tank  at  the  momen t  to. a n d  the  l iquid  l eve l  is 

on ly  the m e a s u r e  of that  amount .  Thus the i d e a  that c h a n g e s  in s to red  

mass aM c o u l d  a l so  b e  s e l e c t e d  as  the  s t a te  v a r i a b l e  is not 

i n c o m p r e h e n s i b l e ,  e s p e c i a l l y  as  for this t ank  of c o n s t a n t  s u r f a c e  a r e a  

there  is 

input  v a r i a b l e s  

[ inputs .  exc i t a t ions .  

d i s t u r b a n c e s ,  no i ses )  

s ta te  v a r i a b l e s  output  v a r i a b l e s  

[outputs ,  r e s p o n s e s .  

solut ions)  

u l ( t  } _ _ r x l l t  | 
u z { t  } _ ZI x z ( t  ) 

um{t} " xnlt} 
-I 

. y l ( t )  
: Yz It) 

-- Yr(t) 

u X y 

F i g .  A . I  I l lustrat ion of the  def in i t ion of input,  s t a te  a n d  ou tpu t  v a r i a b l e s  

aM = ApAH (A.12) 

If aH  is e x p r e s s e d  from(A.12), the  s t a te  e q u a t i o n  c h a n g e s  a p p e a r a n c e  

a n d  b e c o m e s  

Atoll . [ MJo taM]. El -KA] AAoj [A.la) 

And. of cou r s e ,  if l iquid  l eve l  is a c o n t r o l l e d  v a r i a b l e ,  the ou tpu t  

e q u a t i o n  n o w  a l so  c h a n g e s  a p p e a r a n c e  a n d  i n s t e a d  of (2.1-1.27] b e c o m e s  

E H]o e0 0] [ m'l ~AoJ " (A.i4) 

It is v e r y  impor tan t  to no te  that  the o rde r  of the s y s t e m  is u n i q u e l y  

d e t e r m i n e d ,  a n d  w h i c h e v e r  v a r i a b l e  is s e l e c t e d ,  the o rde r  of the s y s t e m  

c a n n o t  a n d  must not c h a n g e .  
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It must a l so  b e  m e n t i o n e d  that  the  s t a te  v a r i a b l e s  n e e d  not h a v e  a 

c l ea r  l og i ca l  or p h y s i c a l  m e a n i n g ,  a l t h o u g h  it is in p r a c t i c e  useful  to 

c h o s e  them So that  they  d o  h a v e  a c l e a r  m e a n i n g  or. e v e n ,  so  that  they  

a re  a l w a y s  m e a s u r a b l e  a n d  a c c e s s i b l e  v a r i a b l e s  in the  p r o c e s s .  (The  

d e m a n d  for them to b e  m e a s u r a b l e  a n d  a c c e s s i b l e  c a n  of ten not b e  

fulfilled.) Thus,  for e x a m p l e ,  mul t ip ly ing  the  who le  s t a te  e q u a t i o n  (2.1-1.24) 

b y  n a n d  i n t r o d u c i n g  a n e w  s ta te  v a r i a b l e  AV ; n a i l  (which  e q u a l s  a n  

n- told c h a n g e  in l iquid  l eve l )  y i e lds  

n Aml ] 
[ ' ~ V ] ' =  [-+] [ A V ] .  [C K~n] EAAoJ. (A.15) 
Here  we  c a n  c o n j e c t u r e  a b o u t  the  p h y s i c a l  m e a n i n g  of the s t a t e  

v a r i a b l e  AV, but  it is c l ea r  that  the  s e l e c t i o n  is ne i the r  l og i ca l  nor natural .  

Neve r the l e s s .  so lv i ng  (A.15) wou ld  g i v e  c o m p l e t e l y  va l id  so lu t ions  for aV, 

with w h o s e  he lp  it wou ld  b e  p o s s i b l e  to d e t e r m i n e  the other  v a r i a b l e s  of 

in teres t  a s  well.  

It is a l so  a d v a n t a g e o u s  to t rea t  the  c o n c e p t  of s t a t e  s p a c e .  This term 

has  c o m e  into p r o c e s s  d y n a m i c s  ana l y s i s  from m a t h e m a t i c s  a n d  it ha s  a 

c l e a r  p h y s i c a l  m e a n i n g .  Turn ing  a g a i n  to the  same" e x a m p l e  of the s t o r a g e  

tank w h o s e  m o d e l  is g i v e n  b y  the s t a t e  Equa t ion  (2.1-1.24) a n d  the ou tpu t  

Equa t ion  (2.1-1.27), we  c a n  r e p e a t  that  it is a f i rs t-order  s y s t e m  s i n c e  it 

cons i s t s  of on ly  o n e  mass  s t o r a g e  tank. There fo re ,  as  time p a s s e s  on ly  o n e  

v a r i a b l e  c h a n g e s  d u e  to input  v a r i a b l e  c h a n g e ,  a n d  that is the l iquid  

l eve l  ~H. (Obv ious ly ,  ou tpu t  flow ~mo a l so  c h a n g e s ,  but  that c h a n g e  

d e p e n d s  bo th  on  the  input  v a r i a b l e s  u(t) a n d  AH. wh ich  m e a n s  on that  

s ta te  v a r i a b I e ,  whi le  c h a n g e  in AH d e p e n d s  on ly  on itself a n d  on input  

va r i ab l e s . )  The  p r o c e s s  is o n e - d i m e n s i o n a l  in the  s e n s e  of there  b e i n g  

on ly  o n e  d e p e n d e n t  v a r i a b l e .  C h a n g e s  in that  s ta te  v a r i a b l e  c a n  b e  

s h o w n  in two ways :  in a t - AH d i a g r a m  a n d  in the o n e - d i m e n s i o n a l  t,H 

s p a c e  in wh ich  t ime t is g i v e n  p a r a m e t r i c a l l y .  That  s p a c e  is c a l l e d  t h e  

s p a c e  o f  s t a t e  c h a n g e s  or s t a t e  s p a c e  a n d  is s h o w n  in F igure  A.2b 

for the c a s e  w h e n  at to = 0 wa te r  flow into the  t ank  is d i s c o n t i n u e d  a n d  

wate r  l eve l  in the  t ank  e q u a l s  I m, which  resul ts  in free outflow. (S ince  

this is a o n e - d i m e n s i o n a l  sys tem,  we  c o u l d  a l so  h a v e  c a l l e d  it a l ine of 
s ta te . )  
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m 

0.5 X(T) XlO)/t=O 

T t 

a) b) 

z ~ H = x  I 
D 

Fig A.2  Graphica l  p resen ta t ion  of s tate  c h a n g e s  in a 

one -d imens iona l  p rob lem - line of state 

If the va r i ab le  is s to red  in two tanks the p r o c e s s  is of s e c o n d  order  

a n d  there are  two state  var iables .  

In Sec t ion  2.2-3 (Example l. F igure  2.2-3.2) the t-x d i ag ram shows how 

those  two state var iab les  c h a n g e  (xl = APz a n d  xz = am1) a n d  Figure  A.3 

shows the same  in the s ta te  s p a c e  (plane) ,  i.e. in a z~P2 - Z~ml d i ag ram 

where  time t is the parameter .  The t rajectory of s tate  C h a n g e  is typ ica l  for 

pe r iod ic  d a m p e d  p r o c e s s e s  in which  the state var iables ,  for a g iven  input 

Am2 = 1, c o n v e r g e  to a new s t e a d y  state (0,1). 

t=1"7 t 

~=3 Am| = X 2 
.& 

F i g .  A.3  Graphical presentation of state changes in a two-dimensional 

problem - plane of state, phase plane 
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In F igure  A.3. as  i n d e e d  in all the other p resen ta t ions  of s tate  s p a c e ,  it 

must b e  o b s e r v e d  that only  o n e  t rajectory p a s s e s  th rough  o n e  point  of the 

state s p a c e .  This is a d i rec t  c o n s e q u e n c e  of the definit ion of the s ta te  

var iab les  themselves ,  a c c o r d i n g  to which,  for g i v e n  input va lues  

uj(t) (j = 1. 2 . . . . .  m), they  de te rmine  comple t e ly  a n d  u n i q u e l y  the future 

behav io r  of the sys tem for e v e r y  t > to. (Except ions  are  s o - c a l l e d  s ingular  

points in s tate  space . )  

Finally. in the c a s e  of three s t o r a g e  tanks in ser ies  the state s p a c e  

would be  th ree -d imens iona l  a n d  the t rajectory c o u l d  be  shown as a c u r v e  

in th ree -d imens iona l  s p a c e  with c o o r d i n a t e s  x, - x2 - x3 

(AH, - AH2 - AH3, in the e x a m p l e  with three s t o r a g e  tanks - Sec t ion  2.5). 

Therefore,  we c a n  s ay  that the d imens ion  of the state s p a c e  equa l s  the 

number  of s tate  va r i ab les  n e c e s s a r y  to d e s c r i b e  the d y n a m i c s  of the 

p roce s s  u n d e r  obse rva t ion .  If that d imens ion  is n < 3 the s ta te  s p a c e  c a n  

also b e  r e p r e s e n t e d  (graphica l ly) ,  but  for mathemat ica l  p r o c e s s i n g  the 

impossibil i ty of g r a p h i c a l  r ep resen ta t ion  for c a s e s  of n > 3 is of no 

essent ia l  meaning .  (In m e c h a n i c s  the s ta te  t rajectory in s e c o n d - o r d e r  

sys tems is v e r y  f requent ly  r ep r e sen t ed ,  a n d  then the s ta te  s p a c e  (p lane)  is 

c a l l e d  a p h a s e  p l a n e . )  

It must a lso b e  e m p h a s i z e d  that in a l a rge  number  of c a s e s  the order  

or d imens ion  of the p r o c e s s  model ,  i.e. the number  of first-order DE that 

d e s c r i b e  its dynamics ,  is not firmly d e t e r m i n e d  but g rea t ly  d e p e n d s  on the 

final p u r p o s e  of the model ing .  Or. in other  words,  almost e v e r y  p r o c e s s  

c a n  be  d e s c r i b e d  b y  models  of different order-from those  that d e s c r i b e  

on ly  s t e a d y  states  (O-th order  models )  to models  in the form of part ial  

differential e q u a t i o n s  (infinite-order models) .  Therefore,  it must a lways  b e  

r e m e m b e r e d  that in most c a s e s  a d y n a m i c s  p r o c e s s  model  is in fact  a 

h i e r a r chy  of models  d e s c r i b i n g  that p r o c e s s  - from v e r y  s imple ones  to 

those  of g r ea t  complex i ty .  The f ina l  g o a l  of model ing ,  the e q u i p m e n t  that 

is to b e  used ,  the mathemat ica l  methods ,  p r o c e d u r e s  a n d  p rograms  that 

h a v e  b e e n  d e v e l o p e d ,  e c o n o m i c  cons ide ra t ions ,  time a n d  p e r s o n n e l  - all 

these  are  factors  that de te rmine  the complex i ty ,  a c c u r a c y  a n d  pr ice  of the 

model  de r ived .  

Finally. be fo re  p r e s e n t i n g  the most g e n e r a l  sys tem of first-order DE in 

the form of matrix DE of state s p a c e ,  it will be  useful to g ive  a c lea r  a n d  

simple e x a m p l e  of a mode l  us ing  the nota t ion  u, x a n d  y for the va r i ab les  
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of input ,  s t a te  a n d  output .  Tha t  t ransi t ion to the g e n e r a l  a n d  a b s t r a c t  form 

of nota t ion  will b e  shown  on  E x a m p l e  1 from Sec t i on  2.1-2 on  g a s  s t o r a g e  

tanks,  w h o s e  mode l  is g i v e n  b y  Equa t ions  (2.1-2.10) a n d  (2.1-29). We 

in t roduce  the notat ion:  

xl(t) = P(t) ... the  s t a te  v a r i a b l e  is the  p r e s s u r e  in the  tank 

u,Ct) = miCt) 

u2Ct) = PoCt) 

u3(t) = Ao(t) 

... input  v a r i a b l e s  

y,(t) = P(t) 

Ys(t) = mo(t) 

... ou tpu t  v a r i a b l e s  

In further e q u a t i o n s  we  will no longer  e m p h a s i z e  that  all t he se  are  

t i m e - d e p e n d e n t  v a r i a b l e s ,  so  the  d y n a m i c  m o d e l  of the  p r o c e s s  of filling a 

s tQrage  tank b e c o m e s  

x,' - -k,u3~u2(x, - u2) ÷ u, 

Yl = xl ~" 0 • ul + 0 • uz ÷ 0 • u s 

Y2 = kju3~'u2(x, - u2) ÷ 0 • u, 

(A.I6) 

In this sy s t em  the d e p e n d e n c i e s  that  d o  not ex is t  a re  e s p e c i a l l y  

e m p h a s i z e d  ( b y  mul t ip l ica t ion  with zero) .  In g e n e r a l ,  therefore ,  the a b o v e  

sy s t em has  the fol lowing func t iona l  form 

x', - f, (x~, ul. u2. u~). NL 

y, = g, (x. u,. u z. u3). L 

Y2 = g2 (x,, u,. u2. u~). NL 

(A.IZ) 

The  or ig ina l  mode l  g i v e n  b y  (A.17) is non l inear  a n d  in p r i n c i p l e  further 

ana ly s i s  of the p r o c e s s  c a n  take  two different  d i rec t ions .  The  first is d i rec t  

numer i ca l  in t eg ra t ion  on  a c o m p u t e r ,  which  p r e s e n t s  no s p e c i a l  difficult ies.  

The  s e c o n d  has  b e e n  s h o w n  in Sec t ion  2.1-2, it i n c l u d e s  l inea r i z ing  the 

or ig ina l  model ,  t rans la t ing  the l inear  mode l  into matrix s t a te  ( s p a c e )  

e q u a t i o n  no ta t ion  a n d  o b t a i n i n g  a matr ix  t ransfer  funct ion which  c l e a r l y  

shows  the c h a r a c t e r  of the ou tpu t  v a r i a b l e s '  d y n a m i c  d e p e n d e n c e  on the 

input  v a r i a b l e s .  Without r e p e a t i n g  the p r o c e d u r e  of l inear iza t ion ,  it is 

useful  h e r e  to g i v e  a more  a b s t r a c t  form of the  l inear  mode l  shown  b y  the 

s t a t e - s p a c e  e q u a t i o n s  (2.1-2.26) a n d  (2.1-2.27) 
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X ' I  " a l l X I  " b l l U l  + b 1 2 u 2  + b 1 3 u 3 ,  

Yl = l • x~ + 0 • ul + 0 • u2 + 0 • u3, 

Y2 = C2,X~ + 0 " U, + b22 " Us + b23 ' u3. 

(A.18) 

It must  b e  n o t i c e d  that  the  z e r o s  in the  l i n e a r i z e d  m o d e l  a p p e a r  in the  

s a m e  p l a c e s  w h e r e  the re  w a s  no  d e p e n d e n c e  in the  n o n l i n e a r  m o d e l .  

Now it is p o s s i b l e  to g i v e  the  mos t  g e n e r a l  p r e s e n t a t i o n  of  the  d y n a m i c  

m o d e l  of  a p r o c e s s  w h i c h  h a s  m inputs ,  n s t a t e s  ( the  s y s t e m  is of  n- th  

o rde r )  a n d  r o u t p u t s  

x', -- f, (x, ..... Xn, u, ..... urn). 

x'2 = f2 (x~ ..... xn, ul ..... Urn). 

....... ' .... , ..... . 

x'n = fn (xl ..... Xn, ul ..... urn). 

(A.19) 

In the  g e n e r a l  c a s e •  the  f u n c t i o n s  fi (i = 1. 2 . . . . .  n]  a r e  n o n l i n e a r .  T h e  

o u t p u t  v a r i a b l e s  yj (j = 1. 2 . . . . .  r) a r e  r e l a t e d  to the  s t a t e  v a r i a b l e s  a n d  

the  inpu t  v a r i a b l e s  b y  s ta t ic ,  a l g e b r a i c  e q u a t i o n s  of  this g e n e r a l  form 

Yl -- gl (Xl. X2 ..... X n, Ul. U 2 ..... Urn). 

Ys = g s  ( x , .  x s  . . . . .  x n ,  u , .  u s  . . . . .  u rn ) .  

. . . . . . . . . . . . . . .  , . ° • . , , 

Yr = g r  (x,. xs . . . . .  x , ,  u~. us . . . . .  urn). 

(A.20) 

F u n c t i o n s  gj (j = 1. 2 . . . . .  r) a r e  a l s o  in g e n e r a l  n o n l i n e a r .  E q u a t i o n s  

(A.16) a r e  a n  e x a m p l e  of  o n e  s u c h  n o n l i n e a r  s y s t e m  in w h i c h  the  

n o n l i n e a r i t i e s  a r e  of  the  s q u a r e  root  a n d  p r o d u c t  of  f unc t i ons  x(t) a n d  u(t) 

t y p e .  In most  of  this b o o k  w e  m a d e  efforts  to t r ans fo rm o r i g i n a l l y  n o n l i n e a r  

m o d e l s  g i v e n  b y  [A.19) a n d  (A.20] into a l i nea r  form of the  fo l l owing  k ind  

X '  I = a l l x  I 4. a l 2 x  2 + . . .  + a l n X n  + b l l U l  + b 1 2 u 2  ÷ . . .  + b l r n U m ,  

x ' 2  = a 2 1 x  1 + a 2 2 x 2  + . . .  4. a 2 n x  n + b 2 1 u  I .t- b 2 2 u  2 + ... + b 2 r n U m ,  

. . . . . . . . . . .  o . . . . . . . . . .  . . . . . . . . . . . . .  

X ' n  = a n i X ~  + a n z x 2  + . . .  + a n n x n  + b n l U !  + b n 2 L l 2  ÷ . . . . i .  b n m u m ,  

(A.21) 

Y l = C I I X l  ÷ C 1 2 X 2  + ... ÷ C I n X n  + d l l U l  ÷ d 1 2 u 2  + ..• + d l m u m ,  

Y 2 = C 2 1 X !  + C 2 2 X 2  + ... + C 2 n X n  + d 2 1 u ~  + d 2 2 u 2  + ••• + d z m u m ,  

. • • . . . .  . . . . . . . . . . . . . • . • • . . . . • . . . . .  o 

Y r = C r l X !  + C r 2 X 2  + ... + C r n X n  + d r l u t  + d r 2 u 2  + . . .  + d r m u m .  

(A.22) 
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In vec to r  notat ion the a b o v e  equa t ions  ge t  the wel l -known form of 

matrix s t a t e - s p a c e  equa t ions  

X '  =A X ÷ B U . (A.23) 

Y ' C X ~ ' D U  

Now it is e a s y  to s e e  that what  was  shown earlier abou t  the se lec t ion  

of state va r i ab les  not b e i n g  un ique  is a lso val id  for the most g e n e r a l  c a s e  

g i v e n  b y  model  (A.23). It is known that the c o o r d i n a t e s  of a point  in 

n-d imens iona l  s p a c e  d e p e n d  on the se lec t ion  of the base .  i.e. on the 

sys tem of mutually p e r p e n d i c u l a r  unit vec to rs  a long  which  the c o o r d i n a t e  

axes  a re  d i rec ted .  By c h a n g i n g  the b a s e  we c a n  move  from the state 

vec tor  X to the  s tate  vec to r  :~ us ing  the simple t ransformation 

• . MX. M ,, O.  (A.24) 

M is an  nons ingu la r  matrix of order  (nxn). For e v e r y  such  transformation 

there is a lso  an  inverse  transformation 

X = M "~ ~. (A.26) 

If. thus. the sys tem of s tate  equa t ions  (A.23) is va l id  for the vec to r  of 

s tate  va r i ab les  X. then for the new v e c t o r  o f  s t a l e  v a r i a b | e a r  ~ there  

will be  

The old a n d  the new matr ices  are  re la ted  as  follows 

(A.2~) 

A , . M  A M-I 

m M B (A.27) 

~ = C  M -I 

It is o b v i o u s  that there  is an unlimited number  of different 

t ransformation matr ices  M a n d  it wou ld  b e  difficult to e x p e c t  the new state  

va r i ab les  to retain their or iginal ly  c lear  p h y s i c a l  m e a n i n g  after an  
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arbitrary transformation. Therefore .  if s u c h  transformations are  per formed,  

they usua l ly  h a v e  a de l i be r a t e ly  s e l e c t e d  matrix M which  se rves  to 

transform matrix A into a form that is su i tab le  for the d y n a m i c  ana lys i s  of 

the p r o c e s s  d e s c r i b e d ,  a n d  which  makes  it ve ry  much  easier .  

Finally, we must r e p e a t  that spat ia l ly  d is t r ibuted  p r o c e s s e s ,  w h o s e  

model  is a s y s t e m  of part ial  differential e q u a t i o n s  (PDE), c a n n o t  (without 

addi t ional  p r o c e d u r e s  of d iscre t izat ion)  d i rec t ly  be  d e s c r i b e d  by  a model  

in the form of matrix s t a t e - s p a c e  equa t ions .  This results from the fact that 

such  a sys tem of PDE (or just one)  d e s c r i b e s  c h a n g e s  of p r o c e s s  va r i ab les  

in e v e r y  point  in s p a c e  ins ide which  the p r o c e s s  occurs ,  a n d  there are, of 

course ,  infinitely m a n y  such  points.  Therefore.  sys tem matrix A would  be  

of infinite order .  Only after spat ial  d i sc re t iza t ion  has  b e e n  per formed c a n  

a ( r e d u c e d )  model  of the spat ia l ly  d is t r ibuted  p r o c e s s  be  o b t a i n e d  in the 

form of a sys tem of ODE like the one  g i v e n  b y  (A.1Q) a n d  (A.20), from 

which it is not far to s t a t e - s p a c e  form (A.23). 

It must also b e  remarked  that, a l t hough  such  e x a m p l e s  were not t r ea ted  

in this book,  the coeff ic ients  of matr ices A, B. C, a n d  D as a rule n e e d  

not be  cons tan ts ,  but  c a n  be  funct ions of time t. Such  p r o c e s s e s  will be  

c a l l e d  t i m e  v a r i a n t  p r o c e s s e s ,  a n d  to d is t inguish  them from t h e  

notat ion u s e d  up to now, time t will a p p e a r  expl ic i t ly  in the funct ions 

f~ (i = I. 2 . . . . .  n) and  gj (j = I, 2 . . . . .  r). as was the c a s e  in (A.I). A 

t ime-variant  sys tem would,  thus. b e  c h a r a c t e r i z e d  by  the fol lowing notat ion 

x'i = fl(t ,  x,, xz . . . . .  Xn, u,, uz . . . . .  urn) (i = 1, n) (A:8) 

To ge t  a solution for such  sys tems it is n e c e s s a r y ,  b e s i d e s  knowing  the 

initial cond i t ions  xj (i --- I, 2 . . . . .  n) a n d  the input  funct ions 

uj(t > to)(j = 1, 2 . . . . .  m), to know also the time t when  the d i s t u r b a n c e  

occu r s  a n d  ca lcu la t ion  beg ins ,  b e c a u s e  now the law g o v e r n i n g  state 

va r i ab le  c h a n g e s  will no  longer  be  the same at two different moments for 

the same initial cond i t ions  and  inputs.  
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MODEL LINIEARIZATION 

Linear iza t ion  is the r e p l a c e m e n t  of non l inear  m a t h e m a t i c a l  e x p r e s s i o n s  

re la t ing  p r o c e s s  v a r i a b l e s  with l inear  ones .  L inear iza t ion  has  b e e n  u s e d  in 

this b o o k  in a lmost  e v e r y  e x a m p l e ,  wh ich  shows  that i n  e v e r y d a y  
t e c h n i c a l  p r a c t i c e  o r i g i n a l l y  l i n e a r  m o d e l s  a r e  i n  m o s t  c a s e s  
t h e  e x c e p t i o n  a n d  that in b y  far the  g r e a t e s t  n u m b e r  of p r o c e s s e s  the  

re la t ions  b e t w e e n  the  input ,  s t a t e  a n d  ou tpu t  v a r i a b l e s  a r e  non l inear .  The  

p e r s i s t e n c e ,  h o w e v e r ,  that  is s h o w n  in d e r i v i n g  m o d e l s  a n d  t ransforming  

them into l inear  forms po in t s  to the  g r e a t  t heo re t i ca l  a n d  p r a c t i c a l  v a l u e  

of s u c h  l inear  m a t h e m a t i c a l  forms. 

The  main  r e a s o n s  that  justify this p r o c e d u r e  a r e  the fol lowing:  

- for small  d e v i a t i o n s  from the usua l  o p e r a t i n g  s t a t e s  the  l inear  

mode l  b e h a v e s  like the or ig ina l  non l inea r  p r o c e s s ,  

- l inear  m o d e l s  a r e  s o l v e d  u s i n g  the  h i g h l y - d e v e l o p e d  a n d  

power fu l  m a t h e m a t i c a l  a p p a r a t u s  of l inear  a l g e b r a ,  wh ich  is 

t o d a y  par t  of s t a n d a r d  m a t h e m a t i c a l  c o m p u t e r  l ibrar ies ,  

- the  p r i n c i p l e  of s u p e r p o s i t i o n  is u s e d ,  so  it is suff icient  to 

e x a m i n e  s y s t e m s  with u n i q u e  a n d  s imple  input  s igna l s  on the  

ba s i s  of w h o s e  r e s p o n s e s  d y n a m i c  p r o p e r t i e s  c a n  b e  typ i f i ed  

(into p ropor t iona l ,  in tegra l ,  de r iva t ive ) ,  which  l e a d s  to a 

g e n e r a l i z e d  a n d  uni f ied  a p p r o a c h  to the a n a l y s i s  of d y n a m i c s  

of o the rwi se  di f ferent  p r o c e s s e s .  

- as  s tabi l i ty  is a p r o p e r t y  of the p r o c e s s  itself a n d  d o e s  not 

d e p e n d  on  the  initial cond i t i ons  or d i s t u r b a n c e s ,  the 

e x a m i n a t i o n  of the s tab i l i ty  of a ce r t a in  s t e a d y  s ta te  or 

o p e r a t i n g  r e g i m e  is r e d u c e d  to an  ana lys i s  of the e i g e n v a l u e s  

of s y s t e m  matr ix  A. 

None  of t h e s e  p r o p e r t i e s  ( e x c e p t ,  of c o u r s e ,  the  first) c h a r a c t e r i z e  

non l inea r  mode l s ,  w h o s e  b a s i c  f ea tu re  is that  g e n e r a l  solut ions ,  me thods  

a n d  a p p r o a c h e s  c a n n o t  b e  u sed .  Eve ry  non l inea r  p r o c e s s  con t a in s  within 

it a d i f ferent  form of non l inea r i ty  that  d e m a n d s  a s p e c i a l  m e t h o d  of 

solut ion.  This imposs ib i l i ty  of a un i f ied  a p p r o a c h  (the imposs ib i l i ty  of 
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gene ra l i za t i on}  is o n e  of the r e a s o n s  why  non l inea r  theory  is still in the  

p h a s e  of d e v e l o p m e n t  a n d  in t ense  s tudy .  Neve r the l e s s .  o n e  uni f ied  

a p p r o a c h  to s u c h  s y s t em s  d o e s  exist ,  a n d  that  is the p r o c e d u r e  of 

numer i ca l  s imulat ion of the  non l inea r  mode l .  T o d a y  this is the most  

f r equen t ly  u s e d  m e t h o d  for a n a l y z i n g  s u c h  p r o c e s s e s  a n d  it c a n  b e  

a p p l i e d  without  diff iculty to e v e r y  e x a m p l e  in this book .  

In p r a c t i c e  the s y s t em  v a r i a b l e s  in d e v i c e s ,  p lan t s  a n d  p r o c e s s e s  a r e  

c o n n e c t e d  b y  va r ious  forms of non l inea r  relations~ limiters, swi tches .  

b r e a k e r s ,  f l ip-flops,  sa tura t ions ,  d e a d  z ones ,  friction, c l e a r a n c e s  a n d  

h y s t e r e s e s  a r e  on ly  a small  n u m b e r  of t y p i c a l  non l inea r  re la t ions .  In the 

text  of this b o o k  we e n c o u n t e r e d  non l inea r i t i e s  that  w e r e  a n a l y t i c a l l y  

e x p r e s s e d  in the form of p r o d u c t s  b e t w e e n  v a r i a b l e s ,  s q u a r e  roots,  

s q u a r e s  a n d  the like, or non l inea r  re la t ions  w e r e  s h o w n  g r a p h i c a l l y  in 

d i a g r a m s  of cha rac t e r i s t i c s .  

For s u c h  v a r y i n g  c a s e s  of nonl inear i ty ,  a n d  d e p e n d i n g  on  the final 

p u r p o s e  of the mode l ,  t o d a y  the  fo l lowing d e v e l o p e d  m e t h o d s  of 

l inea r iza t ion  a r e  u sua l ly  used :  

the m e t h o d  of t a n g e n t i a l  a p p r o x i m a t i o n  or l inea r iza t ion  a b o u t  

the o p e r a t i n g  (usua l ly  s t e a d y )  s ta te ,  in wh ich  non l inea r  

c h a r a c t e r i s t i c s  a r e  r e p l a c e d  b y  l inear  o n e s  (in two-d imens iona l  

s p a c e  this m e a n s  r e p l a c i n g  the  c u r v e  b y  the  t a n g e n t  in the 

o p e r a t i n g  point) .  In the  m a t h e m a t i c a l  s e n s e  this m e a n s  

d e v e l o p i n g  the  funct ions  into a Taylor  se r i e s  in which  all the 

h igher  (nonl inear )  terms a re  d i s c a r d e d .  The  p r o c e d u r e  is the  

more  succes s fu l ,  the smal le r  the  d e v i a t i o n s  from the o p e r a t i n g  

s ta te .  

the  m e t h o d  of the d e s c r i p t i v e  funct ion  or ha rmon ic  

l inear iza t ion ,  which  l inea r i zes  p r o c e s s e s  in the f r e q u e n c y  

d o m a i n  a n d  not in the t ime domain ,  as  in the  a b o v e  c a s e .  In 

cont ro l  theory  this m e t h o d  is of ten  a n d  s u c c e s s f u l l y  u s e d  a n d  

its main  fea ture  is that  on ly  the s igna l  of the b a s i c  f r e q u e n c y  is 

r e c o r d e d  in ana lys i s  whi le  the h ighe r  ha rmon ic s  a r e  c o n s i d e r e d  

d a m p e d .  The  s u c c e s s  of the m e t h o d  d e p e n d s  on how similar 

the p r o c e s s e s  a r e  to l o w - f r e q u e n c y  filters. 

the  m e t h o d  of s ta t is t ical  l inear iza t ion  is a l so  p e r f o r m e d  in the  
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t ime domain .  Here  the non l inear  p r o c e s s  is r e p l a c e d  b y  an  

e q u i v a l e n t  l inear  m o d e l  a s s u m i n g  that  the  d i s t u r b a n c e  has  a 

normal  ( G a u s s e a n )  dis t r ibut ion,  

- the  c o m b i n e d  m e t h o d  of ha rmon ic  a n d  s ta t is t ical  l inear iza t ion .  

In this b o o k  de te rmin is t i c  p r o c e s s e s  we re  a n a l y z e d  in the time doma in  

(smal ler  e x c u r s i o n s  into the d o m a i n  of the c o m p l e x  v a r i a b l e  we re  

p e r f o r m e d  to ob ta in  a n d  d e m o n s t r a t e  t ransfer  funct ions) ,  so the s u b s e q u e n t  

l ines  will show on ly  the m e t h o d  of t a n g e n t i a I  a p p r o x i m a t i o n  b e c a u s e  it 

was  u s e d  in all the e x a m p l e s  in the  p r e c e d i n g  s ec t i ons  a n d  is t o d a y  still 

the  most  f r equen t ly  u s e d .  (In Anglo -Amer ican  l i tera ture  it is of ten c a l l e d  

p e r t u r b a n c e  ana lys i s .  This n a m e  is u s e d  to show that  the m e t h o d  y ie lds  

l inear  mode l s  that d e s c r i b e  small  dev i a t i ons ,  p e r t u r b a n c e s ,  from the 

o p e r a t i n g  state.)  

The  b a s i c  a s s u m p t i o n  that  must b e  fulfilled if we  want  to a p p l y  this 

m e t h o d  is that  the re la t ions  b e t w e e n  v a r i a b l e s  must b e  g i v e n  in a 

func t iona l  form that ha s  a finite first d e r i v a t i v e  in the o p e r a t i n g  point  

a b o u t  which  l inear iza t ion  is p e r f o r m e d  (i.e. that they  a re  d i f f e ren t i ab le  at 

l eas t  once ) ,  a n d  if the re la t ions  a r e  s h o w n  b y  a c h a r a c t e r i s t i c  cu rve ,  then  

it must h a v e  a c l e a r l y  d e t e r m i n e d  t a n g e n t  in that o p e r a t i n g  point .  This 

method ,  is, as  a rule, not s u i t ab l e  for s t ep  a n d  o ther  b r o k e n  or 

d i s c o n t i n u o u s  non l inea r  re la t ions .  

T a n g e n t i a l  a p p r o x i m a t i o n  of a non l inea r  funct ion is p e r f o r m e d  b y  

e x p a n s i o n  into a Taylor  s e r i e s  (if the funct ion  is g i v e n  in a n a l y t i c a l  form) 

or g r a p h i c a l l y  if the  re la t ions  a re  s h o w n  in d i a g r a m .  This s e c o n d  m e t h o d  

was  shown  in de ta i l  in Sec t ion  2.2 w h e r e  the s ta t ica l  c h a r a c t e r i s t i c s  of the 

cen t r i fuga l  p u m p  a n d  of the r egu l a t i on  v a l v e  w e r e  l inea r i zed .  Using 

F iguIes  2.2-1.2 a n d  2.2-1.3, we  o b t a i n e d  l inear  e x p r e s s i o n s  for the pump ,  

(2.2-1.10) a n d  (2.2-1.16), a n d  for the  v a l v e .  (2.2-I.I1) a n d  (2.2-1.17). The  s a m e  

p r o c e d u r e  c a n  b e  u s e d  in all the other  c a s e s  a n d  h e r e  it will not b e  

r e p e a t e d .  Before  the m e t h o d  of t a n g e n t i a l  a p p r o x i m a t i o n  is d e m o n s t r a t e d ,  

the  s t a te  a n d  ou tpu t  e q u a t i o n s  g i v e n  b y  (A.19) a n d  (A.20) s h o u l d  a l so  b e  

g i v e n  in v e c t o r  no ta t ion  

X' = f (X,  U) (A.29) 

Y = g ( X ,  U) (A.30) 
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y=g(u) 

y . . . . . . .  

t,y 

g- 

~ U  

~ u 

Ay = y . y  

~ = K ~ u  

/ R ,,u =u -~  

F i g .  A .4  The  m e a n i n g  of t angen t i a l  a p p r o x i m a t i o n  

The  m e a n i n g  of l inear iza t ion  is the  e a s i e s t  to c o m p r e h e n d  in 

two-d imens iona l  s p a c e  w h e r e  re la t ions  a m o n g  v a r i a b l e s  c a n  b e  s h o w n  b y  

a c u r v e  a n d  a t a n g e n t  in the o p e r a t i n g  point .  In the c a s e  of 

t h r e e - d i m e n s i o n a l  re la t ions  the g r a p h i c a l  p r e s e n t a t i o n  is a s u r f a c e  in this 

s p a c e  a n d  the p l a n e  t angen t i a l  to it, a n d  in the most g e n e r a l  c a s e  it is a 

h y p e r s u r f a c e  a n d  its t a n g e n t i a l  h y p e r p l a n e ,  which  c a n n o t  b e  s h o w n  

g r a p h i c a l l y .  Let the ou tpu t  v a r i a b l e ,  therefore ,  b e  r e l a t e d  on ly  with the  

input  v a r i a b l e  b y  the fol lowing re la t ion  

y = g(u)  (A.31) 

For a g i v e n  u. y is d e t e r m i n e d  a n d  the o p e r a t i n g  point  R(u, y) is 

shown  on  F igure  A.4 

E x p a n s i o n  into a Tay lo r  se r i e s  a b o u t  the point  R(u, y) y i e lds  

y - ~7 + -B--h-(u - ~ )  + ~ h - - ~ u  - ~ ) 2  + ... ( A . 3 2 )  

The  d e v i a t i o n s  s h o w n  h e r e  a r e  c a l c u l a t e d  in the  o p e r a t i n g  poin t  R. If 

a n a l y s i s  is l imited only  to small  dev i a t i ons ,  then  the s q u a r e  term a n d  all 

the fol lowing terms of h igher  o rde r  c a n  b e  n e g l e c t e d  b e c a u s e  they  a r e  

m u c h  smal ler  than  the l inear  term in the e x p a n s i o n ,  so  we  ge t  

y - y : -~-g(u - ~.) . [A.33) 
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a y  = KAu. K = d ~  (A.34) 
du  

Now we have  got  l i n e a r  d e p e n d a n c e ,  n o  l o n g e r  o f  t h e  

a b s o l u t e  v a l u e s  o f  v a r i a b l e s  u a n d  y,  b u t  o f  t h e  v a l u e s  o f  

t h e i r  d e v i a t i o n  f r o m  t h e  o p e r a t i n g  s t a t e .  It is imposs ib le  to form a 
g e n e r a l  cri terion abou t  the val idi ty  of the l inear model ,  i.e. to answeI  the 

ques t ion  - what  is the r a n g e  of va r i ab les  for which  the linear a n d  the 

nonl inear  models  g ive  c lo se  results. The ad jec t ive  " c lose"  is rather an  

u n p r e c i s e  formulation for the mode l ' s  a c c u r a c y .  What has to b e  d o n e  is to 

check ,  for e v e r y  par t icular  case .  what  the a l lowed  dev ia t ion  of the linear 

model  from the nonl inear  one  is. However ,  the va lue  of the error c a n  

a lways  be  o b t a i n e d  b e ' c a u s e  it equa l s  the magn i tude  of the d i s c a r d e d  

h igher -o rder  terms. The fol lowing simple e x a m p l e  shows the d i f fe rence  in 

results y i e l d e d  b y  the nonl inear  a n d  the linear models .  

y = u 2. R(2. 4) u = 2, y = 4 

Expans ion  into a ser ies  g ives  

I 

y -  ~+ 4(u- h) . (u-~)~ nonl inear  mode l  

If the last, s q u a r e  term in the e x p a n s i o n  is n e g l e c t e d ,  the fol lowing 

linear model  is o b t a i n e d  

y - ~ = 4(u  -u) 

~y ; 4AU linear mode l  

Obvious ly .  the d i f fe rence  b e t w e e n  those  two models ,  or the error m a d e  

by  n e g l e c t i n g  h igher -o rde r  terms, e q u a l s  

e - YNL " YL " (u - ~)2 . Au 2 

Tab le  s h o w i n g  the results a n d  their g r a p h i c a l  p re sen ta t ion  
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Nonlinear model  

u YNLI Au hy  

0 0 -2 -4 

I I -1 -3  

2 4 0 0 

3 9 1 5 

4 16 2 12 

Linear model  

au  Ay u YL 

-2 -8 0 -4 

-I -4 1 0 

0 6 2 4 

I 8 

2 8 4 12 

E i i o r  e 

e - YNL " YL = Auz 

4 

1 

0 

1 

4 

Y, 

e : ,~,U 2 

YNL= 9 

h . :8  -_:- ,__ Io ,,,f.,.,,,, I,,,.< 
o : ,  

V 
~--2 U 

F i g .  A.5  Error d u e  to the l inear izat ion of the c u r v e  u ~ 

The figure shows the va lue  of the error. For example ,  if the input  

va r i ab le  u dev i a t e s  by  50%. i.e. for Au ; 1. the linear model  makes  an  error 

of I1.1%, or the va lue  g i v e n  by  the l inear mode l  is 11.1% smaller than the real  

va lue  g iven  by  the nonl inear  model .  Here we must immedia te ly  cons ide r  

whether  there are  s u c h  p r o c e s s e s  in which the input  va r i ab le  c h a n g e s  its 

va lue  by  5OZ, a n d  whether  it matters if the error in ca lcu la t ion  is of the 

a b o v e  order  of magni tude .  For smaller dev ia t ions  the errors are  smaller, 

almost neg l ig ib le .  

The same  p r o c e d u r e  that has  b e e n  shown  for the two-d imens iona l  

p rob lem c a n  b e  u s e d  when  y is a funct ion of seve ra l  input a n d  state 
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v a r i a b l e s ,  i.e. w h e n  it is g i v e n  in the  form (A.20) or (A.30). In such  

h i g h e r - o r d e r  p r o c e s s e s ,  in wh ich  we d i s t ingu i sh  b e t w e e n  s ta te  a n d  input 

v a r i a b l e s ,  e x p a n s i o n  into a Taylor  se r i e s  will b e  shown  on the i-th 

different ia l  s t a te  e q u a t i o n  from the s y s t e m  (A.19) 

xl' = fl(xl ..... xn, ul ..... urn) 

. % cx  dr, 'u 

: . . . . .  x o ,  . . . . .  

(A.35] 

(A.363 

The  a b o v e  e q u a t i o n  d o e s  not con ta in  the s q u a r e  a n d  other  

h i g h e r - o r d e r  term of the e x p a n s i o n .  ~'l is the d e r i v a t i v e  of the s ta te  

v a r i a b l e  xi in the  o p e r a t i n g  point .  (It is usua l  to per form l inea r iza t ion  of 

DE a b o u t  the s t e a d y  s tate ,  a n d  then  there  is x°l = 0.) 

Equat ion  (A.36) y ie lds  

x i ' -  ~i ' = A x i ' =  ~-~ ,~x ,  + ... + .dr laXn + 6u~--z~u'~[l. , ... + B[i Au m (A.3T) 
dXn ~U m 

The s y s t e m  of e q u a t i o n s  (A.21) (in which  the  symbo l  L~ h a s  b e e n  left 

out) was  o b t a i n e d  from the a b o v e  e x p a n s i o n  of (A.19), a n d  the  coef f ic ien ts  

a a n d  b a re  

~T~ ~Ti 
aij = ~Xj ' bik ..... ~uk i. j = l ..... n k = I ..... m 

The v a l u e  of the  par t ia l  d e r i v a t i v e s  is d e t e r m i n e d  in the o p e r a t i n g  

s t a te  o b s e r v e d .  

The  coef f ic ien t s  all a n d  bik a r e  m e m b e r s  of the  mat r i ces  A a n d  L so  
we c a n  write 

~f ~f 
K=  ( ~ 3  R , B =  ( ~ 3  R (A.39) 

The  s u b s c r i p t  R d e n o t e s  that the  par t ia l  d e r i v a t i v e s  a r e  c a l c u l a t e d  in 

the o p e r a t i n g  s t a t e  R. 

Exactly the same procedure is used to linearize the output equations 

CA.20) and (A.30), only instead of xl and the function fl we now have 

output variables Yi and the function gl- 
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Tangen t i a l  approx ima t ion  is a me thod  that c a n  be  widely  app l i ed ,  but  

it must a lways  be  born  in mind that the domain  in which  the va r i ab les  

c a n  c h a n g e  after l inear izat ion has b e e n  pe r fo rmed  is limited to 5. I0 or 

20~ of the s t e a d y  va lues  of those  var iables .  The following f igure is a 

g r a p h i c a l  p resen ta t ion  of how two comple t e ly  different p r o c e s s e s  c a n  

h a v e  the same linear model  for a g i v e n  ft. 

f1(u) 
f2(u) 

fz(U) 

//~liul 

F i g .  A.6  Two different p r o c e s s e s  with the same  linear model  

It must a lso b e  sa id  that in the c a s e  of a nonl inear  mode l  it is ve ry  

important  to de te rmine  the o p e r a t i n g  state  in which  l inear izat ion was 

performed.  The nonl inear  model  c a n  h a v e  one.  two or more s t e a d y  states.  

or it c a n  h a v e  none .  so we must c o n s i d e r  p rob lems  of de termining  the 

s t e a d y  state  as well. Here we will not enter  this ana lys i s  a n d  the r e a d e r  is 

referred,  as a small reminder,  to the last e x a m p l e  of Sec t ion  2,4, where  it 

was shown  that the mov ing  p e n d u l u m  has two s t e a d y  states  in which  

l inear izat ion g ives  different matr ices  l ,  which  a lso  means  different l inear 

models  with essent ia l ly  different d y n a m i c  proper t ies .  

In p rac t i ce ,  other  ways  for ob ta in ing  a tangent ia l  app Iox ima t ion  are  

a lso often used .  The most w i d e s p r e a d  p r o c e d u r e  is to subst i tute into 

nonl inear  expxess ions  the va lues  for va r i ab les  which  are  r e p r e s e n t e d  as 

the sum of the va r i ab le  showing  the s t e a d y  state  a n d  that showing  

dev ia t ion  from it. On the next  s imple  e x a m p l e  we wilt show this method,  

which  avo ids  partial  differentiation. 
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Linea r i ze  the  fol lowing non l inea r  ou tput  e q u a t i o n  

y-- XU , 

abou t  its s t e a d y  s ta te  (x. 5. y). 

In t roduc ing  

y a ~ + A y .  

x--x+ AX, 

U~'U+AU, 

(A.40) becomes  

CA.40) 

(A.41) 

(A.42) 

The r e  is o n e  more me thod  which  ind i rec t ly  r ep re sen t s  e x p a n s i o n  into a 

Taylor  ser ies  in which h ighe r -o rde r  terms h a v e  b e e n  n e g l e c t e d .  It is the 

,me th od  oJ d i f f e r e n t i a t i n g  the  whole  non l inear  exp re s s ion ,  after 

which  infinitesimal c h a n g e s  a re  r e p l a c e d  b y  finite dev ia t ions .  On the same 

e x a m p l e  this m e thod  g ives  

Of course ,  the same  result  would  h a v e  b e e n  o b t a i n e d  b y  e x p a n s i o n  

into the Taylor  ser ies  

Y = ~ + ( a'~--Y-)R(x~x " ~) + ( ~.Y )oCu - u) (A.44)  
d U  r~ 

ay (_~_uy)R= 
(-~-)R= ~,. 

Ay -- u Ax + XAU (A.45) 

Ay = u Ax + xAu (A.43) 

As there  is y ,. xu, the first terms on the le f t -hand  s ide  a n d  the 

r igh t -hand  s ide  c a n c e l  out. For small dev ia t ions  the p r o d u c t  AxAu is v e r y  

small, a n d  c a n  b e  n e g l e c t e d .  Thus (A.42) y ie lds  the fol lowing l inear  
e x p r e s s i o n  



d y  -- (  .Y]odx ÷ ( . Y)Ddu , 
dX i~ dU L~ 

d y  ~ u d x  + x d u  (A.46) 

Now the s y m b o l s  for infinitesimal c h a n g e  d a re  r e p l a c e d  b y  the  

s y m b o l s  of finite d e v i a t i o n  A a n d  the s a m e  l inear  m o d e l  as  b e f o r e  is 

o b t a i n e d  

Ay = ~ A x  + ~Au 

This m e t h o d  of d i f fe ren t ia t ing  is p r o b a b l y  the most s u i t a b l e  for use .  It 

has  b e e n  u s e d  in a lmost  all the e x a m p l e s  in this b o o k  a n d  was  a l so  u s e d  

to l inea r i ze  the PDE in Sec t ion  3.3 - s e e  the  d e r i v a t i o n  g i v e n  b y  Equa t ions  

( 3 . 3 - 6 7 )  - (3 .3 -71) .  

T h e r e  a r e  o ther  m e t h o d s  for o b t a i n i n g  l inear  m o d e l s  a lso .  O n e  of them 

was  s h o w n  in the  last  e x a m p l e  of  S e c t i o n  2.4, w h e r e  the  l inear  m o d e l  of 

the mov ing  p e n d u l u m  was  r e a c h e d  after  s o - c a l l e d  a l g e b r a i c  l inea r iza t ion  - 

the subs t i tu t ion  of s ine  a n d  c o s i n e  funct ions  b y  funct ions  similar to them 

for small  a n g u l a r  d i s p l a c e m e n t s .  B e s i d e s  this method ,  that  of l eas t  s q u a r e s  

is u s e d  in p r a c t i c e  to d e l e r m i n e  coe f f i c i en t s  of l inear  d e v e l o p m e n t .  T o d a y ,  

thanks  pr imari ly  to poss ib i l i t i es  o p e n e d  u p  b y  c o m p u t e r s  a n d  in c a s e s  

w h e n  it is v e r y  difficult ( b e c a u s e  of the s ize  a n d  c o m p l e x i t y  of the model )  

to pe r fo rm di f ferent ia t ion  ana ly t i ca l ly ,  t h e  l inear  mode l  is a r r i v e d  at 

numer ica l ly .  
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SELECT FUNCTIONS OF COMPLEX VARIABLE 

s = o , j~ = x + jy 

s s 2 s n 

@ = i + ~  +-~T- +" '+ nl 

e s = e X ( c o s y  + j s i n y )  

e j s  + e - J  s 
COS S - -  2 

S 2 s 4 

c o s  s = 1 - 2--[- + 41 
... • (-l)n ~ 

n sk 

+ "'" = ~' kJ 
k=O 

e is= coss+ jsins 

eJs_ e-Js 
sin S = 2j 

S 2n 

÷ 0o. 
(2n)l 

c o s  s = c o s x  • c h y  j s i n x  , s h y  

S 3 S5 521"1+1 
sin s = s- ~ + 61 "'" + ('l)n (2n+l)l 

s i n s  = s i n x  • c h y  + j c o s x  • s h y  

S 2 S 4 s2n 

chs = l + T + -~ + "'" ÷ (2n)l 
- -  + .,. = 

e s + e -s 

c h  s = c h x  ' c o s y  + j s h x  • s i n y  

S 3 S5 S2n+I 

shs -- s + ~ ÷ ~ + ... ÷ (2n+l)J 
- -  + ,.. m 

e s . e-S 

shs -- shx • cosy + jchx • siny 

shs chs 
t h s  = - -  c t h s  = - -  

chs shs 



2 ~ q  

B A S I C  D Y N A M I C  P R O P E R T I E S  

Di f fe ren t ia [  
equotion 

x = Kpu 

dx T ~- ,, x =Kpu 

per iodic  case 

T~dZx dx z ~-~r + T ~ -  ÷x = Kpu 

Ce.= 1/T2, ~ = T /2T z 

! 

x=  -,;oOl 
0 

t 
ox = + , ; u d ,  T~T+x 

0 

du x = ~ -  

dx du T~-*x =Ta~ i- 

du x=u+Td~ 

dx du T ~ ' * x  = u . T a ~ -  

x = u ( t - T t )  

T ~ * . x =  u - T ~ - ~  

x = Ku + K,J'udt 

T!x ' *  x = Ku * K,j~udt 

x = KU * K j ' u d t  - Kdu' 

T r a n s f e r  
f u n c t i o n  

Kp 

Kp . 
TS*I  

Kp 

TZ2S . l"s * 1 

- C~n~ 

1 
T i S 

T i s I T s * I )  

T~s 

TdS 
T s + I  

I *Tds 

TdS ÷ 1 
Ts+~ 

-T,s 
e 

1 - T s  
I * T s  

K * K"~L or  
S 

1 Kr K,(1 • .-~-_ ). K~= T~" 

K r ( l "  T-~]  Kr 
1 . T i  s ' K i = ~  i 

K r ( S .  1 .Tds  | 

Kr K = Kr, Ki = "~" Kd.K,Td 

T r a n s i e n t  f u n c t i o n  

°1 "response to u=h=l I t "Oi l  - -  _ _ , ]  

Kp 

! 
K. ( 1 - • T) 

• sin (~pt * ~0)] 

1 ~t 

. ±  
1 ~ [ t - T ( 1 - e ' ) ]  

Td6(t) 

! 
T~ -T 
T ~ 

t + " I d a | t )  

t 
T0 1)e '~ I * ( T -  

I ( t -  T,) 

t 
1_ 2e'er 

Kr{ I*~-Ti  

K~[~o 1 -~1  1-#tn)] 

K r [1 * "~i + Td~(t)] 

K 

! 

Kp . . . . .  

i l ---,f  

I t 

I 

/ I T s  t 

K - ~ . ~  - - - 1 " "  1"; t 

Poles x 
Zeros  o 

s . . . p l a n e  

I 

T, > T--'--'~ 

I d I Z = i d  



L I S T  O F  S Y M B O L S  

(Numbers in parentheses  

A m 2 

A 
ACt3 

AV(t} 

a m ~ 

a m/s 2 

a 

m 

by 

C 

C 

c J/kgK 

as, c m/s 

c mol/m ~ 

c N/m 

ct Nm/rad 

D m 

D Ns/m 

m 

Dt Nms/rad 

d m 

E J 
E N/m 2 

E(t) 

e J/s 

F N 
F(t} 

f 

e(s) 
OCs) 
g 

14 m 

hCt) 

indicate sections) 

a r e a  

system's matzix in state equation 
accelerat ion 
accumula ted  (stored} variable 

a rea  (2.5} 

accelerat ion 

arbitrary coefficient 
input's matrix in state equation 
valve coefficient (2.2-1} 
coefficient of capac i ty  

output's matrix in output equat ion 

specific heat 
velocity of sound (2.2-3). (3.3} 
concentration 
spring constant  
torsional spring constant  
diameter 

viscous friction coefficient 

input's matrix in output equat ion 

torsional viscous friction coefficient 

diameter 

energy 
modulus of elasticity, Young's modulus (3.3} 
effort (potential} 
energy (heat} flow rate 
force (2.4) 
flow 
various function 
transfer function 
matrix transfer function 

various function 
height of liquid level, head  
Heaviside function of unit step 
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I 

Im= Mw 
i 

I 
K 

Kv 

k = I/T 

L 

Lz 
I 

M 

Mz 
m 

N 

n 
n 

n 

n 

n d  

P 

pCz) 
Q . q  

q 

R 

R 
P. 

r 

,(t) 
r(P) 
S = 0 "I" jW 

s 

T 

t 

U 

U 

U 

U 

U 

Ul 

V 

kgm/s 

J/kg 
kgm 2 

l/s 

m 

kgm2/s 

m 

kg 

Nm 

kg/s  

too! 

S - 1  

moI/s 

mol/s 
Nlm 2 

]/s 
J/m2s 

m 

J/kgK 

m 

J/kg 

J/kgK 
s 

s 

J 
m 

J/s 
J/kg 

m 3 

coefficient  of inertia 

momentum 

entha lpy  

moment of inertia 

gain coefficient  

va lve  character is t ic  

heat  (thermal) coeff icient  (3.1) 

length 

angular  momentum 

length 

mass 

torque 

mass flow rate 

quanti ty of mater 

polyt,  opic  exponen t  

number of revolution 

zeros of transfer function 

molal flow rate 

diffusiv molal flow rate 

pressure  

initial condit ions 

heat  flow rate (3.2) 

heat  flux per unit a rea  (2.3) 

coefficient  of res is tance 

radius 

gas  constant  

radius 
bounda ry  condit ions 

specif ic  heat  of vaporizat ion 

complex  var iable  of Lap lace  transformation 

ent ropy 

time constant  

time coord ina te  

internal e n e r g y  (3.1) 

c i rcumference  

input vector  

heat  flow rate (3.1) 

internal e n e r g y  

input variables,  elements of U 

volume 
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v 

w 

X 

xi 

Y 

Yi 

Z 

z 

m31kg 

m/s 

m 

s pec i f i c  v o l u m e  

v e l o c i t y  

s ta te  v e c t o r  

s ta te  v a r i a b l e s ,  e l emen t s  of X 

output  v e c t o r  

ou tpu t  v a r i a b l e s ,  e l e m e n t s  of Y 

i m p e d a n c e  

spa t i a l  c o o r d i n a t e  

SUBSCRIPTS 

a 

c 

d 

el 

e x  

f 

i 

in 

k 

m 

n 

o 

o 

P 
s 

t 

v 

w 

w 

A 

G 

F 

a p p r o x i m a t i v e  

p i p e  

d a m p i n g  (2.4) 

e l ec t r i ca l  

ex t e rna l  

fluid 

input  

in terna!  (2]-1) 

cr i t ical  

mass (2.4) 

natural (2.4) 

output  

s p r i ng  

p u m p  

s o u n d  (2.2-3), (3.3) 

tors ional  (2.4) 

v a l v e  

wall 

water  ( 2 . 5 )  

area 

grav i t a t ion  (3.3) 

friction 

GREEK 

¢, W/m2K c o n v e c t i v e  h e a t  t ransfer  coe f f i c i en t  



(X 
~v 

YA : ( ~ ) .  

~v)  
"rB = C-FF P 

~(t) 
A 

£ 

E: 

3 
e(s )  
x 

x 

x 

g 

g 

9 

P 

13 

0 

~T 
~p = (-gF)s 

= (aT) 
'ts ~ -  p 

,p 

q, 

to  

m 

rad/s ~ 

K 

W/mK 

m2/s 

N/m z 

tad 

rad/s 

S-! 

coef f ic ien t  b e l o n g i n g  to r e s i s t a n c e  

wall th ickness  

symbol  of d i f f e r e n c e  (e.g.  SP = PI - P2) 

Dirac ( impulse)  funct ion 

small d i f f e r e n c e  

part ial  de r i va t i v e  

emissivi ty (2.3) 

angular acceleration 

temperature 

Laplace transform of temperature 

adiabatic exponent 

coefficient of flow resistance 

coefficient of thermal conductivity 

eigenvalue 
leakage (outflow) coefficient 

hiction coefficient (2.4) 

kinematic viscosity 

damping coefficient 

density 

real part of complex variable s 

stress (3.3) 

a n g l e  

g a s  cha rac t e r i s t i c  

imag ina ry  par t  of c o m p l e x  v a r i a b l e  s 
angu l a r  ve loc i t y  

na tura l  f r e q u e n c y  

L a p a l a c e  t ransformation a n d  its inverse .  
r e s p e c t i v e l y  
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SPECIAL NOTATIONS 

DE 

ODE 

PDE 

L 

NL 

h', h". r 
p, p" 

v'. v". v'" 

different ia l  e q u a t i o n  

o rd ina ry  di f ferent ia l  e q u a t i o n  

par t ia l  di f ferent ia l  e q u a t i o n  

l inear  

non l inea r  

sa tu ra t ion  v a r i a b l e s  in Sec .  2.5 a n d  3.3 

T h r o u g h o u t  this who le  b o o k  we h a v e  b e e n  cons i s t en t  in c h a n g i n g ,  

after L a p l a c e  t ransformat ion,  e v e r y  l o w e r - c a s e  letter d e n o t i n g  a time 

funqtion into a n  u p p e r - c a s e  letter,  to r e p r e s e n t  t ransformat ion  into the 

c o m p l e x  s - d o m a i n  (for e x a m p l e ,  af ter  t ransformat ion  re(t) b e c a m e  M(s). e(t) 

b e c a m e  e(s)  a n d  so  on). 

A l ine o v e r  a s y m b o l  r e p r e s e n t s  the  v a l u e  of the p h y s i c a l  v a r i a b l e  in 

the s t e a d y  s ta te  (for e x a m p l e  ~. ~ a n d  m a re  p r e s s u r e ,  spec i f i c  v o l u m e  

a n d  mass  flow ra te  in the o p e r a t i n g  r e g i m e  in which  there  is no time 

c h a n g e  - in the s t e a d y  o p e r a t i n g  state) .  B o l d f a c e  s y m b o l s  d e n o t e  mat r ices  

a n d  vec to r s .  
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